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1 Introduction

The technical developments over the last decade has made it possible to construct ro-
bust, affordable and reliable Doppler laser anemometers. When pointing the laser into
the air the light is scattered in all directions by aerosols and that part of the light, which
is reflected into the laser receiver, can be analyzed to determine its power spectrum, the
Doppler spectrum. Since the aerosols are in motion the light will change frequency cor-
responding to the average velocity in avolume, which for most practical applications can
be considered a finite line segment aligned the beam direction. The shift in mean fre-
guency, determined by the outgoing and the incoming Doppler spectra, is proportional to
the velocity component along the beam direction. Smalikho (1995) discussed this phe-
nomenon in details. There are two modes of laser operation, continuous or pulsed. In the
first case the laser is operating continuously and focused at a particular distance. This
type of instrument, the CW-laser anemometer, is one subject of the following. We rely
heavily on the pioneering work by Smalikho (1995) and Banakh & Smalikho (1997). In
the second case being discussed each pulse is analyzed and the distance to the measuring
volume is determined by means of pulse time-of-flight. This technique is termed range
gating and has the advantage that the velocity can be measured simultaneously at several
distances. In both cases the vel ocity is averaged over aline segment along the laser beam.
Here we shall call thefirst type of instrument a CW-laser anemometer (Continous-Wave
laser anemometer) and the second a LIDAR anemometer (LIght Detection And Ranging
anemometer). The general purpose of this investigation is to obtain expressions for the
structure function with small displacements and velocity spectra at corresponding large
wave number. First, however, we shall take a closer ook at the inherently embedded
low-pass filters for the two types of laser anemometers.

2 Line Averaging

The line averaging is characterized by a distance R from the lidar and a characteristic
length, ¢ of the averaging function (R, ¢, x). If we call the unfiltered vel ocity component
aong the beam u, (x) then the filtered velocity can be written

o0

ulx) = / h(R, €, x ) us(x —x")dx/, (D
where
/h(R,K,x/) e’ = 1. (2

The Fourier transform of u,(x) and u(x) are defined as

T = 5 / w5 e &)
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and

o0

ﬁ(k):%/u(x)eikxdx, (4)

—00
respectively.

We obtain a relation between (k) and @, (k) by substituting (1) in (4), changing the
orders of integration, and applying the inverse Fourier transformation

oo

Uo(x) = / (k) e & dk. (5)

—00

This process runs as follows:

1 o0 o0
k) = Z/eikxdx /h(R,Z,x/)uo(x—x/)dx’
—00 —00
o 1 o0
= /h(R,Z,x/)dx/Z / o (x — x') &k% dy e 1K =) g/
—00 —00
[o/0] o0 1 o0
— /h(R,e,x/)dx//ﬁo(k/)ék’X’dk’z— / g k=K)x gy
JT
-0 -0 —00
8(k—K")
= h(R, £, k)T (k), (6)
where
o
H(R, 0, k) = / h(R, €, x)€* dx 7
—00

is the amplitude transfer function. A spectrum is proportional to the absolute sgquare of
the Fourier amplitudes so the spectral transfer function isin general

00 2

H(, R, 0, k) = |h(R, £, k)% = U h(R, €, x) €% dx

o]

(8)

2.1 The CW-Laser Anemometer

The laser light is focused at a particular distance R. In this case the two length scales
R and ¢ are interrelated. Following Smalikho (1995) we have, in our notation, the line
averaging function

nw

h(R, %) = —— , ©)
TR 2 (1—x/R)?+ (x/R)?
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where the dimensionl ess parameter
u=koa?/R (10)

is defined in terms of the wave number &, of the laser radiation and the exit radius of the
laser aperture a,.

We may recast (9) in the simple Cauchy bell shape:

1
h(R.x) = — s

11
TR , ,uz X 2 y,z ( )
1 _ = -
A+n )<1+M2 R) +1+M2
The integral of this weighting function is not, as expected, equal to one, since
i 1 arct
arctan
J:/h(R,x)dx=—+J. (12)
2 T
0
However, inthelimit © — oo we get
1
J~1——. 13
T

According to Smalikho (1995) 1 isindeed very large so the normalizationis, from prac-
tical point of view, equal to 1. We may in this limit simplify (9) to

1
h(R.x) = — f (14)
T
W (1-g) +1

This equation shows that the weighting function has its maximum at x = R. The full
width half maximum (FWHM) is attained at the distancesx = R + R/u, which defines
the characteristic length scale

R2
L=2—=2 15
L’z (15)

In this case the spectral transfer function becomes
H (¢, k) = exp(—¢|k]). (16)

2.2 The LIDAR Anemometer

Here the range gating is carried out by averaging the return signal from the pulse*, as-
sumed Gaussian, over thetimefrom T — At/2to T + At /2. For an unweighted gate we
get in thistimeinterval the contribution from the distance x = ¢t/2

T+A1)2

—_ ot/ 2 1
h(T,At,a,x)zAi / exp(_(x a/z)) o .

t 202 27'[(7’
T—At)2

*Since the pulse must travel out and back, the detected signal has effectively traveled with half the speed of
light c/2.
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where o characterizes the spatial width (Gaussian standard deviation) of the pulse.

Sinceit is more convenient to work in spatial rather than temporal coordinates, we intro-
duce the notation

x/ ct’'/2
R (=1 cT/2 ¢ (18)
L cAt/2

where R, asin the case of the CW-laser anemometer, is the distance to the middle of the
pulse, and we get for the laser anemometers sampling function along the line of sight

R+L/2
WR. L o) 1 / exp( (x—x/)Z) dx’
o, X = — —
v L 202 | Vo
R—L/2 7

() () e

To obtain the amplitude spectral transfer function it is most convenient to insert the first
part (9), theintegral, in (7). By interchanging the order of integration we get

0 .
h(R,L,cr,k):/ h(R, L,o, x)e dx
—00
, kL o2k?
_ AlkR & A= _
—e smc( 5 ) exp( — ) (20)
where, by definition,
sinc(s) = 2% 1)
S

The spectral transfer function then becomes
~ . kL
H(L,o,k) = [A(R, L, o, k|* = smcz(?> exp(—crzkz) . (22)

For our purpose it is sufficiently accurate to expand the first factor and reformulate it
according to the scheme

. o(X (x/2)2 2 x2 x2
sinc (§>% 1- 5 %1—E%exp 12/ (23)

We introduce a combined length scale

L2
b=+ o2 (24
and write (22) as

H(. k) = exp(—ezkz) . (25)

8 Risz—R-1762(EN)



3 Fixed-Beam Configuration

Theconfigurationisdescribedin Fig. 1. Here t isthe beam direction and U the meanwind
speed. Applying Taylor’s frozen-turbulence hypothesis, we see that the laser is probing
the instantaneous vel ocity field along lines which are displaced U (12 — 1) from thetime
11 to the time r2. We define the beam direction ¢ asthe i 1 axisin the Cartesian coordinate
system. The two other unit axes defining the coordinate system are

txU txr

|t x U| [t x r| (26)

i3

and

ip=i3X1i1. 27)

r=U(t2— 1)

Figure 1. Parallel beam situation. The displacement r between measurementsis entirely
due to eddy transport by the mean wind velocity U.

We want to determine the structure function between the velocity componentsalong ¢ =
i1 and follow the approach by Smalikho (1995) who makes his derivation via the spectral
formulation. The spectral tensor for isotropic turbulenceis

qﬁ,,(k):%{a,j—%}, : }:1,2,3, (28)
where

k = kyi1 + koip + kais, (29)
and

k= k| =\/ki+k5+k3. (30)

Risg—R-1762(EN) 9



The filtered spectral tensor is
@i (k) = i (k) H (L, k), (31)

where H (£, k1) can be either of the spectral transfer functions (16) and (25). Thefiltered
covariance of the velocity components along ¢ and the displacement

r =r{—cosfii+ sinBiz}, (32

wherer — B istheanglefrom ¢ tor (seeFig. 1), is

R, 1, B) = Ru(r) = / A3k P 11(k) explik - r)

o £8) 1_k_ H (€. ky) exp(—ir{kicosp —kzsinpl). (39
4rk2

Sincethereare only two variables, r and 8, it is convenient, in view of the definition (32),
to use them instead of the vector argument.

Changing the integration variables by

k1 Ccos®
=K (34)

2t o E(,/kg + KZ)

R,r,g)= | KdK | dO© | dk3——5—%
&rh / / / * 42+ K?)

0 0 —00

26
1- L H(¢, K c0sO) exp(—i rK cos(® + B)) . (35)
k3 + K
We consider only displacements r, which are small to the integral scale and assume local
isotropy. In this case the energy spectrum has the form
E(k) = ag?/3 53, (36)

where « is the Kolmogorov constant and ¢ the dissipation of specific kinetic energy ™.
This means that

Tinthe atmospheric boundary layer ¢ will in general not be constant, but rather afunction of the height z. In
the neutral surface layer ¢ isinversely proportiona to z.

10 Risg—R-1762(EN)



B a82/3 2 00
R, 7, B) = ym /d@ / KdK H (¢, K cos®) exp(—irK cos(® + B))
0

0

° 2
K?cos?® dk3
X / 1-— > > . (37)
k§+ K (k% + K?)11/6

Theintegration with respect to k3 can easily be carried out. Theresultis

2
— r'1/3) 8
— gel/3__ S _ 2
R, r, B) = as 10T (5/6) J {1 1 cosz@} de
[ dk
X / WH(E, K cos®) cos(rK cos(®@ + B)). (38)
0

The exponential with the imaginary argument has been replaced by the corresponding
cosine function since the covarianceisreal. Theintegral over K isdivergent for any value
of r, but when we, following the Russian School of meteorology (Kolmogorov 1941),
introduce the structure function

D(t,r,B) =2{R(,0,8) — R, r,B)}, (39)

we obtain afinite result for this quantity:

2
D, r, B) = as?/? rass {

8
Y 1 = 9l de
5/AT /6 | cos’ O} de

11

T dk
X / WH(Z, K cos®) {1 — cos(r K cos(® + B))}. (40)
0

Using the structure function rather than the covariance function we have the advantage
that the turbulence integral scale, or the outer scale of the turbulence, is not entering the
analysis because definition of the structure function implies that the contribution from
large eddies are filtered out.

We now evaluate (40) for the two types of anemometers, the CW-laser anemometer and
the lidar anemometer.

3.1 The CW-Laser Anemometer

It is convenient hereto scale distances with the parameter ¢, i.e. twice the Rayleigh length,
and define

p= (41)

r
h

Risg—R-1762(EN) 11



The filtered structure function (39) can then be written

2
— /3 8
D = CE R 1— — 223 9) dE 42
£, r, B) =a(eld) SﬁF(S/G)O{ 1100820} (B, p,©)dO, (42)
where
i d
V(B p,0) = /eXp(—xlcos@l){l—COS(pfc cos(® + B))} KT'; (43)
0

Thisintegral can be expressed in terms of analytical functions by

1

3

{ [cos2 O + p? cos?(O + ﬁ)]m cos(% arctan(,o

cos(® + B) D) B |COS@|2/3} (44

Cos®

The equation for D(¢, r, B) is thus reduced to asingle integral over ©. Thisis evaluated
numerically for a selection of the angle g and the result is shownin Fig. 2.

When p > 1 (44) degeneratesto
3 1
W (B, p,0) =W, p— 00,0) = ZF<§> p?3|cos(® + B)I7/3. (45)

Inserting this result into (42) we get

DU, r — 00, B) = % r(%) a(er)?® <1+ %sinzﬁ> , (46)

In this, somewhat unrealistic limit, wherer/¢ > 1, the averaging volume can be consid-
ered of zero extension and we get, as expected, the classical result (46). It can be obtained
directly from the structure function tensor for locally isotropic turbulence given by

-
’21 + Dr(r) bij, (47)

Dij(ry ={D.(r) — Dr(r)} "

where the displacement vector r is given by (32) and where

Di(r) = %r(%) a(er)?/3 (48)
and
Dr(r) = :—g r(%) a (er)?3, (49)

Next we consider the case p « 1. It can be shown (see Appendix A) that

12 Risg—R-1762(EN)



_ 9 /3r%1/3 .
— 2/3 et 5/3
D, r,p) = al(el) {25,/ﬂ T(5/6) (psinp)

3 1 2 11/3
+5—5F(§) (7cos2B —5) p }+O(p ) (50)

Inthe case 8 = 0, i.e. when the beam is in the direction of the mean wind, (50) yields

DL, r,0) = a(sﬂ)zﬁ% r( ;) 02 + 0(p11/3) . (51)

When the beam is perpendicular to the meanwind, i.e. 8 = 7 /2, we obtain

_ 9 [3 T%(1/3)
— 2/3 5/3 2
D, r,7/2) = a(el) F(5/6) (’)(p ) . (52

100

10

a(el)?3

0.1

D, r, B)

0.01

Ye I Y R R S
000 01 1 10 100 1000

p=r/t

Figure 2. The normalized structure function for a CW-laser anemometer as a function of
the normalized displacement. The dashed lines show the explicit formulas (51) and (52),
while the numerical integration results for 8 = 0°, 30°, 60°, and 90° are displayed with
solid lines. The structure functions increase with 8. Note that the numerical integration
shows the limiting result (46).

Leaving out’ the residual terms, we may reformulate (50) in terms of a one-dimensional
spectrum, F(k, 8), with the wave number in the direction of the displace vector r. In
genera we have

DU, p) = 4/ F, k, B){1— cos(kr)}dk. (53)

Theintegral is convergent if F(¢, k, B) is a power law with a power in the open interval
from —3to —1. Theequation showsthat if D(¢, r, B) isproportional tor ” then F (¢, k, B)

Risg—R-1762(EN) 13



is proportional to k~+P), The spectrum corresponding to the first term of (50) becomes

1 13 . _
— 2/3_— A\ 5/3 8/3
F1(L, k, B) = a(sl) AT B (ke)~8/3 ¢ (54)

We see that the second term of (50) has p = 2. This means that the spectrum corre-
sponding to the thisterm would be —(1 + p) = —3. Theintegral (53) is then divergent.
The spectrum F (¢, k, B) can consequently not be a power law. However, in this case the
second term is proportional to the structure function with 8 = 0, i.e. with the mean-wind
direction along the beam. Considering only positive wave numbers, this means that the
spectrum, apart from a numerical factor, has the form

Fa(t, k1, B) o< exp(—kat) k>, (55)

obtained by integrating @ 11 (k) in (31) over k2 and k3. Combining (55) with (53) and the
second term of (50), we get

337003(2,3) -5

— _ 2/
Fall,k, B) =a(el) 5 >

exp(—ko) (ke)>3¢. (56)

Theresidual term O ((r/€)*/3) in (50) has no easily obtainable counterpart in the spectral
domain in the limit r/¢ <« 1. However, we assume that this part is limited by the finite
scale of the turbulence and that the spectrum corresponding to (50) can be approximated
by

Fl,k, B) = F1(l, k, B) + Fa(L, k, B). (57)

Thefirst term of (57) was aso found by Banakh & Smalikho (1997) and used in Banakh
et a. (1999).

The spectrum is so " steep” that, in order to obtain a spectrum from measured time series,
it will be necessary to apply tapering to exclude spectral overestimation. Kristensen et al.
(1992) showed how the so-called Hanning window may remedy this.

3.2 The LIDAR Anemometer

The situation is similar to that of the continuous-wave laser anemometer and the filtered
structure function has the same form as (42), i.e.

2
_ r(1/3) 8
D —ae0)?P—2 [ ° el 9) d6
£, r,B)=a(el) SﬁF(S/G)O { 1100320} (B, p,®)dO, (58)
but with
T 2 dl(
W(,B,p,@):/exp(—fc cosz@> (1~ cos(pi coS(O + B))) 5 75. (59)
0
We obtain

_3.(2 012/3 11 pPos@+p)
‘1’(,3’,0,@)—2[‘<3>|C050| {1F1< 32 "2 o~y 1;.(60)

14 Risg—R-1762(EN)
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Figure 3. The normalized structure function for a LIDAR anemometer as a function of
the normalized displacement. The dashed lines show the explicit formula (63) for 8 = 0°
and 8 = 90°, while the numerical integration results for 8 = 0°, 30°, 60°, and 90°
are displayed with solid lines. The structure functions increase with 8. Note that the
numerical integration shows the limiting result (62).

where 1 Fi(a, b, x) isthe Kummer confluent hypergeometric function. Figure 3 showsthe
structure function for a selection of angles §.

Inthelimit p — oo we have

1
(B, p,0)~ §F<§> 0?3 cos(® + B)|%3 (61)

and, inserting in (58), we obtain again the classical result

DU, r — 00, B) = 2—; r(%) a(er)?® <1+ %sinzﬂ) . (62)

Theintegral (58) can be evaluated numerically.

We are particularly interested in thelimit p — 0. Appendix B is devoted to the derivation
of the expression

3\_f3 '1/6)n

N
25 T2(2/3) PSP

DU, p) ~ a(sl)?? :

or(2/3)
110

(7cos(2B) — 5) pz} : (63)

Asin the case of the CW laser anemometer there are two types of spectra corresponding
to the two limiting terms in the structure function (63). For the p %/3 term and the p2 term
they are, respectively:

2)2/3£3 I'(1/6)

: 15/3 -8/3
0 I 23 Sin”°B (ke)~°°¢ (64)

Fr1l,k,B) = (e

Risg—R-1762(EN) 15



and
Foll, k, B) = % a (0)%3(7 cos(2B) — 5) exp(—£2k?) (ko) >/ 3¢. (65)
Again, the spectrumis

Fl,k,B) =F1(L, k, B) + Fa(l, k, B). (66)

4 Validation of CW and LIDAR
Anemometer Models

We can easily make a comparison between the spectra obtained by a CW-laser and a
lidar for small displacements and large wave numbers, since we have explicit analytic
expressions.

For the CW laser the dimensionless structure function and the spectrum arein the inertial
subrange

D(.r.B)

AB,r/l) = W =

9 [3T12%(1/3) . 5/3 53, 31 2
BV TEe o B (r/0) +%r(§) (7cos(2B) = 5)(r/0)°  (67)

and

kF( kB)

Fb kO = o =

1 T'(1/3)

9
— in°/3 53, 7 _ _ —2/3
5/ T(5/6) B (kO™ + 175 (7008(28) — 5) exp(—k) (k) ™. (68)

For the lidar anemometer we define
L
L= |62+ —, (69)

where ¢ is a dimensionless constant, which is 12/2 for a unweighted gate of duration
At, while, as preferred by a certain pulsed-lidar manufacturer, ¢ = 4 for gates with a
Gaussian-shaped weight of the same duration and a threshold equal to e —2.

With this definition we get

16 Risg—R-1762(EN)



Table 1. Summary of dimensionless structure functions and spectra.

CW anemometer LIDAR anemometer
9 [3T%(1/3) _ 553 5/3 3V/3r1/6)r .
%V Tee S PO/ 25 T2 sin®/3 (r/£)>/°
3 (1
A(B,r/) + 5—51“(5) (7¢os(2B) — 5)(r/0)? 91“1(12(/) 3 (7cos(2B) — 5)(r/£)?
LG T AP YBLW/O) o o3y 1y 573
5./ I'(5/6) 30 I'(2/3)
9
FBKD | 4 scos@8) ~ 5 em(-kDKO T |+ 1 (700s28) — 5 exp(—k (k03
_D(,r.p)
AB, /) = i
SVBLA/OT srsg (053 1+ LD 2 cosio8) 5702 (70)
25 T'2(2/3) 110
and
_kF( k. B)
f(B,kt) = TawZB
YIS G5i3g (ke + -2 (7cos(28) — 5) expl—k2)kt) 23, (71)
30 T'(2/3) 110 '

For conveniencethe results are presented in Table 1.

We recall that these expressions for the structure functions and the spectra were derived
under the assumption that » /¢ <« 1 and k¢ >> 1. These assumptions do not by themselves
guarantee that the expressions in Table 1 provide acceptable approximations to the true
structure functions and spectra. As the equations show, these small-scale expressions are
likely to become negativein certain intervals of g and p. We now determine the domains
in the B-p plane where this actually happens. Looking closer into this problem, we note
that both structure functions have the form

r

AB, r/€) = A (2)5/3 {Csin5/3ﬂ 4 (7cos(28) — 5) (%)1/3} , (72)

where A and C are positive constants.

Similarly, the spectra have the common form
F(B, k) = A(ke)~5/3 [c sin®/38 + (7cos(2B) — 5)(kt) exp(—(kﬁ)”)} L)

Risz—R-1762(EN) 17




wheren = 1 for the CW anemometer and n = 2 for the LIDAR anemometer, while
(A, C) isanother set of positive constants.

A detailed analysis of the non-negativity problem for (72) is given in appendix C. Here
we shall just show the results.

We summarize the threshol ds for which the structure functions and the spectra are guar-
anteed positive in Table 2.

Table 2. Thresholds for structure functions and spectra in the inertial subrange.

CW anemometer | LIDAR anemometer

(r/€) | max 2.075 3.314

(k)| min 1.985 1.296

The expressions for the spectrain Table 1 allow us to calculate in an easy way the low-
pass filtered variance from any lower wave-number limit which does not conflict with the
reguirement that the spectra are non-negative.

The general formulation (73) will also alow usto determine the intervals of g for which
the spectrum is never negative, although this has probably little practical relevance. Again
the detailsarefound in appendix C. Theresult isthat we for the the CW-laser anemometer
find that the spectrum is never negative for 0° < g < 44.9°. For the lidar anemometer
the corresponding interval is0° < 8 < 35.6°.

The domains for which both the local-isotropy structure function and the spectrum in
Table 1 are negative are displayed as contour plotsin Figs. 4 and 5.
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Figure 4. Negative domains of the structure function and the spectrum for the CW laser
anemometer. Left frame: Sructure function. Right frame: Spectrum.

We believe that the presence of the negative domains obtained from this analysis is not
likely to be the only limiting factor for using the model expressionsin Table 1.
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Figure 5. Negative domains of the structure function and the spectrum for the LIDAR
anemometer. Left frame: Sructure function. Right frame: Spectrum.

5 Conclusion

We have discussed the properties of the signals from two types of laser anemometers, the
CW-laser anemometer and the lidar anemometer, which operate on basis of two different
modes. They both measure the wind-velocity component along the laser beam by back
scattering, but the first measures constantly in timewithitsfocus at one particular distance
whereas the second operates by sending pulses of a certain duration and range gating
the returned signal. The last can be used to measure simultaneously, at sampling and
processing time, the velocity at several distances, albeit with acertain dead time, typically
1 s, between each wind speed determination.

Both anemometers measure the vel ocity component with aline averaging along the laser
beam. The corresponding filters are different, but can in both cases be characterized by
one length ¢ of about 20-30 m. In our analysis we have assumed that the velocity turbu-
lenceislocally isotropic. The advantageis that the outer length scale, or integral scale, of
the turbulence does not enter. In other words, the large eddies are excluded and this means
that we cannot predict vel ocity spectrafor low wave numbersbelow the inertial subrange.
Further, in the case of the lidar anemometer the discrete sampling in time impliesthat the
spectra at high wave numbers are biased by aliasing as discussed by Kristensen et al.
(2010). However, the measured structure functions and spectra might be useful for the
determination of the small-scale turbulence in terms of the dissipation ¢.

We have found that there are striking similarities between the two types of anemometers
what expressions for both structure functions and spectra are concerned. In section 4 we
have compared the structure functions for small displacements p = r/¢ and the spectra
for corresponding large wave numbers « = k¢. The approximationsin the limits p — 0
and k — oo revedlsthat in certain domains the structure functions and the spectra be-
come negative. These domains are shown and are useful to specify the limits of validity
of the small-eddy approximationswhich has been assumed. It is also possible to test how
different thelimiting expression (67) and (70) deviate from the results obtained by numer-
ica integrationsof (42) and (58) which, of course cannot result in negative results. Figure
6 shows the ratio of the limiting expressions and the results of numerical integration as
functions of p with the angle 8 between the mean-wind direction and the beam direction
as a parameter. We see that if we require an offset smaller than 10% the dimensionless
displacement p should be no larger than 0.6 for the CW-laser anemometer and no larger
than about 1 for the approximate expressions to be acceptable.

Risg—R-1762(EN) 19

120° 150° 180°



1.10

LIDAR anemometer

1.05

1.00

0.95

0.90
0.4 0.6

p=r/t

Figure 6. Ratio of structure functions in the limit o — 0 to the numerically integrated
structure functions for a selection of angles 8 between the mean-wind direction and the
beam direction.

Appendices

A Small Displacements
for the CW Anemometer

To obtain an expression for D(¢, r, B) = D(p, B) in (42) that is useful when p « 1we
shall recast (43) in complex arithmetic form. Applying Euler’s formulato the cosine, we
obtain

/ﬂ“(l — cos(ci))k"Ldie = r(v)(a*” _ %(a i) — %(a i ic)’“), (A 1)
0

which isvalid when v > —2 and v # 0, —1, such that the actual case v = —2/3is
covered. The new form of D(p, B) becomes

2

— 3r(1/6)(I'(1/3))%A 8
D(p, p) = (/2)0(77;2/ ) /(1—ﬁcosz(~)>

0

1
x[§(|cos(~)| — ipcos(® + B))%*3

1
+ 5(1c0s6| + i pcos(@ + §))*° - |cos(~)|2/3}d@, (A2)

where A = a(el)?/3. To get rid of the numeric signsin (A 2) we note that cos® > 0
when ® € (- /2, 7/2), whilecos® < Owhen ® € (r/2, 3 /2). Consequently
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/2

/
— 3r(1/6)(T'(1/3))2A 8
Dip.py = TUOCWM [ B o),

—/2
[(cos@ — i pcos(® + B))%/3 + (cos® + i pcos(® + )23 — 2cosz/3@}d@. (A3)

We need expressions for the integrals

/2

1(x) = / (cos® + ixsin®)?3de (A 4)
—/2
and
/2
J(x) = / cos? ©(cos® + i xsin®)%3de (A 5)
—/2
It can be shown that
1(x) = 67773/2(1— X213 4 §\/§(x2)5/6F(} 12 x2) (A 6)
'(1/6)r'(1/3) 5 227767
and
37%2(5 — 3x?) 27 o 11 3 17
— _ et /6 ©°. =2
T = e a/3) 11223 226" 3 F(z’ 2'6 " ) (A7)

where F is the usual Gaussian hypergeometric function. These formulas are easily de-
rived for x € (0O, 1) and can be extended to x € C provided the integration path does not
cross a branch point for the integrand. Both 7 and J are even functions. Returning to (A
3) wefind

/2

3/2
/ (1— 8 o @) co2lede = 2T~ (A 8)
11 11T(1/6)I'(1/3)
—/2
We note that
cos® F ipcos(® + B)=(1F ipCOS,B)(COS(’*):I:M> (A9
1x ipcosp
such that, by defining
_} i 2/3 pSln,B _i psm,B
Fer = 2(1 1/ cosp) [1<1— i,oCOSﬂ) 11J(1— ipcosﬁ)}’ (A 10)
(A 3) can be written
— _(3r(1/6)(T'(1/3))? 54 /1
Dip. p) = A{ =55 () + o) — = T(5) } (A 11)
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We infer from (A 6)—A 7) and (A 10)—«A 11) that for small r or p,

D(p. B) = do + dsj3p”® + d2p” + dr1/3p™% + dap® + - - (A 12)

No terms of the type d1.+2p, p1+27 or da/z12, p?/32P occur because the corresponding
contributionsfrom 1 & i p cos 8 cancel. We shall evaluate do, ds,/3, and do.

To do this we use the following series expansions:

2 1
(1—ipcosp)?® = 1—§iCOSﬂ',0+§COSZ,3',O2+~' (A 13)
: 2/3 2. 1 2
1+ ipcosp)?® = 1+§|cosﬂ.,o+§coszﬁ.,o NP (A 14)
2372 3 7372
1 —6—— =B~ 2 oxls A 15
@) = reras 5‘/—x reras” To  (AD
15 7.[3/2 7.[3/2

J(x) = x2 4+ O3 (A 16)

1
4 T(1/6)(1/3) *2 I'(1/6)I'(1/3)

Then we find, as expected, that do = 0. To find ds/3 we note thet the only 5/3-term in
I(x)or J(x)islocatedin (A 15). We obtain:

LIVBr /6T A/3)? . o

ds/3 = 50773/

B (A 17)

It remainsto evaluate do. This can be derived from (A 13)—A 16) in connection with
(A 10) and (A 11). Theresult is

dy = A%F(l/?a) (7cos2p — 5) (A 18)

We have thus established the truth of (50).

B Small Displacements
for the LIDAR Anemometer

We want to find an asymptotic expression of the structure function (58) when the dimen-
sionless displacement length p = r/¢ is small. This expression should be based on (59).
We shall use a free context-dependent parameterization of function arguments. As the
subsequent analysis will show, the asymptotic form of D is as followswhen p — O:

D(p, B) = p3(ao + a1p® + azp® + - - ) + b1p® + bop* + - -, (B1)

where the coefficients ao, a1, . . ., b1, b2, . .. are independent of o but depend on 8. We
only want to determineag and b1. Thisturned out to be a difficult task. (Maybethere exist
easier ways than our method.) Making aseries expansionin p of (59) will not work, since
this resultsin a (cos ®)~#/2 singularity which makes (58) diverge. Since (60) is periodic
in ® with period 7, the structure function can be written
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/2
_ 8
_ 36 (1 .
D(p, B) = K / cos 0(1 110052())

—/2

x (1F1( - %; %; —%cosz(@ 1 B) sec?0 p2) - 1) de, (B2)
where
2/ 31
_ 2/3
K = a(el) &6 (B3

We shdll first find the dominant term of the asymptotic form of (B 2) when p — 0O,
corresponding to ag in (B 1). Clearly the limit valueitself is 0. For small p the 1F1 — 1
termin (B 2) is small except when ® — i%n where 1F; — +oo for fixed p. Thus,
since the significant contributions come from ®-values near + %rr, the leading part of the
asymptotic form is unaffected of the factor 1 — -2 cos?® in (B 2). For the same reason
we can make the replacement cos?(© + ) ~ sin]%ﬂ. Defining

1
t:ZSinz,sz (B 4)

we can then replace (B 2) with the approximation

D) = K(/(x) - */f(FT(/‘Z/)@) (B5)
where
/2
f) = / cos?/36 1F1(— %;%;—tsecz(~)> doe. (B 6)
—/2

For the 1 F1 we shall use the Mellin-Barnes contour integral (Erdélyi et a. 1953, Vol. 1,
p, 256):

N G P —s)a + 5)
s =)=t T(c+9)

y—ioo

Z*ds, B7)

which isvalid for |argz| < %n anda,c # 0,—1,—2,.... Moreover the contour must
separate the poles of I'(—s) from those of I"'(a + s). We insert thisin (B 6) and reverse
the integration order, and carrying out the @-integration we find

b 1 ifo I'(—$)T'(5/6 — $)['(=1/3+ 5)
I(=1/3) 2 i T (1/2+5)[(4/3—s)

—ioo

f) = ¥ds (B 8)

This can be written in terms of aMeijer G-function (Erdélyi et al. 1953, Vol. 1, p, 207):

T 2(_|4/3, 4/3
f(t)_r(—l/s)G%(f‘ 0, 5/6 1/2)’ B9
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where we have (Erdélyi et al. 1953, Val. 1, p, 208)

21 4/3, 4/3 _ ra/6er-1/3) _} _}:_L } 3
G23(T‘ 0, 5/6 1/2)_ T'(1/2)T(4/3) ZFZ( 3736 2 ’)

['(=5/6) 56 (1 111 4
T@3) T F( ; r). (B 10)

For small = both 2 F> approach 1 and hence

_ /7T(5/6) nl'(=5/6) 56
O~ Tram Treyaras” N

Inserting thisin (B 5) and substituting (B 3) and (B 4) we obtain

D(B. p) ~ aop™> = Csza(e)?3(p sinB)>/3, (B 12)
where
3J/3r(1/6
Cs/3 = 2‘;(—%2/3)))’2’ — 1.982196. (B 13)

Assuming the (p sin)%/3 factor, it is found by a Mathematica fitting-technique, based
on numerical integration, that

Cs/3 = 1.98215, (B 14)

which isin very good agreement with (B 13).

We now switch to finding the next important coefficient 51 in (B 1). Our procedure for
doing thisis different from our method of finding ao. Let us return to (59). Substituting
K = s|sec®| and writing € = p cos(® + B) sec® we obtain

U, O) = |cos@|2/3/exp(—s2){1—cos(gs)}s%. (B 15)
0

Since small p implies small & we shall make a substitution for 1 — cos(&s) by using the
relation
cosx = 12 1 O(x%), (B 16)

which isvalid for small x. Thisresultsin an approximately correct expression

o0
ds
Wo(E, ©) = | cos(~)|2/3/ exp(—s2){1 — e*fzsz/z}ssﬁ. (B 17)
0

Since the dominant parts of both integrals (B 15) and (B 17) come from small s, and
since the two integrands agree up to O(s%) ass — 0, we expect that using (B 17) will
lead to an expansion (B 1) with a correct value of b1 (and of ag). Theintegral (B 17) can
be evaluated and gives

Wo(€, ©) = Zr(2/3)| cos@|2/3(— 24+ 22302 ¢ 52)1/3). (B 18)
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By inserting the expression for & we obtain
Wo(B, p, O) = Er(2/3)[(cosz@ + 5 c0S(B+6)p ) — (cof ©) } (B 19)

which is integrable over ® and approximates ¥ for small p, though not uniformly over
©®. We substitute ¥ for ¥ in (58), and because the integrand is periodic with period =
we get

Do(B, 8) =
/2 8 3
. . 952\ 3 de
K/ (1—ﬁcosz())[(cosz()Jrcosz(,BJr())a) — cos? ()}d(), (B 20)
—/2
where

2
2_ P
=2 (B 21)

issmall. It isahard problem to find an expression of the main component

/2
8 2\ 1/3
J= / (1—ﬁcosz(~))(cosz(~)+cosz(,3+(~))8) de (B 22)

—/2

of the integral in (B 20) that admits an expansion in powers of p (or §). We resolved it
by complex integration using an indefinite integral and a half-circular contour. We notice
that the integrand is free of singularitiesin the open integration interval (—m /2, w/2). By
substituting z = ¢' © (B 22) becomes

1/3

J = % (=24 722 — 2L+ 292 + 82(e 1P 4+ &1 B2)2)1/3,- 113, (B 23)
where the path of integration goes from —i to i. We shall here think of (B 23) as an
indefinite integral F(z) taken over limits such that J = [F(z)]‘_i . The integration can
indeed be carried out, although it leads to some less well-known functions. These are
Appédl’s hypergeometric functionsin two variables x and y. Appell (1880) introduced 4
such functions, F1, Fo, F3, F4, whereonly F1 isrequired here. Appell’s Fy is defined in
terms of its double hypergeometric series:

(@ m+n(b1)m (b2)n m.n
X

m 0 (©mn

Fi(a, b1, b2, c;x,y) = Z

m,n

(B 24)

(Erdélyi et a. 1953, Val. 1, p, 222). In (B 24) the summations extend fromm andn = 0
to oo, and (a),, stands for the Pochhammer symbol (a),, = I'(a +m)/T'(a). To evaluate
(B 23) we start with the prototype integral

I(x,y, u,v) = / f(2)dz, (B 25)
where
f@) = A+ xz2)"7 YA + yz?)r1r L (B 26)
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We want to evaluate (B 25) over a semicircle with z going counterclockwise from — i to
+i,whilex, y, u, v arefixed parameters. By expanding (B 26) in powers of z we obtain

f2) = Z Z < )( 1)xmynz2m+2n+u l (B 27)

m=0n=0
Since
2mt2n+pu—1 D™
Ml = ——— ! B 28
/z z 2m+2n+u[z 1% (B28)
and z4 = ¢#!99% logz = In|z| + i argz = i argz, wefind
[Zﬂ]i‘: zeui%_e*ui%ZZisin(M%)_ (B 29)

Thus the result becomes

I(x,y,u,v)zisin( )ZZ(U_]')(V;]') ="t — = x"™y". (B 30)

m=0n=0 m+n+2“’

This can be expressed in terms of an Appell F1 function (B 24):

2i . T 1 1
I(x,y,u,v)= I Sm(;LE)Fl(E,u, 1—v,1—v, E,u, +1; x, y). (B 31)

Let uswrite (B 23) asfollows,

21/3
- / (=24 722 — 22%(A + BZ2 + CzH 3,113, (B 32)
where
(A, B,C) = (14 827218 2(1 4 §%), 1+ §2e%1P). (B 33)

Moreover define

D =+ B2 —4AC. (B 34)
Now we have theidentity
A+ B2 +C* = Al +xz2H L+ y2d) (B 35)
with
2C 2C
= . B 36
(x, y) (BJFD’B_D) (B 36)

By inserting (B 33) in (B 34) we obtain D = 4sin8 § and then

1 52 2iB 1 622iﬂ
o =( +oe +ore ) (B 37)

14+25sinB +62" 1—25sinpg +682/°
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Using (B 35) we can write (B 32) as

21/3
/=g A / L+ 2230+ yHY3(-2075 + 70755 - 22V d: (B 39)

and then we see from (B 25)—B 26) that (B 30) can be used with v = 4/3 and u =
—8/3, —2/3, 4/3, respectively. In thisway we find after reduction:

123\_@21/3141/3[&(_ g,_} 1 _}.x,y>

88 37 3 3
1 1 12 2 1 15
14F (- =, —=, -2, =; —2F (=, -2, -2, 5 ) B
+14A (-2 ~5 -5 g5 0) —2A(5 -5 -5 20| (B 39)
Since § is small we have
(x,y) =~ (11). (B 40)

Unfortunately (1, 1) belongsto the hardest singularities of F1 inthe entire xy-plane. This
means that (B 39) is useless as it stands for obtaining asymptotic results for J when
o — 0. What we need is aformulafor analytic continuation of F into the convergence
regions. Such formulas exist but are more complicated than their counterparts for the
usua one-dimensional hypergeometric function. We shall use aformulaby Olsson (1964)

Fi(a, b1, b2,c;x,y) =
I'e)I'(c —a — by — b2)
I'(c —a)l'(c — b1 — b2)
T'()T(a+ b2 —c)
C(a)(b2)

Fl(aabl:b271+a+bl+b2_c;1_X,1_.V)

(L=x) (A~ y)eetz

1—
xF1<c—a,b1,c—b1—b2,c—a—b2+1;l—y,l—y)
—X

I'e)I'tc —a—bx)T'(a+ b1+ b2 —¢)

(1 _ x)C—a—bl—bz
F'@r'®y)rc —a)

1-—
XGz(c—bl—bz,bz,a+b1+b2—c,c—a—bz;x—l,—i), (B 41)
X —

where

(@D)m(a2)n(b1)n—m (b2)m—n m.n
min! Yy

Ga(a1, az, b1 baix, y) = Y (B 42)

m,n

and where the m and n summations go from 0 to oo (Erdélyi et al. 1953, Vol. 1, p, 224).
In(B41) weputb; = bp = —1/3and ¢ = a + 1. Then (B 41) becomes

F1<a,—} =

T(a+ HI(5/3) 1 1 2
b ertnn) - Faaan)

atlixy)= [ +5/3)

3 1/3 4/3 1 57 1-y
A AL Gt g g 1)
I'(4/3)I(~5/3)

T(—1/3)

5 1 5 4 1-—
(1—x)5/3G2(a+ x— Y

2 -2 -2 2ix-1=22) @8
5733t L) BN
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Thefunction argumentsare O(8) inthefirst F1. Thusthefirst addent in (B 43) isanalytic
and correspondsto the regular part of (B 1), while the two other addents are non-analytic
and correspond to the irregular part of (B 1); this indeed confirms the stated structure of
the expression (B 1). Here we shall only need the regular part of LHS(B 43):

Flreg(a, —%, —%, a+1x, y)

_ I'(a + 1)1"(5/3)F (a _1 1 2

53 sz 1—x,1—y>. (B 44)

373 3

We are now in a position to compute the leading & 2-term of the regular part of J in (B
39). Todothisweinsert (B 37) into (B 44). A series expansionin § yielded the following
result:

_ 6/aT(5/6)

1 2
®= 1113 (1—|—6(7c052f3—5)8 +) (B 45)

Going back to (B 20) we notice that

/2
8 67T (5/6)
_ 8 26 3o do — _ 2V (/6)
/ (1 - cos’ o) c02/30 do = @3 (B 46)
—/2

annihilates the constant term in (B 45) such that by using (B 3) and (B 21) this can be
written

Dreg(p, B) ~ b1p? = Coa(££)?3(7 cos28 — 5)p?, (B 47)
where
Co= —1(2) = 01107015 (B 48)
2710 \3) 7™

Assuming the (7 cos2p — 5)p? behavior, it was possible to reproduce (B 48). A Mathe-
matica fitting technique based on numerical integration resulted in

Cp = 0.110582. (B 49)

C Negative Domains of the
Structure Functions and Spectra

We investigate the conditions under which the structure function A in (72) and the spec-
trum f in (73) stay non-negative. Beginning with the structure function we need only
consider the following factor,

D(B, p) = Csin”3 B + (7Tcos2p — 5)p*/3, (C1)
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where p = r/¢ and 8 € [0, 7]. Here C depends on the anemometer type:

CW: _BLAS 3 _ 15 306658 (C2)
5r'(5/6) V n
and
LIDAR. ¢ = 2ZTAO 42 eo10m. (C3)
5/3r3(2/3)

The boundary curve enclosing the negativity range for the structure function is the zero
contour for the function D(8, p) and is shown in the left frames of Figs. 4 and 5 for
CW and LIDAR, respectively. We are particularly interested in the maximum value of
p = r/¢ for which D(8, p) > Oforal 8 € [0, 7]. Since D(x — B, p) = D(B, p) itis
sufficient to study the sign of D when 8 variesin theinterval [0, r/2]. Let us substitute

sng =0, o €][0,1]. (Co

Writing d(c) = D(8, p), (C 1) becomes

d(o) = Co”® + (2 — 1402 p1/3. (C5)
In particular
d(1) = C — 12p*/3. (C6)

The derivative of (C5) is
1
d'(c) = :—3<5C _ 84,01/301/3)02/3, (C7)

which is zero when o = oo = 125C3/(592704p). If op > 1 then (C 7) is everywhere
positivewhen o € (0, 1), and d is strictly increasing in the same interval. On the other
hand, if d goes negative somewhere when ¢ < 1, its minimumis attainedat 0 = 1
(B = 7/2) and equals (C 6). Consequently D(8, p) (or A) isnon-negativefor al g if and
onlyif d(1) > 0, or

C

o= () €8)

Thismeansthat thelargest “legal” valueof p = r/¢ for any angle 8 is obtained by solving
d(l) =0o0r D(n/2,r/t) =0,i.e

Csin?3(w/2) + (7cos(2m/2) — 5)(%)1/3 —o0. (C9)

Theresult is of course

- (5)3. (C 10)

7
max  \12

Pmax = —

£

By inserting (C 2) and (C 3) in (C 10) we reproducethe line labeled (r/£)| max in Table 2.

A similar analysis can be made for the spectrum f. Here we consider the factor
F(B,k) = Csin®3 B + (7cos2B — 5)k exp(—k™), (C11)
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where x = k¢. Moreover n = 1 for CW and n = 2 for LIDAR. C too depends on the
anemometer type:

_ _2ra/m
cw: = 5 g5 = 3270 (C12)
and
LDAR:. ¢ = A0 5 9006873, (C13)
9/3r(2/3)

The boundary curveenclosing the negativity rangefor the spectrum isthe zero contour for
thefunction F (8, k) andisshown intheright framesof Figs. 4 and 5 for CW and LIDAR,
respectively. Asthe samefiguresindicate, F (8, «) isnon-negativefor al g € [0, 7] when
k = k¢ islarge. We areinterested in finding the minimumvaluex = « 2 with thisproperty.
(Furthermore, F (B, ) isnon-negativefor all 8 € [0, =] when k issmall, and thereexist a
maximum value k = k1 with this property but thisis not very interesting from apractical
point of view.) We substitute (C 4) and obtain by defining ¢ (6) = F(B, k)

$(0) = Co® + (2 — 1402k exp(—k"). (C14)
In particular
¢ (1) = C — 12 exp(—k"). (C 15)

The derivative of (C 14) is
’ 1 ny 1/3\ _2/3
(o) = §(5c — 84 exp(—k")o ) 0?12, (C 16)

which is zero when o = o9 = 125C3/(592704(k exp(—«k™))3). If o9 > 1 then (C 16)
is everywhere positive when o € (0, 1), and ¢ is strictly increasing in the same interval.
If ¢ goes negativewheno < 1, itsminimum valueisattainedat o = 1 (8 = n/2) and
equals (C 15). Consequently F (8, k) (or f) isnon-negativefor al g if and only if

Kk exp(—«") < % (C17)

Let M be the maximum of LHS(C 17), attained at x = «*. We find

1 1
M, k*) = , =12 C18
(M, ) (\/n_e ﬁ) " (C18)
This gives for the two anemometer types:
1
cW: (M,K*)Z(—,l) (C 19)
e
1 1
LIDAR: (M,K*)z(f,ﬁ). (C 20)
e

The numerical valuesof M and C/12 are:

‘ CW ‘ LIDAR ‘
M | 0.367879 | 0.428882 (C21)
C/12 | 0.272756 | 0.241724

30 Risg—R-1762(EN)



and so by (C 17) itisindeed confirmed that there exist (8, «)-valuesfor which F (8, k) <
0. The abovementioned numbers « 1 and k2 are the roots of the equation

C
K exp(—«") = 5 (C22)

We find

‘ CwW ‘ LIDAR ‘

k1 | 0.411689 | 0.258417 | (C23)
k2 | 1.98459 | 1.29579

Thevalues of «» arethe moreimportant of the two sets, and they areretrieved in the lower
line of Table 2 askl|min. We shall finally determine 8 = Bmax € (0, 7/2) asthe maximum
angle for which the spectrum is never negative. Theline 8 = Bmax iS a vertical tangent
to the closed contour in Figs. 4 or 5. The corresponding ordinate x = k¢ isequa tok * in
(C 18) and isadoubleroot of (C 22) whose LHS for this value attains its maximum M as
given by (C 18). Henceto find Bmax (or o) wejust replace k exp(—«™) in (C 14) with M:

1 —
Jne o

Co®® 4+ (2 — 1402 0. (C 24)

Setting s = o/3 we obtain an algebraic equation of degree 6:
145 — Ynecs®—2=0. (C 25)

This can be solved numerically for CW or LIDAR. In both cases thereis just one positive
root, and we find:

Cw LIDAR
s 0.890551 | 0.835012
. (C 26)
o 0.706278 | 0.582209
Bmax | 44.9329° | 35.6061°

These Bmax Values were also reported in section 4.
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