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Abstract

Title of Ph.D study: ’Large Eddy Simulation of the Ventilated Wave Bound-
ary Layer’.

A Large Eddy Simulation type turbulence closure model with the Smagorin-
sky sub-grid scale model has been implemented in the NS3 flow solver, and
validated with a turbulent channel flow (Re = 2913), a sinusoidal wave
boundary layer (Re = 6× 106) and a combined wave-current boundary layer
(Rew = 6× 106, Rec = 3.0× 104). It was found that the Smagorinsky con-
stant of 0.1 was the optimal in all cases. The model was found to work sat-
isfactory in general, despite of the shortcomings of the wall-approximation
used in the Smagorinsky formulation, and the problem of not resolving the
large eddies of the high Re-number flow to the correct scale. The flow struc-
tures seem to develop in the resolved scale according to the effective eddy
viscosity, being the sum of the kinematic viscosity and the sub-grid viscosity,
and thus a field variable. It was found that special care should be given to
the effective Re-number in the wave boundary layer simulations, where a
fully turbulent flow may show features found in the transitional flow regime.

The model was successfully applied to the study of ventilated boundary
layers. The validation test-cases mentioned above were used as basis for com-
parison as undisturbed cases. The investigation was performed for channel
flow with two rates of constant suction and constant injection respectively,
the wave boundary layer with one rate of constant suction and constant
injection respectively, and the wave boundary layer subject to sinusoidally
varying ventilation. The latter compared well with the findings of Conley
and Inman (1994). According to the present study, suction has a stabilizing
effect on the flow (resulting in smaller turbulence intensities), increases the
bed shear stress significantly and results in a thinner boundary layer. The
streamlines are pulled closer to the bed. Injection has the opposite effect,
namely destabilization of the flow, increase of the boundary layer thickness
and a significant reduction of the bed shear stress even for small injection
rates. It was found that ventilation affects the flow-rate, whereby the effects
mentioned above may not be found directly in the absolute values, if the
change in flow rate is not accounted for.

Calculations of the transport of suspended sediment associated with the
ventilated wave boundary layer were performed, and it was found that ven-
tilation indeed influences the transport.
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Dansk Resume

Titel: ’Large Eddy Simulation of the Ventilated Wave Boundary Layer’.

En ’Large Eddy Simulation’ med Smagorinsky formuleringen er implementeret
som turbulens model i strømnings løseren NS3, og valideret med en tur-
bulent kanal strømning (Re = 2913), et turbulent bølgegrænselag (Re =
6× 106) samt med et kombineret bølge-strøm grænselag (Rew = 6× 106,
Rec = 3.0× 104). I alle tilfælde gav en Smagorinsky konstant p̊a 0.1 opti-
male resultater. Generelt gav modellen tilfredsstillende resultater, p̊a trods
af væg-approksimationen der benyttes som en del af Smagorinsky modellen,
og p̊a trods af at selv de store hvirvler ikke er opløst for meget høje Re-tal.
Det ser ud til at hvirvlerne i den opløste skala dannes i henhold til den effek-
tive hvirvel viskositet, best̊aende af summen af den kinamatiske viskositet
og sub-grid viskositeten, og som dermed varierer i tid og sted. Derfor bør det
effektive Re-tal tages i betragtning for simulering af bølgegrænselag, hvor en
simulering med højt Re-tal og fuldt udviklet turbulens kan opføre sig som
ved overgang fra laminær til turbulent strømning.

Modellen er blevet benyttet med success til at simulere grænselag som
forstyrres af en lille ind- og/eller udstrømning fra bunden. Disse studier
er foretaget for en kanal strømning med 2 rater af konstant henholdsvis
ind- og udstrømning fra bunden, for et bølgegrænselag med 1 rate af kon-
stant ind- og udstrømning samt med tidsvarierende ind/ud-strømning fra
bunden. Sidstnævnte viste god overensstemmelse med målingerne af Conley
og Inman (1994). Simuleringerne viste, at indstrømning i bunden generelt
bevirker en stabilisering af strømningen, hvorved bl.a størrelsen af de tur-
bulente fluktioner formindskes. Yderligere bliver grænselaget tyndere, og
bund- forskydningsspændingen bliver mærkbart forøget. Omvendt giver ud-
strømning fra bunden anledning til destabilisering af strømningen, med bl.a
større turbulente fluktuationer til følge. Grænselaget bliver tykkere og bund-
forskydnings spændingen mærkbart mindre. Ind- og ud-strømning fra bun-
den p̊avirker iøvrigt strømnings modstanden, hvorved vandføringen ændres.
Dette har i sig selv indflydelse p̊a de ovennævnte størrelser, hvorfor man ved
m̊alinger af disse effekter ikke nødvendigvis genfinder effekterne i de abso-
lutte tal-værdier, med må have strømnings-forøgelsen -eller formindskelsen
med i betragtning.

Endelig blev der foretaget beregninger af transporten af opslemmet sedi-
ment i bølgegrænselaget. Ind- og udstrømning fra bunden giver en effekt p̊a
transporten.
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List of symbols

Ad A constant in the Van Driest mean velocity distribution.
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D The mean water depth [m].
d The mean grain diameter [m].
E The density of turbulent kinetic energy [m2/s2].
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Notation

In the following ψ expresses a general variable.

ψ A filtered (or averaged) variable.
ψ′ The difference between the actual value and the filtered value of

the variable.
ψ
′ The difference between the actual and the time- (or ensemble-)

averaged value of the filtered variable.
ψrms The root-mean-square (the standard deviation) of the filtered vari-

able.
〈ψ〉 The average of the variable over the x-z-plane.
〈ψ〉 The average of the filtered variable over the x-z-plane.
〈ψ〉T The average of the filtered variable over the x-z-plane, averaged

over the wave period (to give the net quantity).
ψ+ The dimensionless variable (wall units).



Chapter 1

Introduction

When a turbulent boundary layer is exposed to a small flow directed into
or out of the boundary, additional exchange of momentum takes place in
the boundary layer flow and the hydrodynamic parameters such as velocity,
shear stress and turbulence intensities changes. For example, when injecting
low momentum fluid from the boundary into the boundary layer flow, the
bed shear stress has been found to decrease due to the mixing of the injected
low momentum fluid with the flow close to the boundary, retarding the flow.
Injection has furthermore been found to cause boundary layer thickening
(Tewfic (1963)), and destabilization of the flow, resulting in larger turbu-
lence intensities. On the other hand, when sucking fluid from the boundary
layer flow into the boundary, enhanced mixing of high momentum fluid oc-
curs close to the boundary, accelerating the flow, thus resulting in increasing
bed shear stress. Suction of fluid out of the boundary layer flow and into the
boundary has generally been found to have the opposite effects than in the
case of injection, namely boundary layer thinning and stabilization of the
flow (Antonia (1988)). These effects are known and used in many applica-
tions for boundary control, and has been the subject of both experimental
and numerical studies for the last 50 years (see f.ex Libby et al (1952) and
Antonia et al (1990).

In coastal areas, where the boundary is a sandy, permeable sea bed, and
the environment is the wave- or the combined wave-current boundary layer,
injection and suction may occur naturally as percolation flow in the sea bed.
The percolation flow is induced by the horizontal pressure gradient originat-
ing from the difference between the pressure at the seabed under wave crest
and wave trough respectively, thus varying in time and space according to
the wave motion.

This effect was pointed out and thoroughly investigated by Conley and In-
man (1992). From field measurements in the wave boundary layer outside

1



CHAPTER 1. INTRODUCTION 2

the surf zone (in near-breaking waves) they observed an asymmetry in the
values of various hydrodynamic parameters which could not be explained by
a corresponding asymmetry in the measured wave field.

Figure 1.1: Schematic illustration of the sequences in the development of the
fluid granular boundary layer for the case of ’fully developed’ pluming under
the crest of a near-breaking wave. From Conley and Inman (1992).

Fig. 1.1 shows the different regimes of the development of the fluid-granular
boundary layer that Conley and Inman established during the passage of
wave crests, of which only the streaking regime, corresponding to smaller
bed shear stress, was found during the passage of wave troughs. Conley and
Inman suggested the influence of in- and outflow from the seabed due to
percolation as a possible reason for this asymmetric behavior, and referred
to the effect as ’ventilated’ wave boundary layers, with ’suction’ defining in-
flow in the seabed due to the passage of the wave crest (and associated high
pressure), and ’injection’ defining outflow from the seabed into the wave
boundary layer due to the passage of the wave trough (and associated low
pressure). These initial findings of Conley and Inman were followed up by
lab measurements (Conley and Inman 1994), which under more restricted
conditions supported their earlier findings.
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Obviously, effects like the above mentioned may be of great importance for
the associated sediment transport, especially on very permeable beaches as
gravel beaches; effects like increasing/decreasing turbulence intensities may
keep the sediment longer/shorter in suspension, changed bed shear stress
may change the bed concentration, and the flow itself may change the effec-
tive gravity of the grains. It is therefore very important to understand the
mechanisms of the ventilated wave boundary layer, and the present study is
meant as complimentary work to the investigation of Conley and Inman.

1.1 Objectives of the present study

The ventilated boundary layer has been investigated numerically by use of
the 3D Navier Stokes solver NS3, initially developed at the International
Research Centre for Computational Hydrodynamics (ICCH, Denmark, DK-
2970 Hørsholm, and later continued at the Technical University of Denmark
(DTU, Kgs. Lyngby, Denmark) and DHI Water & Environment (Denmark,
DK-2970 Hørsholm). As the momentum exchange in the boundary layer,
caused by ventilation, is a key issue, it was chosen to study the ventilated
boundary layers by use of a Large Eddy Simulation type turbulence closure
model (LES). The large eddy simulation allows, as the name indicates, for
a study of the large, energy containing turbulent eddies. The LES was im-
plemented in the existing code as part of the present study

The objectives of the present study are twofaced in the sense that both
the physical properties of transpired boundary layers as well as the perfor-
mance of the LES in the flow cases of interest in the present study have been
investigated. Additionally, the flow structures obtained with the LES have
been studied, and computations of the concentration of suspended sediment
associated with the ventilated boundary layers have been performed.

The numerical solution is described in chapter 2, with special emphasis on
the LES turbulence closure model and the Smagorinsky sub-grid scale model.
The implementation of the LES turbulence closure model in the NS3 flow
solver is validated with various flow cases,

• the turbulent channel flow, described in chapter 3. The computed re-
sults are compared with the LES study of T. Kawamura (1998) and
with experimental data obtained in studies of Wei & Willmarth (1989),
Kreplin & Eckelmann (1979) and Eckelmann (1974).

• the turbulent wave boundary layer, described in chapter 4. The com-
puted results are compared to experimental results obtained by Jensen
et al (1989) and to results from a k-ε turbulence closure model by
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Justesen (1988).

• the combined wave-current boundary layer, described in chapter 5.
The computed bed shear stress is compared to experimental results
by Lodahl et al (1998).

Based on the lab experiments of Jensen et al (1989) and Conley and Inman
(1994) the numerical experiment is conducted for a sinusoidal wave in a
U-shaped wave flume. When considering a symmetric wave any asymmetric
behavior due to the percolation will show clearly. The wave boundary layer
which develops in a U-flume is uniform, so the streaming in the boundary
layer originating from the non uniformity of the flow in the direction of wave
propagation, which is present in the sea, will not show. Thereby it is possible
to investigate the effects on the boundary layer parameters of the ventilation
alone.

In order to achieve a thorough knowledge and understanding of the mecha-
nisms of the ventilated boundary layers, the study is build up from the basic
flow case of the turbulent channel flow subject to constant suction and to
constant injection respectively, continuing to the more complex time-varying
flow case as the sinusoidal wave boundary layer and the time-varying ven-
tilation. The flow cases used for validation of the model thus also serves as
undisturbed cases to compare with the ventilated cases. In chapter 6 the
cases of constant injection of the turbulent channel flow and of the wave
boundary layer are investigated. In chapter 7 the cases of constant suction
applied to the channel flow and to the wave boundary layer are investigated.
In chapter 8, the wave boundary layer subject to sinusoidally varying ven-
tilation is investigated and compared to the findings of Conley and Inman
(1994).

A study of the flow structures obtained from the numerical simulation of
the channel flow, the undisturbed wave boundary layer and that subject to
sinusoidal ventilation is included in chapter 9. The length scales are com-
pared to values known from the literature.

Finally, the suspended sediment transport is investigated in chapter 10, using
the bed concentration model by Fredsøe and Engelund, 1976. The sediment
concentration profiles associated with the sinusoidal wave boundary layer
is compared to those associated with the ventilated boundary layer. The
suspended sediment transport is computed for one grain diameter only. All
simulations are performed for flat bed.

In chapter 11 the main results are summarized, and suggestions of future
work are given.



Chapter 2

Flow model

The present chapter presents the governing equations and the numerical
solution, with special emphasis on the closure model of turbulence, being
the Large Eddy Simulation formulation.

2.1 The governing equations

The governing equations are,

The equations of motion:

The Navier Stokes equations, for Newtonian fluids, written in compact form

ρ
∂ui

∂t
+ ρ

∂(uiuj)
∂xj

= − ∂p

∂xi
+

∂

∂xj
(ν(

∂ui

∂xj
+

∂uj

∂xi
)) + fi (2.1)

-where the notations i and j indicates the component, u is the velocity,
x is the distance, p the kinematic pressure, ν the kinematic viscosity of
water and ρ the density of water. Eq. 2.1 expresses equilibrium between
inertial- and convective forces (the first and second term on the left hand
side, respectively) and the forces acting on the system, being

- the surface forces: the pressure and the shear stresses (first and second
terms on the right hand side). For Newtonian fluids the constitutive
equation for the shear stresses enters as a diffusion term);

- the volume forces, such as gravity (last term on the right hand side).

The continuity equation:

for incompressible flows,

∂ui

∂xi
= 0 (2.2)

5
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The eq.s (2.1) and (2.2) form a system of 4 equations with 4 unknown
quantities ui and p. In the case of incompressible flow no equation exists for
an explicit determination of the kinematic pressure p . Therefore an itera-
tive procedure must be followed when solving the equations (see section 2.3).

Laminar flows and flows of comparatively low Reynolds numbers can be
simulated directly by solving the above system of equations (a direct nu-
merical simulation, DNS). A DNS requires the computational mesh to re-
solve the scales of the flow down to the scale of dissipation in order to avoid
non-physical accumulation of energy in the simulated flow. As the ratio be-
tween macro and micro scales of turbulence increases with the Reynolds
number, flows of higher Reynolds number requires very high resolution and
a corresponding smaller allowable time increment. This becomes extremely
computationally expensive, and the governing equations are therefore com-
monly solved for an averaged (or filtered) velocity field defined by,

ui = ui + u′i (2.3)

where the actual value of the velocity ui is decomposed in a filtered (or av-
eraged) part ui and the deviation between the actual value and the filtered
value u′i.

Applying the conventional filtering operator on the system of governing
equations leaves,

ρ
∂ui

∂t
+ ρ

∂(uiuj)
∂xj

= − ∂p

∂xi
+

∂

∂xj

(
ν(

∂ui

∂xj
+

∂uj

∂xi
)
)

+ f i (2.4)

and

∂ui

∂xi
= 0 (2.5)

The large eddy simulation (LES) uses a space averaging (or filtering) ap-
proach. When using a time average approach the equations of motion are
known as the Reynolds-Averaged-Navier-Stokes equations (RANS).

In a space average approach ui is the part of the velocity that is resolv-
able on the computational grid. Therefore the turbulent fluctuations can be
simulated to the extent that is properly resolvable on the chosen grid scale.
u′i is the unresolved part which do not show explicitly in the simulation. The
unresolved part is commonly denoted as ’the sub-grid scale’-component, even
though the scales that can be properly resolved with the chosen grid is not
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necessarily equal to the grid scale (but obviously not smaller than the grid
scale). The effect of the sub-grid scale velocity on the resolvable scale veloc-
ity enters the equations of motion through the non linear term as explained
in the following, and must be included by modelling.

The closure problem of turbulence arises from the nonlinear term uiuj which
is not a solved quantity. The nonlinear term can be expressed by solved
quantities as uiuj , where

uiuj − uiuj = (ui + u′i)(uj + u′j)− uiuj

= uiuj + uiu′j + uju′i + u′iu
′
j − uiuj

= (uiuj − uiuj) + uiu′j + uju′i + u′iu
′
j (2.6)

When substituting the nonlinear term in eq. (2.4) with the term written by
eq. (2.6), the right hand side of eq. (2.6) must be accounted for. Thereby
the number of unknown variables increases beyond the number of available
equations. The term uiuj−uiuj is therefore included as a modelled quantity.

In the RANS approach and some LES formulations, the averaged (or fil-
tered) values are assumed to be constants, whereby eq. (2.6) becomes,

uiuj − uiuj = (uiuj − uiuj) + uiu′j + uju′i + u′iu
′
j

= u′iu
′
j

The term on the right hand side is known as the Reynolds stress term (or a
Reynolds stress-like term in LES). It is often modelled by an eddy viscosity
type of model whereby it enters the computations as part of the diffusive
term.

In some LES formulations, however, the mean values are not assumed to
be constants (see f.ex Abbott and Basco). Therefore all terms on the right
hand side in the eq. (2.6) may have to be modelled to a greater or less extent.
These kind of formulations will not be considered in the present study.

In the following section the principles behind the Large Eddy Simulation
will be described, followed by a presentation of the final set of equations.
Finally the numerical procedure will be described.

2.2 Large Eddy Simulation

Turbulent flows have a wide energy spectrum and a continuous broad range
of time- and length scales. The contribution from these scales to the turbu-
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lent energy can be seen from the spectrum of turbulent energy, as schema-
tized in fig. 2.1, where also the dissipation spectrum is shown.

As indicated in the figure, the spectrum can be divided into three ranges.
In the energy containing range, the production of turbulence takes place
through strong interactions among the large eddies, whereby most of the
energy is present in coherent structures. When the large eddies coalesce,
they pass their energy to the larger eddy in what is known as the backscat-
ter of energy (Nezu and Nakagawa, 1993). When they break down, they pass
their energy to smaller eddies in what is known as the cascade of energy.

Energy
containing range

Universal
equilibrium range

N-S-equations

RANS

N-S-equations: DNS

Sub-grid scale modelling

Inertial subrange

k E(k)
2

E(k)

k

E   k
-5 3/

Figure 2.1: Spectrum of turbulent kinetic energy, principle

The small scale turbulence is contained in the universal equilibrium range.
According to Kolmogorovs 1. hypothesis, the turbulence in the universal
equilibrium range is isotropic and independent of the large scale motion,
which is often highly anisotropic. The universal equilibrium range can be
divided in two subranges, the inertial subrange and the viscous subrange.
The viscous subrange is associated with the viscous dissipation, as indicated
by the peak in the dissipation spectrum in fig. 2.1. According to Kolmogorovs
2. hypothesis, the peak in the energy spectrum and the peak in the dissipa-
tion spectrum are sufficiently apart, meaning that there is a wide spectral
range between them, where there is no significant energy and no significant
dissipation. This is called the inertial subrange (or the inertial equilibrium
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range, because there is equilibrium between the energy input and the energy
dissipation, as the energy is transferred to smaller eddies).

These principles are utilized in LES, where the small scale motion is mod-
elled based on the assumption of local isotropy of turbulence, and only the
large scale motion is simulated. In the simulated flow the small scale motion
is therefore filtered out (see fig. 2.2).

DNSLES u

t

DNS

LES

Figure 2.2: Principle of LES

As already described, the effect from the unresolved (or small scale) com-
ponents enters the governing equations in the nonlinear term, eq. (2.6).
Introducing Rij as the total sub-grid stress tensor, the term that must be
modelled is

Rij = uiuj − uiuj (2.7)

Defining the part to be modelled as a stress tensor gives the physical inter-
pretation of an additional momentum exchange caused by the unresolved
components, as a parallel to the Reynolds stresses in the RANS approach.

The total sub-grid stress tensor can in the same way as the resolved stress
tensor be divided into a pressure and a shear stress part. Defining τsgs,ij as
the deviatory (the off-diagonal) part of the total sub-grid stress tensor,

τsgs,ij

ρ
= Rij − 1

3
δijRkk (2.8)

along with a modified pressure P which includes the diagonal terms of the
total sub-grid stress tensor,

P

ρ
=

p

ρ
+

1
3
Rkk (2.9)
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the filtered Navier Stokes equations becomes,

ρ
∂ui

∂t
+ ρ

∂(uiuj)
∂xj

= −1
ρ

∂P

∂xi
+

∂

∂xj

(
ν(

∂ui

∂xj
+

∂uj

∂xi
)
)
− ∂τsgs,ij

∂xj
+ f i (2.10)

The diagonal part of the total sub-grid stress tensor will then automatically
be part of the computed filtered pressure field P . The deviatory stress τsgs,ij

must be modelled by a sub-grid scale model (sgs-model).

Most sgs-models are based on an eddy viscosity concept, relating the de-
viatory unresolved stresses to the local strain rate of the resolved field,

τsgs,ij

ρ
= −2νsgs,ijSij = νsgs(

∂ui

∂xj
+

∂uj

∂xi
) (2.11)

where the sub-grid eddy viscosity νsgs,ij is a field variable. When assuming
isotropic turbulence the eddy viscosity can be expressed by a scalar.

A commonly used and very simple method for determination of the eddy
viscosity νsgs is that proposed by Smagorinsky (1963). The Smagorinsky
sgs-model makes a sort of mixing length assumption, which takes the eddy
viscosity to be proportional to a characteristic length scale for the sub-grid
field ∆ (the filter width) and to a characteristic turbulent velocity ∆|S|, as

νsgs,ij = C2
s ∆2|S| (2.12)

where |S| =
√

2SijSij . The Smagorinsky formulation νsgs is therefore de-
pendent on the filter width and the local field of filtered large scale motion.

The Smagorinsky sgs-model has proved successful in many applications.
However, it contains some major shortcomings, of which can be mentioned,

• The constant Cs must be adjusted so that the ensemble averaged sub-
grid energy is equal to the dissipation ε (assuming that the cut-off
wave number π/∆ is located in the inertial subrange part of the of
the turbulent spectra, see f.ex Lesieur, 1990). Therefore the constant
Cs is flow dependent. Experience have shown that Cs equals 0.2 in
isotropic turbulence and 0.1 in channel flow. In section 4.1.4 the most
appropriate value of Cs for the present turbulent wave boundary layer
will be determined by comparison with experimental data.

• The filter width ∆ is prescribed by a scalar. Based on the assumption
of isotropic turbulence, the ratio between the filter width and the grid
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spacing in each direction is commonly (and in the present study) set
to 1, so that

∆ = 3
√
4x4y4z (2.13)

where 4x,4y and 4z are the local filter dimensions.

• The method is too dissipative close to solid boundaries (where the
viscous forces are dominant), which makes it necessary to apply a
damping function close to the bed. The Van Driest damping function

f = 1− exp(
−y+

25
) (2.14)

with

y+ =
yUf

ν
(2.15)

is generally used as a standard part of the formulation. The constant
value 25 corresponds to a stationary pressure gradient, and is therefore
an approximation in oscillatory flow.

• The sub-grid stress does not disappear in laminar flow. Transition
between turbulent and laminar flow can therefore not be simulated.
(This does not impose a problem for the viscous sub-layer, where the
sgs contribution is negligible).

• The net energy transfer in turbulent flow is directed from the large
to the small scales, where the energy is finally dissipated due to the
viscous forces. Therefore the net energy transfer appears as an en-
ergy loss from the large scale field, which can be accounted for by
the Smagorinsky constant Cs as mentioned above. However, according
to some authors the gross energy transport should also be accounted
for, as the gross transfer in the direction from small to large scales
(backscatter) may be as high as one-third of the energy transferred
to the small scales (Quarini, 1979). Therefore the backscatter must be
accounted for by the model if the cut-off wave number is located in the
energy containing range of the energy spectra. In the eddy viscosity
concept, allowing the eddy viscosity to take negative values may be
considered as a way of representing the backscatter. More advanced
sgs-models includes this feature, but in the Smagorinsky sgs-model
the eddy viscosity always takes positive values, whereby the model is
always dissipative and the effect of the backscatter is therefore not
included. However, if the cut-off wave number is located in the inertial
subrange the effect from backscatter will be negligible (Lesieur, 1990).
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Other more complex sgs-models overcome to some extent these difficulties
and give a more detailed description of the different stress terms in eq. (2.6).
These models may prove better depending on the complexity of the flow and
the sort of information needed from a simulation, but are on the same time
more time consuming and difficult to implement. Therefore the Smagorinsky
sgs-model is often, as in this case, preferred.

2.3 The numerical solution

For a LES with the Smagorinsky sgs-model the final set of equations are,

ρ
∂ui

∂t
+ ρ

∂(uiuj)
∂xj

= − ∂P

∂xi
+

∂

∂xj

(
νe(

∂ui

∂xj
+

∂uj

∂xi
)
)

+ f i (2.16)

and

∂ui

∂xi
= 0 (2.17)

where νe is the effective eddy viscosity

νe = ν + νsgs (2.18)

with νsgs given by eq. (2.12).

The governing equations are solved using the incompressible Navier Stokes
solver NS3 (Mayer et al 1998). In NS3 the equations are solved on their inte-
gral form using a finite volume method with collocated cell-centered variable
arrangement. The grid oscillations due to collocation of pressure and veloc-
ity are avoided by the use of a Rhie and Chow type interpolation approach
(see f.ex Ferziger and Pèric).

A variety of choices of discretization in time and space exists in NS3. In
the present work the following choices are made,

Discretization in space:
The viscous stress flux is discretized using 2. order central differencing, and
the velocity component of the convective flux is discretized by a 4.th order
central differencing scheme, as in Kawamura 1998.

Discretization in time:
A semi implicit time integration scheme as described in Kawamura 1998 is
applied. The equations of motion are decoupled by treating all terms uj 6=i

explicitly. Furthermore the equations of motion are linearized by treating
the convective terms explicitly. Thus, the convective term and the part of
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the diffusion term which contains velocity components from other direc-
tions than i are discretized in time by a 2. order explicit Adams-Bashforth
method. The part of the diffusion term containing the velocity component i
is treated implicitly by the Cranck-Nicholson method. For a description of
these methods, see f.ex Ferziger and Pèric.

In the absence of an explicit equation for the pressure, the continuity and
momentum equations are decoupled and solved in an iterative procedure
applying a fractional step method (Mayer et al 1998).

The procedure for the applied fractional step method can be summarized
as,

- an intermediate velocity field u∗c at cell centers is obtained by solving
the equations of motion by use of the pressure from the previous step

- the intermediate velocity field at cell faces u∗f is obtained by apply-
ing the Rhie and Chow type interpolation method on the cell center
velocity field.

- the deviation from continuity is found as the divergence of the interme-
diate velocity field. The deviation from continuity is used as a source
term in a Poisson equation for the pressure correction φ

- the pressure correction φ is obtained by solving the Poisson equation
using a multigrid solver

- the velocity fields at the center and cell faces are corrected with the
pressure correction φ to get un+1

c and un+1
f ,

- the pressure is updated

The pressure is evaluated in between time steps, at level n + 1
2 . Therefore

the overall time integration scheme is 2. order accurate.



Chapter 3

Validation with turbulent
channel flow

In this section the performance of the implementation of LES in the model is
tested by simulating the turbulent channel flow, which is one of the most in-
vestigated flow cases both numerically and experimentally. The results from
the simulation are compared to measurements and other numerical simula-
tions.

The computations are performed for a turbulent channel flow with Re based
on Uf of 170 (corresponding to a Re based on outer flow parameters, the
centreline velocity and the channel half-width, on 2913) thus facilitating
comparison with the LES results of Kawamura 1998.

The LES studies are compared to experimental data obtained in studies
of Wei & Willmarth 1989, Kreplin & Eckelmann 1979 and Eckelmann 1974.

3.1 Conditions of computation

The flow is driven by a constant volume force which balances the mean wall
shear stress.

The flow domaine is a rectangular box, as shown together with a defini-
tion of the physical coordinate system on fig. 3.1. The x, y and z -axis are
in the streamwise, the vertical and the spanwise direction, respectively. The
corresponding velocity components are denoted u, v and w.

14
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x

y

z

L

W

Dsymmetry

solid wall

Figure 3.1: The flow domaine

3.1.1 Boundary conditions

Periodicity is assumed in the horizontal directions x and z, thereby obtain-
ing an infinitely long and infinitely wide channel. The channel must be long
enough to ensure that there is no correlation in the turbulence at the inlet
and outlet.

At the wall the no slip condition is applied, i.e.

ui = 0
∂P

∂y
= 0 (3.1)

and the top boundary is that of symmetry, i.e.

∂u

∂y
= 0

∂w

∂y
= 0

v = 0
∂P

∂y
= 0 (3.2)

expressing that no exchange of momentum is present at the boundary.
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3.1.2 Domaine dimensions and mesh size

The channel dimensions in DNS and LES of the turbulent channel flow have
traditionally been decided by the choice of channel height δ up to the sym-
metric boundary (also called the channel half-width), and the corresponding
width and length of πδ and 2πδ respectively (ex. Kim et al. 1987), based on
spectral methods. The channel dimensions in the LES of Kawamura 1998,
nondimensionalized with the channel half-width, was thus 6.4× 1× 3.2. In
the present computations, it was found that a longer and wider channel was
needed in order to achieve satisfactory results. Fig. 3.2 shows the computed
mean velocity profile obtained with different mesh- and domaine sizes. The
mean velocity profile is compared to the LES of Kawamura 1998.

For the domaine of 6.4 m x 1.0 m x 3.2 m, corresponding to that of Kawa-
mura 1998, the mesh-size of i) 32 x 32 x 32 (used in the LES of Kawamura
1998), ii) 64 x 48 x 48 and iii) 96 x 48 x 80 (used in the present simulations
of the wave boundary layer) was tested.

Figure 3.2: Mean velocity profiles for different mesh- and domaine dimen-
sions.

Fig. 3.2 shows that the results of Kawamura (1998) are not reproduced with
the present model, which requires a larger domaine (the reason for this is
not known). In Kawamura (1998) it was shown that the LES results with
the Smagorinsky sgs-model produced a somewhat overestimated mean ve-
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locity compared to results obtained by DNS, (as well as compared with
measurements by Wei and Willmarth (1989), shown in fig. 3.3). From fig.
3.2 the results for the domaine size of 6.4 m x 1.0 m x 3.2 m shows that the
mean velocity away from the bed is even more overestimated than that of
Kawamura (1998), and refining the mesh do not improve the results. The
computed momentary velocity fields indicated that the overestimated mean
velocity is caused by correlation of turbulence in the in- and outlet. The
correlation is avoided with a domaine of 9.0 m x 1.0 m x 4.0 m, where the
obtained mean velocity profile (with the finest mesh) is found to compare
well with Kawamura (1998). In chapter 4, an even finer mesh was applied
with no significant improvement of the results.

This results in gridspacing of 9.37 cm and 5.00 cm (with constant spacing)
in the streamwise and spanwise directions respectively, and a grid-spacing of
0.47 cm to 2.61 cm in the normal direction (using exponential stretching due
to the large velocity gradient close to the wall). The time increment ∆t was
set to 0.003 s, which fulfills the requirement of a Courant number less than 1.

From theoretical considerations, the present flow situation results in a fric-
tion velocity Uf of 0.0618 m/s. The spacing in wall units then becomes,

∆x+ = 16.87
∆y+ = 0.85 at bed increasing to 4.70
∆z+ = 9.00

From the literature the spanwise spacing between the low speed streaks
in wall units is known to be λ+ = 100 (for example, Lee et al., 1974).

The streamwise- and vertical extents of ejected low speed fluid structures are
known to be in the order of 20 - 40 x+ and 15 - 20 y+. Fluid ejections origi-
nate in y+s of 5 - 50 and ejected fluid elements reach y+s of 80-100 (Nychas
et al., 1973). The mean streamwise distance from the onset of lift-up of a low
speed wall streak to the breakdown is about 1300 x+ (Offen and Cline, 1973).

Clearly the flow structures are resolved with the chosen mesh and domaine
dimensions.

3.2 Results and discussion

The mean velocity, the turbulence intensities and the stress distribution ob-
tained from statistical analysis of the data from the present LES is shown
in the following.
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Figure 3.3: Mean velocity profile

As the flow is uniform in the streamwise direction, the mean velocity profile
is obtained by averaging over the x-z-plane (the average expressed by the
brackets 〈 〉) during a period of 60 s, which was found to be adequate. On
fig. 3.3 the mean velocity profile is compared to the mean velocity profile
obtained in the LES study of Kawamura 1998, to measurements performed
by Wei & Willmarth 1989 and to the theoretical profile known as the van
Driest velocity profile,

〈U〉+ =
〈U〉
Uf

= 2
∫ y+

0

dy+

1 +
{

1 + 4κ2y+2[1− exp(− y+

Ad
)]2

}1/2
(3.3)

where Ad = 25 for a stationary pressure gradient.

The friction velocity Uf is defined in terms of the bed shear stress as

Uf =
√

τb

ρ
(3.4)

where the bed shear stress is found from the local filtered velocity field as,

τb

ρ
= (ν + νsgs)(

∂u

∂y
)y=0 (3.5)
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(Effectively, the sub-grid viscosity at the bed in eq. (3.5) is negligible). The
computed bed shear stress varies according to the local velocity gradient
over the channel bed. The computed mean bed shear stress corresponds to
Uf = 0.0625 m/s, which results in an over-estimation of 1% compared to
the theoretical value of 0.0618 m/s.

The two LES studies compare very well (the small deviation between the
two, found in the y+-range of approximately 20-50, is attributed to an even-
tual difference in the exponential stretching used in the two studies), and
show the same deviation from the theoretical mean velocity profile and the
measurements. Kawamura 1998 concludes that the free surface velocity com-
puted by the Smagorinsky model over-predicts the theoretical free surface
velocity, obtained by DNS, with approximately 1.061× usurface

DNS , correspond-
ing to a deviation of approximately 6.1%.

This deviation may be attributed to the shortcoming of the Smagorinsky
sub-grid scale model close to the wall, where a damping function is applied.
As the turbulence structures are resolved in the present computations, the
cut-off should not give rise to inaccuracies in the results.

The profiles of the turbulence intensities, expressed by the root-mean-square
√

(u− 〈u〉)2
N − 1

,

√
(v − 〈v〉)2

N − 1
and

√
(w − 〈w〉)2

N − 1

(where 〈ui〉 denotes the time average in the x-z-plane of the filtered veloc-
ity component in the i’th direction), are shown in fig. 3.4. The turbulence
intensities are compared to the LES study of Kawamura 1998 and to mea-
surements performed by Wei & Willmarth 1989, Kreplin & Eckelmann 1979
and Eckelmann 1974.

Again, the two LES studies compare quite well. Compared to the measure-
ments, the LES studies over-predict the u+

rms values close to the bed, and
under-predict the v+

rms values close to the bed. It seems that the model ex-
tracts energy from the spanwise and vertical directions and adds energy to
the streamwise direction.

It should be noted that the measurements by Wei & Willmarth was ob-
tained using a high resolution, two component Laser-Doppler Anemometer
(LDA), and such very accurate. The discrepancy may as for the mean ve-
locity profile be attributed to the general performance of the Smagorinsky
sub-grid scale model close to the bed. The fact that too much energy seems
to be extracted from the vertical and spanwise directions, and too little
energy from the streamwise direction, may be caused by the stretched com-
putational cells. Through the term ∆ = 3

√4x4y4z in the expression for the
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Figure 3.4: Profiles of turbulence intensities. Solid lines: Present study (Re
= 2913); dashed lines: LES (Re = 2913), Kawamura 1998; •: u+

rms (Re =
2970), Wei & Willmarth 1989; ◦: v+

rms (Re = 2970), Wei & Willmarth 1989;
N: u+

rms (Re = 3850), Kreplin & Eckelmann 1979; 2: v+
rms (Re = 2800),

Eckelmann 1974

Smagorinsky constant Cs, the large streamwise size of the cells causes the
Cs to be too large for the vertical and spanwise directions, thus extracting
too much energy from the flow components in these directions. The small
vertical and spanwise sizes of the computational cells would then cause Cs

to be too small in the streamwise direction, thus extracting too little energy
in this direction.

Generally the turbulence intensities obtained in the LES studies compare
well with the measurements further away from the bed, as the redistribu-
tion of the turbulent energy in this region takes place mainly in the resolved
scale.

The increasing spanwise turbulence intensity close to the channel half-width
is a boundary effect caused by the condition of zero vertical velocity at the
symmetry line.
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The Reynolds stress is calculated as,

τrey = −〈u′v′〉 − νsgs
∂〈u〉
∂y

(3.6)

= −〈u′v′〉 − τsgs

and shown in fig. 3.5 together with the Reynolds stress found in the LES
study of Kawamura 1998 and the Reynolds stress found from the LDA-
measurements of Wei & Willmarth 1989.
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Figure 3.5: Profiles of stresses

The total shear stress found from

τtot = τvisc + τrey (3.7)

is also included, and compared with the theoretical total stress profile de-
rived from the force balance.

The present model predicts the correct behavior of the variation of the
stresses over the depth. Very close to the smooth wall, the dominating force
is the viscous stress, which decreases rapidly away from the wall as the tur-
bulence and the associated Reynolds stress becomes dominant. The total
stress found in the present study compares very well with the theoretical
profile.
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The Reynolds stress obtained in the two LES studies compare very well.
However, the computed Reynolds stress are larger than the Reynolds stress
found from measured values. To get an idea of how accurate the LES studies
are, the DNS study of Kawamura 1998 is included in fig. 3.5. The Reynolds
stress obtained from DNS compares very well with the LES studies, showing
the same discrepancy with the measured values. Wei & Willmarth notes that
the Reynolds stress calculated from the LDA measurement for the Reynolds
number of 2970 is low due to interaction of the turbulence structures from
opposing walls in the experiments. For low Reynolds numbers the distance
from the wall to the centreline is very small (170 and 180 wall units for
the Reynolds numbers 2970 and 3350 respectively) and barely outside the
buffer layer, as the logarithmic layer generally appears from approximately
30-70 wall units. Wei & Willmarth observed contributions to the Reynolds
stress at the centreline from both walls, arising from a continuous exchange
of counter-rotating fluid, thus causing the resulting Reynolds stress (the av-
erage of u’v’) to be smaller than in the case of no opposing walls, or no
exchange over the centreline, as is simulated in the LES studies.

From the 3 D velocity field obtained with the LES it is possible to calculate
the parameters which otherwise are modelled, for example the mixing length
and the turbulent viscosity νt.

The mixing length l in turbulence expresses the vertical distance through
which a fluid parcel can travel without changing its original inertia. With
known Reynolds stress, the mixing length can be calculated as,

τrey

ρ
= l2|∂〈u〉

∂y
|∂〈u〉

∂y
(3.8)

The turbulent viscosity is the diffusion coefficient required to compute the
Reynolds averaged velocity. It is defined by

τrey = ρνT
∂u

∂y
(3.9)

The mixing length is shown on fig. 3.6 a), and compared with the linear
expression l = κy which is often used in the near-wall area. On fig. 3.6 b)
the turbulent viscosity found from eq. (3.9) is compared to the analytical
expression obtained from the mixing length theory, νt = κUfy(1 − y/D),
where D is the channel half width.

It is seen that the linear expression for the mixing length compares well with
what is found from the LES close to the wall, and the parabolic expression
for the turbulent diffusion compares very well with the results from the LES.
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Figure 3.6: a) The mixing length l; b) The turbulent viscosity νt

Based on the results presented in this chapter it is concluded that the im-
plementation of LES in the model works well. However, the application of
the Smagorinsky sub-grid scale model causes an over-prediction of the mean
velocity at the center-line (the channel half-width) of approximately 6%, and
the turbulence intensities found from the present LES deviates somewhat
compared to measurements, close to the wall. Kawamura 1998 performs
an investigation of different sub-grid scale models, and shows that other
more advanced sub-grid scale models performs better for this kind of flow.
As the main purpose of the present study is the comparison of oscillatory
wave boundary layers with and without ventilation, it is decided that the
Smagorinsky sub-grid scale model does a satisfactory job. Furthermore, the
wave boundary layer, being non stationary and subject to both favorable
and adverse pressure gradients, may exhibit very different behavior when
modelled than what is seen here for the stationary channel flow.

3.3 Model output

Finally, for general information, the model output being the sub-grid vis-
cosity and the sub-grid stress is shown in fig. 3.7 and fig. 3.8. The modelled
quantities of Kawamura 1998 is included.

The sub-grid viscosity νsgs is a diffusion coefficient of the sub-grid mixing
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and thereby a measure of the capability of the sub-grid mixing. It is large
where the velocity gradient and the mesh-size is large (depends on the local
strain-rate and the local mesh-size, see chapter 2). Fig. 3.7 shows that the
sub-grid viscosity takes relatively large values all over the vertical. The sub-
grid viscosity is small compared to the kinematic viscosity of water, due to
the high resolution.

The sub-grid stress τsgs is a measure of the sub-grid mixing and is calculated
from the local sub-grid viscosity, the local velocity gradient and a damping
function depending on distance from the wall. From fig. 3.8 it is seen that
the sub-grid mixing is largest close to the bed (but not at the bed, where the
viscous stresses are dominant), and decreases rapidly towards the channel
half-width (where the large eddies, which are simulated and not modelled,
are dominant).

It was shown in the previous section that the present LES and that of Kawa-
mura 1998 agrees well, and the deviation seen in the modelled quantities are
caused by the different mesh sizes.



Chapter 4

The turbulent wave
boundary layer

In this chapter the results from the LES of the turbulent wave boundary
layer with a sinusoidal wave on a smooth bed are presented and discussed.
The results are validated against measurements by Jensen et al 1989, and
compared to k-ε simulations by Justesen 1988.

A sinusoidal wave is symmetric with respect to the pressure gradient (the
volume force) and the associated velocity in each half period, and forms an
excellent basis for the study of the asymmetric behavior of the turbulent
quantities in the ventilated boundary layer, as reported by Conley and In-
man 1994.

The computations are performed for a Rew of 6× 106, where Rew is de-
fined by

Rew =
aU0m

ν
(4.1)

U0m is the maximum free stream velocity and a is the amplitude of the free
stream motion, defined by U0m/ω for a sinusoidal wave. ω is the cyclic fre-
quency corresponding to the wave period T and defined by 2π/T.

The Rew of 6× 106 is obtained from a sinusoidal wave with a maximum
free stream velocity of 2.0 m/s and a wave period of 9.72 s, corresponding
to test 10 of Jensen et al 1989.

The measurements by Jensen et al 1989 showed that the wave boundary layer
over a smooth bed remains laminar up to Rew of approximately 1.6 × 105,
after which transition to turbulence takes place. The transition occurs just
prior to the near-bed flow reversal, where the relatively large pressure gra-

26
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dient combined with the relatively small near-bed velocity forms a very
favorable environment for the initiation of turbulence. With increasing Rew

the transition to turbulence takes place earlier in phase space, but is resisted
in the acceleration part of the phase space through a wide range of Rew-
numbers due to the favorable pressure gradient here. However, for the Rew

of 6× 106 the transition to turbulence takes place already at about 10-15o,
whereby the wave boundary layer is turbulent almost all through the period.
This is a basic requirement for the applicability of the Smagorinsky sub-grid
scale model.

4.1 Conditions of computation

The flow is driven by a volume force decided by the linear excess pressure
gradient obtained from sinusoidal wave theory, expressed for the filtered
values as

−1
ρ

∂P
+

∂x
=

∂u

∂t
= ωU0m cosωt (4.2)

The flow domaine is a rectangular box, as shown together with a definition
of the physical coordinate system on fig. 4.1. The x, y and z -axis are in
the streamwise, the vertical and the spanwise direction respectively, with
corresponding velocity components u, v and w.

y

x
z

Figure 4.1: Flow domaine and def. of coordinate system
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This system resembles the conditions which are present in a wave oscillator,
where the measuring section is located sufficiently away from the bound-
aries. The flow in a oscillator is driven by an externally imposed horizontal
pressure gradient, and the boundary layer which develops is uniform in the
x-direction. Thereby any influence from non uniformity in the x-direction
which would be present in the field, such as streaming, is not included, and
the isolated case of turbulence originating from the wave motion alone, and
later on with ventilation, can be studied.

4.1.1 Boundary conditions

Periodicity is assumed in the horizontal directions x and z, thereby obtain-
ing an infinitely long and infinitely wide channel.

The boundary conditions at bottom and top -surfaces are the no slip con-
dition at the bed and symmetry at the top boundary (corresponding to the
channel half width), as expressed by eq.’s (3.1) and (3.2).

4.1.2 Domaine dimensions

The channel must be high enough to house the full extent of the wave bound-
ary layer at any phase, and long enough to ensure that there is no correlation
in the turbulence at the inlet and outlet.

Based on the experimental study by Jensen et al 1989, the domaine height
(the channel half width) for the present Rew is determined to 0.12 m. From
the guidelines of Kim et al 1988, as described in section 3.1.2, and the expe-
rience gained from the present computations of the turbulent channel flow,
chapter 3, the length and width was decided to 0.9 m and 0.4 m respectively.

4.1.3 The computational mesh

Close to the bed, where the mean velocity gradient is high, the vertical
distribution of the grid points is increasing exponentially with increasing
distance from the bed. In the lateral and longitudinal directions the mesh is
equally distributed.

Fig. 4.2 shows the computed ensemble averaged velocity profiles (defined
in eq. (4.3)) for selected phases and fig. 4.3 the computed Reynolds stress
distribution, for 4 different mesh sizes. The time increment ∆t was 0.001 s
in all of the simulations except for the finest mesh, where a smaller time
increment was required, and therefore ∆t = 0.0005 s was used. These time
increments by far fulfils the requirement of a Courant number less than 1.
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It is seen that for finer meshes than 96 × 48 × 80 no significant change was
found from the computations. Only the results from the most coarse mesh
deviates significantly, which illustrates the importance of a fine resolution
spanwise as well as streamwise, to achieve a satisfactory exchange of mo-
mentum in these directions - thus the importance of the 3. dimension, even
in a flow of 2-D character. The mesh of 96 × 48 × 80 was chosen as the
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optimal for the computations.

The chosen mesh size corresponds to a grid spacing of

∆ x = 9.375 mm
∆ y = 0.057 mm at bed increasing to 4.07 mm
∆ z = 5.000 mm

For the present Rew, Jensen et al 1989 found a maximum friction veloc-
ity Uf of approximately 0.08 m/s. The spacing in wall units then becomes,
as a maximum,

∆x+ = 750
∆y+ = 4.56 at bed increasing to 325.6
∆z+ = 400

With the spacing between the flow structures, as known from the litterature,
being a spanwise spacing of approximately 100 wall units and a streamwise
extent of approximately 1300 wall units (mentioned in section 3.1.2), it is
clear from the above that the low speed streaks are not resolved in the span-
wise and streamwise directions during part of the wave period. In order to
get a better resolution in f.ex the spanwise direction, say ∆z+ of 20, the
required Uf value is 4 mm/s, which is only achieved close to reversal of the
near-bed fluid.

In the LES of channel flow by Kim and Moin 1986 it was noted that the
grid spacing of their simulation was too coarse to resolve to the correct scale
some of the structures which were observed in their DNS (channel flow with
Re = 13800 based on centreline velocity and channel half width). However,
their calculations still produced high- and low-speed wall streaks, but with
a spacing which was not in accordance with the commonly accepted value.
The flow structures seen in LES develop in the resolved eddies.

The flow structures produced with the present LES of the fully turbulent
wave boundary layer is presented and discussed in chapter 9.

4.1.4 The Smagorinsky constant

Finally the value of the Smagorinsky constant Cs should be addressed. Ac-
cording to earlier findings Cs equals 0.1 in a stationary, uniform turbulent
channel flow as described in chapter 2. Whether this value is optimal for the
case of non stationary flows such as waves has been studied: Fig. 4.4 shows
selected ensemble averaged velocity profiles (defined in eq. (4.3)) for differ-
ent values of Cs compared to the corresponding ensemble averages found by
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Jensen et al 1989.

For all the applied vales of Cs the free stream velocity appears to be in
accordance with the measured values, whereas the velocity close to the bed
is under-estimated. On the other hand, the smaller values of Cs tends to
produce too large ensemble averaged velocity further away from the wall.
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Figure 4.4: Mean velocity profiles with different values of Cs

It seems that the model generally dissipates too much energy close to the
bed, which may be caused by the cut-off in the energy producing range,
whereby backscatter of energy is not accounted for (see section 2.2). Or, the
close-to-the wall-approximation of the Smagorinsky sub-grid scale model
simply is too inaccurate.

From the present calculation the value of Cs = 0.1 appears to be optimal,
and is used in all simulations.

4.2 Results

From the numerical simulations the time series of the filtered velocity com-
ponents ui in the longitudinal, normal and spanwise direction is obtained.
Fig. 4.5 shows an example of the model results at different y-levels in the
flow.

It is seen that the streamwise velocity component fluctuates around a time
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varying mean value, while the spanwise and normal velocity components
vary around 0. The streamwise velocity component shows a phase shift be-
tween the y-levels, as the phase lead compared to the free stream velocity
increases towards the bed. This is to be expected, as slower fluid reacts faster
on the pressure gradient. The normal velocity component is seen to be sup-
pressed close to the wall due to the vertical limitation, and increasing with
increasing y-level. At 4.17 mm from the bed a clear effect of the opposing
pressure gradient shows as increasing fluctuations. This is also evident for
the spanwise velocity component. The spanwise velocity component attains
larger values close to the bed than the normal component, as it is not af-
fected by the vertical limitation, and increases with increasing distance from
the bed, to attain values of the same magnitude as the normal component.

From the results, the mean values defined in terms of the vertical distance
from the bed and the phase ωt, are obtained through ensemble averaging as
given below, where the quantity ψ represents any filtered variable,

〈ψ〉(y, ωt) =
1
N

n∑

i=1

ψ[y, ω(t + (i− 1)T)] (4.3)

and the root mean square (the r.m.s), representing the fluctuations of a
given filtered variable ψ, defined by ψ

′ = ψ−〈ψ〉, are obtained according to

〈(ψ′)2〉1/2(y, ωt) =
{ 1

N − 1

n∑

i=1

(ψ[y, ω(t+(i−1)T)]−〈ψ〉(y, ωt))2
}1/2

(4.4)

As the flow is uniform in the streamwise direction, the ensemble averages
for the chosen phase values are performed over the x-z-plane. The averaging
is performed over 3 periods throughout the present study, resulting in N =
23.040 with the present mesh, which was found to be sufficient.

The computed ensemble averaged and r.m.s. velocities and ensemble av-
eraged Reynolds stress are shown in appendix G table 1-10.

Fig. 4.6 shows the mean velocity profiles normalized by outer flow parame-
ters, in order to facilitate comparison with the measurements of Jensen et al
1989. In Jensen et al 1989, the amplitude of the free stream motion, a, was
chosen in the normalization in stead of the boundary layer thickness δwbl, in
order to avoid the uncertainty in the experimental determination of δwbl.

The free stream velocity grows from zero at the phase ωt = 0◦ to U0m

at ωt = 90◦. As previously seen from fig. 4.5 the velocity close to the bed re-
sponds faster to the oscillating pressure gradient due to the smaller inertia,
thus leading the free stream velocity.
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Figure 4.6: Ensemble averaged velocity distributions, Rew = 6× 106. Solid
line, present computations; • Jensen et al 1989, test 10.

Figure 4.7: Logarithmic plot of ensemble averaged velocity distributions,
Rew = 6× 106. Solid line, present computations; • Jensen et al 1989, test
10.
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Generally the results are in good agreement with the measurements. Espe-
cially, the results for the free stream velocity is in perfect agreement with
the measured values, and the velocity profiles during deceleration are in very
good agreement with the profiles obtained from measurements. However, es-
pecially during the acceleration phase, the model under-predicts the mean
velocity close to the wall, as commented in section 4.1.4. This shows more
clearly on a logarithmic scale, fig. 4.7, where it is chosen not to normalize
with inner flow parameters (this will be addressed later). Therefore, the log-
arithmic layer, which was shown to exist during certain phase-intervals by
Jensen et al 1989, is not reproduced in these simulations.

Figure 4.8: Ensemble averaged velocity distributions, Rew = 6× 106. Solid
line: LES, present computations; dotted line: k-ε model, Justesen 1988 •:
Jensen et al 1989, test 10.

The present results are compared to results from a k-ε turbulence model de-
scribed in Justesen 1988, fig. 4.8. It is seen that the present LES gives a much
better prediction of the ensemble averaged velocity profiles during decelera-
tion. The deceleration stage is characterized by pronounced production and
dissipation of turbulence (see f.ex Hino et al, 1983). The production mainly
takes place in the resolved scale (in the large eddies), whereas the effect of
dissipation must be included by the sub-grid scale model. Hino et al (1983)
compared turbulent energy spectra during the accelerating phase and the
decelerating phase respectively, for a wave with Rew of 2.8× 105, i.e in the
transitional regime. It was found that while the spectral decay in the high
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frequency range during acceleration followed the −5
3 law of Kolmogorov, the

spectral decay in the high-frequency range was far steeper during deceler-
ation. They explained this by pronounced energy dissipation through the
presence of high frequency turbulence. This effect appears to be modelled
with considerable success by the LES and the Smagorinsky sub-grid scale
model, compared to the k-ε turbulence model.

From the following figures showing the r.m.s.-values of the turbulent fluctua-
tions and the Reynolds stress, it is clear how the turbulence develops through
phase space. At each flow reversal the boundary layer starts building up.
During the acceleration stage, the turbulence is continuously produced close
to the bed where the velocity gradient is high, and diffuses away from the
bed through phase space as the boundary layer builds up. This is especially
clear from the r.m.s. of the streamwise fluctuations when presented in phase
space as in fig. 4.9, but also shows on the vertical profiles of the turbulence
intensities as presented in fig. 4.10 and from the Reynolds stress, fig. 4.11.
From fig. 4.9 it is also clear how the high intensity during deceleration can be
traced into the following acceleration, but diffused higher up in the vertical.

Figure 4.9: urms [m/s] in phase space, present computations, Rew = 6× 106.

From the comparison with the measured values from Jensen et al 1989 in fig.
4.10, it is seen that the model does a good, but not perfect job. Generally
the fluctuating components in the spanwise and normal directions are under-
estimated close to the bed during acceleration, but agrees well with the mea-
sured values during deceleration. Contrary to this, the streamwise fluctuat-
ing component agrees well with the experimental data during acceleration,
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Figure 4.10: r.m.s values of u′, v′ and w′ normalized with outer flow param-
eters, Rew = 6× 106. Solid line, present computations; • Jensen et al 1989,
test 10
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but over-predicts the fluctuations close to the wall while under-predicts the
turbulence levels away from the wall during deceleration (whereby the dif-
fusion of the streamwise fluctuating component towards the upper part of
the vertical during deceleration is under-estimated). This indicates that the
model extracts energy from the vertical and spanwise directions while en-
ters energy to the streamwise direction, and is consistent with the findings
for stationary channel flow, see chapter 3. The fact that the mesh is quite
stretched in the streamwise direction compared to the other two directions
does not seem to be the cause of this, as seen from the results of the finer
mesh, fig. 4.2. The overall momentum exchange may still be simulated well
by the model (as also indicated by the ensemble averaged velocity profiles
during deceleration, fig. 4.10).

It is seen from the measurements of Jensen et al 1989, fig. 4.10, the r.m.s. of
the streamwise component, how the build-up of turbulence close to the bed
reaches maximum just after the onset of the adverse pressure gradient, and
comes to an end between 135o and 150o, from where the turbulence becomes
almost evenly distributed across the depth. Due to the discrepancy between
the measured and modelled values this effect is not as pronounced in the
modelled streamwise turbulent intensity.

Another feature which is evident from both modelled and measured values
in fig. 4.10 is the stretching of the turbulence, especially during deceleration,
where the streamwise component becomes up to 3 or 4 times larger than the
other components, something which is also reported by Hino et al 1983.

The Reynolds stress expresses the shear originating from the momentum
exchange in the flow, and consists of contributions from both the unresolved
and the resolved scale as given in eq. (3.6). The Reynolds stress obtained
in the present simulation as well as the Reynolds stress obtained from the
measurements by Jensen et al 1989 are shown in fig. 4.11.

It is seen from both the computed and measured values that the Reynolds
stress remains at a relatively low level during acceleration, where the en-
ergy supplied by the pressure gradient mostly is used in acceleration of the
fluid, and increases during deceleration. There is generally good agreement
between the computed and measured values, especially away from the bed
during acceleration and at the bed during deceleration, whereas the com-
puted values are underestimated away from the bed during deceleration. It is
noted in Jensen et al that their Reynolds stress generally is underestimated
close to the wall, which may explain the apparent over-estimated modelled
Reynolds stress close to the bed during acceleration.

From the Reynolds stress, the mixing length can be calculated from eq.
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Figure 4.11: Reynolds stress distributions, Rew = 6× 106. Solid line, present
computations; • Jensen et al 1989, test 10.

3.8. Fig. 4.12 shows the computed mixing length profile for selected phase
values. As the solution for the mixing length becomes ill conditioned when
the velocity gradient approaches zero, the mixing length is therefore only
shown up to the first point in the vertical where this happens.

Figure 4.12: Mixing length l, present computations, Rew = 6× 106.

During acceleration the mixing length clearly varies linearly with distance
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from the bed, whereas the mixing length gets larger close to the bed dur-
ing deceleration, and maintains the large values over most of the vertical.
Note that the axes in fig 4.12 changes for each phase value presented, as the
boundary layer thickness grows.

Finally, the bed shear stress can be found from the computed filtered veloc-
ity at the bed, eq. (3.5). In fig. 4.13 the mean bed shear stress as well as the
measured values from Jensen et al 1989 are presented, and the r.m.s. of the
fluctuations of the bed shear stress on fig. 4.14.
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Figure 4.13: Mean bed shear stress τ b, Rew = 6× 106; solid line: present
computations; dashed line: Jensen et al 1989.

From fig. 4.13 it is seen that the computed bed shear stress, and thus the re-
versal of the near-bed velocity, takes place at approximately 165o. Thereby
the reversal of the near-bed velocity leads the reversal of the free stream
velocity by approximately 15o, in which the computed and measured values
agree very well. It was shown in Jensen et al 1989 how the phase lead de-
creases with increasing Rew, from 45o in the laminar wave boundary layer
to approximately 10o in the fully developed turbulent boundary layers. In
turbulent boundary layers the near-bed velocities are not decreased as much
as in laminar boundary layers due to the increased momentum exchange
by the turbulent eddies, and it is therefore more difficult for the pressure
gradient to reverse the flow.

The magnitude of the mean bed shear stress generally agrees well with
the measured values. The computed maximum mean bed shear stress is
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5.94 N/m2, which compared to the maximum mean bed shear stress from
the experiments by Jensen et al. 1989 of 5.78 N/m2 corresponds to an over-
estimation of 3%, and thus a very good agreement.

However, the computed mean bed shear stress is skewed towards the ac-
celeration stage, where the mean bed shear stress grows towards the max-
imum value faster than the measured mean bed shear stress. In the decel-
erating stage, the computed mean bed shear stress decreases faster than
the measured values. An explanation for this may be found from the ef-
fect of the acceleration and deceleration respectively, combined with the
under-estimation of the near-bed velocities: Acceleration causes decreased
boundary layer thickness, and thereby a larger velocity gradient, which in
turn causes larger bed shear stress. The opposite is true for deceleration.
As the near bed velocities are under-estimated by the present model, it is
easier for the pressure gradient to affect the near-bed velocities in these sim-
ulations than in real life, whereby the effect of acceleration and deceleration
becomes more pronounced. Due to this discrepancy it is chosen not to scale
with the inner-flow parameters.
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Figure 4.14: r.m.s. of bed shear stress τb,r.m.s, Rew = 6× 106; solid line:
present computations; dashed line: Jensen et al 1989.

A noteworthy feature is seen in both the mean bed shear stress and the
r.m.s. values of the bed shear stress: The computed results clearly qualita-
tively shows characteristics of flow of a lower Rew, even though the results
quantitatively agrees very well with the Rew of 6× 106, for which the flow
is fully turbulent (Jensen et al, 1989). This can be seen from
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• a tendency towards a very small ’hump’ in the mean bed shear stress
just before the near-bed flow reversal shows, fig. 4.13. This was shown
by Jensen et al 1989 to be a feature of transitional Rew in the wave
boundary layer, when spots of turbulence in an otherwise laminar flow
passes the measuring probes. As this is a 3D effect, it would indeed
be expected to show in LES of transitional flow, but not in a highly
turbulent flow as the present.

• from fig. 4.14 it is clear that the computed r.m.s. values during the
deceleration stage is somewhat higher than during the acceleration
stage (in agreement with the findings in fig. 4.10, which show that
the model over-estimates the near-bed streamwise turbulence intensity
during deceleration), and also higher than the r.m.s. of the measured
signal, which do not show this tendency. In the wave boundary layer,
the r.m.s. of the bed shear stress gives an indication of the initiation
of turbulence in the wave boundary layer, as f.ex transition to turbu-
lence during the deceleration stage shows as significantly higher r.m.s.
values here (see Jensen et al, 1989). For the Rew of 6× 106 the wave
boundary layer is fully turbulent already from approximately 15o, and
no difference in the turbulence levels between the acceleration and
deceleration stages should be seen.

It may be speculated that this is a feature of the LES, where the simulation
of the large eddies shows qualitatively as a simulation of a ’thicker’ or more
viscous fluid. This is discussed further in appendix C.

Another way of expressing the maximum bed shear stress is the friction
factor fw, which in Jensen et al 1989 is defined by

fw = 2
τ bm

ρ
/U2

0m (4.5)

where τ bm is the maximum mean bed shear stress. From the present simu-
lation, a friction factor of 0.0030 is found. The friction factor obtained from
the experiments of Jensen et al. 1989 is 0.0029, and the present computation
is thus in perfect agreement.
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4.3 Model output

The modelled quantities νsgs and τsgs are shown in fig. 4.15 and fig. 4.16.
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Figure 4.15: Sub-grid viscosity νsgs, Rew = 6× 106

From fig. 4.15 on the previous page it is seen that the sub-grid viscosity gen-
erally displays two peaks over the vertical, where the peak located closest
to the bed is the larger. The lower peak is a result of the very high velocity
gradient even with a small mesh size, whereas the upper peak is caused by
a relatively much smaller velocity gradient on a larger mesh. As the bound-
ary layer builds up through phase space, the location of the larger peak
moves away from the wall as the near-bed build-up of turbulence comes to
an end and the turbulence is diffused away from the bed. The magnitude of
the larger peak increases during acceleration and reaches a maximum value
around 90o, from where it decreases and the two peaks merge into one as
the turbulence gets more evenly distributed over the vertical.
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Figure 4.16: Sub-grid stress τsgs, Rew = 6× 106

From fig. 4.16 the sub-grid stress shows as a smooth curve across the bound-
ary layer, giving a sharp indication of the boundary layer thickness in terms
of where the velocity gradient becomes zero as the free stream flow is ap-
proached. The sub-grid stress vanishes around the near-bed flow reversal at
165o. At the time of the free stream flow reversal at 180 o the boundary
layer has already started building up.



Chapter 5

Combined wave-current
boundary layer

Finally the performance of the present model has been tested on a combined
wave-current boundary layer. A mean current (corresponding to a surface
slope) was superimposed the wave described in the previous chapter. The
computed results for the combined flow are presented and discussed in the
following, and the computed bed shear stress is compared with experimental
data from Lodahl et al 1998.

Figure 5.1: Characteristic parameters in oscillatory and combined flow

The main characteristics to describe the combined wave-current boundary
layer in the case of an infinitely wide channel is the Re for the wave- (eq.
(4.1)) and current-case (Rec = V 2δ/ν) alone, and the relation between the

45
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depth averaged mean current velocity and the maximum free stream velocity
in the pure oscillatory motion, Vc/U0m. Two cases of combined flow have
been simulated in the present study, namely

• I): Rec = 3× 104, Rew = 1× 106; Vc/U0m = 0.06

• II): Rec = 1.4× 105, Rew = 1× 106; Vc/U0m = 0.3

A definition sketch with II) as an example is given in fig. 5.1.

For the Smagorinsky sub-grid scale model to apply, the combined wave-
current boundary layer must be fully turbulent. According to Lodahl et al
1998 the combined wave-current motion is wave dominated when Vc/U0m

= O(0.1)). Lodahl et al 1998 found that when the combined flow is wave
dominated, the wave part decides whether the combined flow is turbulent or
not. In the present case the velocity ratio equals I): 0.06 and II): 0.3. As seen
from the results of the LES presented in the following, the requirement of
a fully turbulent combined wave-current boundary layer is fulfilled in both
cases.

5.1 Conditions of computation

The flow is driven by a volume force decided by eq. (4.2), but with a super-
imposed constant contribution, i.e.

−1
ρ

∂P
+

∂x
= K +

∂u

∂t
= K + ωU0m cosωt (5.1)

The current and the wave motion is in the same direction during the pas-
sage of the wave crest (the 1. half-period), and opposite directed during the
passage of the wave trough (the 2. half period). The applied volume forces
results in a depth averaged net mean current of a): Vc=0.125 m/s and b)
Vc=0.6 m/s.

The domaine dimensions, the computational mesh, the time increment and
the boundary conditions are the same as described in section 4.1, except for
the computational domaine and mesh in the vertical direction, which are
doubled (see chapter 6 for values).

5.2 Results

Examples of the time series of the streamwise filtered velocity component
and the bed shear stress, obtained from the LES, are presented in fig. 5.2.
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Figure 5.2: ’Raw’ data: streamwise component of filtered velocity, and bed
shear stress obtained from the filtered velocity field at the given distances
from the bed, in the middle of the computational x-z-domaine; a) pure os-
cillatory flow b) combined flow, Vc/U0m = 0.06; c) combined flow, Vc/U0m

= 0.3

It is seen that the streamwise velocity component oscillates around a net
current velocity dependent on the distance from the bed. The same is the
case for the computed bed shear stress, where the numerical value is shown.
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The constant component corresponds to the difference between the mean
maximum values during wave crest and wave trough respectively. In case II)
a pronounced increase is seen in the bed shear stress at the probing point.
This will be addressed later.

In the case of combined flow an additional averaged quantity is introduced:
The period averaged quantity 〈ψ〉T in terms of the vertical distance from the
bed, as expressed below in terms of a general filtered variable ψ, is obtained
from the ensemble averaged quantity 〈ψ〉(y,ωt)(as defined by eq. (4.3)), as

〈ψ〉T (y) =
1
T

∫

T
〈ψ〉(y, ωt)dt (5.2)

The ensemble averaged mean velocity profiles are shown in fig. 5.3 for se-
lected phase values through the entire wave period.

Figure 5.3: Mean velocity distributions; solid line: Vc/U0m = 0; dashed line:
Vc/U0m = 0.06; dotted line: Vc/U0m = 0.3
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The phase values in the range 0o to 90o and 180o to 270o are the accelera-
tion stage associated with wave crest and wave trough respectively, and the
phase values in the range 90o to 180o and 270o to 0o are the deceleration
stage associated with wave crest and wave trough respectively.

There is no obvious difference between the pure oscillatory case and the
combined flow case I), with the resulting net current of only 0.125 m/s.
However, it is seen that the free stream velocity consists of a wave part
and the max. current velocity of approximately 0.15 m/s, and a max. cur-
rent part of approximately 0.7 m/s for case II. Obviously, in case II), the
velocities are larger close to the bed during the first half-period, resulting
in larger velocity gradients, and the opposite is the case during the 2. half
period, where the wave motion is directed opposite to the current direction,
resulting in smaller near-bed velocity gradients. Also, the shape of the veloc-
ity profiles in case II) are not the same during the first half-period as during
the 2. half-period. During the acceleration stage in the first half-period the
pressure gradient acts favorable in the direction of both the wave- and the
current-motion, and compared to the oscillatory case alone, the free stream
velocity is seen to lead the boundary layer velocity during a large part of
the 1. half-period: From around 90o and all through the following decelera-
tion the velocity is increasing with increasing distance from the bed all over
the vertical (note that the y-axis is logarithmic). Together with the higher
velocity gradient than in the pure oscillatory case, this allows for enhanced
production of turbulence over the entire profile. During the 2. half-period the
pressure gradient acts favorably in the direction of the wave motion but op-
posing the motion of the current, resulting in smaller free stream velocities.
Contrary to the acceleration stage during the 1. half-period, the boundary
layer velocity leads the free stream velocity, and the velocity profiles takes
the same shape as in the pure oscillatory flow.

The computed turbulence intensities for selected phases during the entire
wave period are shown in fig. 5.4. Again, there is no significant difference
between the pure oscillatory flow case and the combined flow case I), and a
large difference between the pure oscillatory flow case and the combined flow
case II). In the latter, it is clear that the turbulence levels all over the ver-
tical indeed are significantly higher for the combined flow cases during the
last part of the acceleration stage in the 1. half-period. The turbulence lev-
els stays higher during the following deceleration stage in the 1. half period.
All through the 2. half-period the turbulence intensities for the combined
flow case II) are lower than in the case of pure oscillatory flow, as both the
velocities and the velocity gradients are smaller than in the pure oscillatory
flow.

In fig. 5.5, which presents the variation of the streamwise turbulence inten-
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Figure 5.4: r.m.s values of u, v and w; solid line: Vc/U0m = 0; dashed line:
Vc/U0m = 0.06; dotted line: Vc/U0m = 0.3
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Vc/U0m = 0



CHAPTER 5. COMBINED WAVE-CURRENT BOUNDARY LAYER 52

sity in phase space, the small differences in the effect of the superimposed
current on the streamwise turbulence intensity shows more clearly. During
the first part of the acceleration stage in the 1. half-period, where the energy
supplied by the pressure gradient is mainly spent on accelerating the flow,
the streamwise turbulence intensity is generally low in all cases, except at
the bed. In case II) (and in case I), but to a smaller extent), the stream-
wise turbulence intensity increases rapidly in phase space before 90o, where
the (favorable) pressure gradient decreases. In both cases of the combined
flow, the maximum level is reached shortly before 90o, where the turbulence
intensity is very evenly distributed over the vertical, from the bed to the
top of the boundary layer. During deceleration the streamwise turbulence
intensity in case II) decreases slowly, remaining quite constant over the ver-
tical, except for close to the bed, where production and associated build-up
of turbulence still takes place. Case I) resembles the pure oscillatory flow
case during deceleration. During the 2. half-period the variation of the tur-
bulence levels in space in both cases of combined flow resembles that of the
pure oscillatory motion, but with lower turbulence levels. The effect of a
small superimposed current is greatest around 90o.
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Figure 5.6: Computed Reynolds stress distributions; solid line: Vc/U0m = 0;
dashed line: Vc/U0m = 0.06; dotted line: Vc/U0m = 0.3
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The computed Reynolds stresses are shown in fig. 5.6. Again, there is no
significant difference between the pure oscillatory flow case and the combined
flow case I). As was the case for the turbulence intensities, the Reynolds
stresses take relatively low levels during the first part of the acceleration
stage. Just before 90o the Reynolds stresses in case II) increase rapidly,
following the tendency of the turbulence intensities, which combined with the
large velocity gradients results in high shear. The maximum level of Reynolds
stresses is found already at 90o, where the Reynolds stresses in the combined
flow case II) are approximately twice the size of the Reynolds stresses in the
pure oscillatory flow. Like the turbulence intensities, the Reynolds stresses
are very equally distributed over the vertical at this phase value. During
deceleration the Reynolds stresses decreases, but remains larger than in the
pure oscillatory flow. During the 2. half-period the Reynolds stresses in case
II) are smaller than in the pure oscillatory flow, due to the combination of
smaller turbulence intensities and smaller velocity gradient.
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Figure 5.7: Computed mean bed shear stress

The computed mean bed shear stress is shown in fig. 5.7, and the r.m.s. of
the computed bed shear stress in fig. 5.8.

Two things are obvious from these figures; (i) the bed shear stress is higher
for the combined flow than in the pure oscillatory flow during the 1. half-
period, which was expected due to the higher mean velocity gradient, and
the opposite is true during the 2. half-period, also (even) for case I); (ii) the
combined flow case II) exhibits a pronounced secondary peak in the mean
bed shear stress prior to the near-bed flow reversal. As noted in chapter 4
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Figure 5.8: r.m.s. of bed shear stress

this is a feature of the transitional flow regime, and therefore erroneous in
the present context. The phenomenon is discussed further in appendix C. Of
course an effect in the near bed velocity field should be expected, however, as
seen in the previous figures, no clear effect is present, when comparing case
II) to case I). An effect can nevertheless be found in fig. 5.5 a), where ’dim-
ples’ in the contour lines appear just after 90o (visible in countour 0.2 m/s
and smaller). This is not physically correct.

According to Lodahl et al (1998), the ratio τb,rms,max/τb,max for the com-
bined flow should be in the interval 0.25-0.35, with the present Rew and Rec.
From fig. 5.7 and 5.8 this ratio is found to be,

• case I)
τb,rms,max = 2.15 N/m2

τb,max = 6.2 N/m2

τb,rms,max/τb,max = 0.35

• case II)
τb,rms,max = 6.09 N/m2

τb,max = 7.4 N/m2 (or the peak value of 12.5 N/m2)
τb,rms,max/τb,max = 0.82 (or the peak value of 0.49)

The bed shear stress computed for case I) thus shows to be in accordance
with the findings of Lodahl et al (1998). Fig. 5.7 displays a small ’hump’
in the mean bed shear stress of case I) prior to flow reversal in the 1. half-
period, which is of the same size as the ’hump’ found in the pure oscillatory
case (mentioned in chapter 4). Therefore the r.m.s. value of the bed shear
stress should be expected to be in the high end, which is the case with the
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ratio of 0.35, but still perfectly acceptable. And as expected, the bed shear
stress in case II) falls outside the interval found by Lodahl et al (1998), due
to the highly overestimated r.m.s. value in this case. See appendix C.

5.3 Model output

The sub-grid viscosity and corresponding sub-grid stress are shown in fig.
5.9 and fig. 5.10 on the following pages.
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Figure 5.9: Computed sub-grid scale viscosity; solid line: Vc/U0m = 0; dashed
line: Vc/U0m = 0.06; dotted line: Vc/U0m = 0.3.

As expected, there is no significant difference between the model parameters
for the combined flow case I) and the pure oscillatory flow case.

Fig. 5.9 shows that the sub-grid viscosity is higher in the combined flow
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Figure 5.10: Computed sub-grid scale stress; solid line: Vc/U0m = 0; dashed
line: Vc/U0m = 0.06; dotted line: Vc/U0m = 0.3.

case II) than in the pure oscillatory boundary layer flow during the entire 1.
half-period, and lower during the 2. half-period. The shape of the sub-grid
viscosity distribution is quite similar to that of the pure oscillatory flow,
except at 90o, where the sub-grid viscosity in the combined flow is largest
towards the top of the boundary layer. Fig. 5.9 indicates that the sub-grid
mixing is increased in case II) compared to the pure oscillatory case, and
that the sub-grid mixing may take place over the entire boundary layer
thickness during a part of the 1. half-period.

The sub-grid stresses seen in fig. 5.10 shows indeed that the shear asso-
ciated with the sub-grid part of the momentum exchange for case II) is
larger during the 1. half-period, especially around 90o, and smaller during
the 2. half-period, compared to the pure oscillatory flow. This is of course
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caused by the greater and smaller flow associated with the two half-periods
in the combined flow. It is seen that the sub-grid stresses still are present
near the wall only, not away from the wall. Furthermore, fig. 5.10 indicates
that the thickness of the boundary layer is the same for the two cases, thus
decided by the wave part of the flow. This supports the earlier findings that
the combined flow is indeed wave dominated.



Chapter 6

Injection

In order to achieve a thorough understanding of the effects of ventilation on
boundary layers, the present investigation is initiated with the cases of con-
stant injection and constant suction, respectively. In this chapter, the results
for the case of constant injection of low momentum fluid from the sea bed
into the boundary layer flow are presented and discussed. Relatively high
values of injection rates have been chosen in order to amplify the influence
on the undisturbed flow (and thereby obtaining a clear picture of the mech-
anisms involved). The case of constant injection has been studied in flows
of varying complexity, starting with the uniform and stationary turbulent
channel flow and continuing to the oscillatory wave boundary layer. Also
simulations of varying injection levels in the combined wave-current bound-
ary layer have been performed, however, a major problem appeared from
these simulations. This is described in appendix C. The previous chapters
presenting the LES of the undisturbed flow cases mentioned above (i.e. with
no ventilation), serves as basis for comparison.

It is well known (see Conley and Inman (1994) for a review) that the effect
of injection of low momentum fluid into a boundary layer flow is a decrease
of the flow velocity close to the boundary, resulting in decreasing bed shear
stress. Nevertheless, it should be expected that the increased mixing gives
rise to larger Reynolds stress away from the bed. Also, it has been reported
previously that injection has a destabilizing effect on the boundary layer
flow.

In the following sections these different effects of the injection on the various
flow cases will be studied. With the LES it is possible to examine the effect
directly on the turbulence intensities, the Reynolds stress and the bed shear
stress, as well as of course the mean velocity profiles. For validation of the
model-performance in ventilated flows, see chapter 8.
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6.1 Channel flow

To the turbulent channel flow with Re of 2913, as presented in chapter
3, constant vertical injection of various magnitudes was imposed from the
wall boundary. The injection rates defined in terms of the depth-averaged
mean velocity V is vi/V = 0.001 and 0.0025 (where the subscript ’i’ denotes
’injection’).

6.1.1 Conditions of computation

The domaine dimensions and the computational mesh are the same as de-
scribed in section 3.1. The boundary conditions are changed to include the
injection: The vertical velocity component v at the bottom now attains a
value which is different from zero. Due to the periodic boundary conditions,
the inflow through the bottom wall must equal the outflow through the top
boundary in order to maintain continuity. Therefore also the top boundary
condition for v must be changed, and set to the same value as at the bottom.
As the mean velocity gradient in the top of the boundary layer by defini-
tion is very small (at the upper limit of the boundary layer the mean flow
approaches the free stream flow), this should not give rise to any additional
exchange of momentum over the symmetry boundary.

6.1.2 Results

The computed flow statistics for the uniform turbulent boundary layer are
shown in fig. 6.1 to 6.4.

From fig. 6.1 the effect of the constant injection shows clearly. The injection
of slow fluid from the boundary into the channel flow causes the flow over the
entire vertical to slow down. As the velocity gradient at the wall therefore
decreases with increasing injection, the bed shear stress likewise decreases.
The overall decrease in the flow indicates that the flow resistance increases
with injection, thus allowing smaller flow compared to the undisturbed case.
In order to compare the different flow cases, the results are normalized with
the friction velocity corresponding to each flow case.

The friction velocity obtained from the velocity gradient at the wall is (eq.
(3.4) and (3.5)),

vi/V = 0.001: Uf = 0.051 m/s;
vi/V = 0.0025: Uf = 0.038 m/s;

Fig. 6.2 presents the dimensionless mean velocity. In this representation
turbulent velocity profiles for the undisturbed case are universal, however,
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Figure 6.1: Mean velocity profile, Re = 2913

Figure 6.2: Dimensionless mean velocity profile, Re = 2913
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Figure 6.3: Dimensionless turbulence intensities, Re = 2913
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this is not the case with injection, which results in a steeper velocity profile.
The effect increases with increasing injection.

From fig. 6.3 it is seen that the dimensionless turbulence intensities in all 3
directions increases over the entire vertical with increasing injection, due to
the enhanced mixing. For reasons of continuity the mixing imposed at the
boundary is felt all over the vertical.

From fig. 6.4 it is seen that injection increases the dimensionless Reynolds
stress due to the enhanced mixing. The location of the maximum Reynolds
stress is moved away from the wall with increasing injection. As the quan-
tities are made dimensionless with the respective values of friction velocity,
it is evident that a linear total stress is not found in the case of injection.
This is also evident when considering the equations of motion, where the
convective terms are zero in a uniform undisturbed flow, but not in a flow
with a vertical flow velocity. The force balance is no longer obtained by the
gradients of excess pressure and the shear stress only, but includes convec-
tive terms.
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Figure 6.4: Dimensionless Reynolds stress, Re = 2913

6.1.3 Model output

Fig. 6.5 and fig. 6.6 shows the modelled sub-grid viscosity and sub-grid stress
As the computations are performed on the same grid, any difference is caused
by the different velocity gradients. Due to the smaller velocity gradient close
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Figure 6.5: Sub-grid viscosity νsgs, Re = 2913
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Figure 6.6: Sub-grid stress τsgs, Re = 2913

to the bed in the case of constant injection, the sub-grid viscosity is smaller
than in the undisturbed case (fig. 6.5). Away from the bed the sub-grid vis-
cosity gets closer to the sub-grid viscosity for the undisturbed case, and it
is seen that the curves for the different injection levels cross each other.

The sub-grid stress shows that the sub-grid mixing is smaller close to the bed
in the case of injection than in the undisturbed case, and of the same size
away from the bed (fig. 6.6). This is due to the smaller flow. Furthermore,
the results supports the earlier finding that the location of the turbulence
stress maximum is pushed further away from the bed.
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6.2 Oscillatory wave boundary layer

To the wave boundary layer described in chapter 4, i.e a wave with Rew

of 6× 106, a constant vertical injection of 0.01 m/s was imposed from the
boundary. The injection rate defined in terms of the maximum free stream
velocity is then vi/U0m=0.005.

6.2.1 Conditions of computation

The boundary conditions are as described in section 4.1, i.e periodic con-
ditions in the streamwise and spanwise directions, symmetry at the top
boundary and no slip at the bottom boundary. However, the vertical ve-
locity component v at the bottom and the top now attains a value which
is different from zero (set to 0.01 m/s). Due to the periodic boundary con-
ditions, the inflow through the bed must be extracted from the domaine
through the top boundary to ensure continuity.

With injection the wave boundary layer is extended upwards, and the chan-
nel height must be increased in order to ensure full representation of the
wave boundary layer, and to avoid boundary effects from the top boundary
on the wave boundary layer flow.

Figure 6.7: Mean velocity profiles with different domaine heights δ, for in-
jection rate of 0.005

Fig. 6.7 shows the results on the mean velocity profiles with constant in-
jection, for 3 different values of the domaine height. The value of 2 times
the value with no ventilation was chosen, i.e 0.24 m, and it is seen that the
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boundary conditions of the top boundary does not effect the boundary layer
flow. The computational mesh was increased correspondingly in the vertical
direction.

Summarizing, the resulting domaine dimensions and mesh size is,
Domaine dimensions: 0.90 m × 0.24 m × 0.40 m
Mesh size: 96 × 80 × 80

6.2.2 Results

The computed flow statistics for the wave boundary layer are presented for
the undisturbed boundary layer and that subjected to constant injection
vi/U0m=0.005.
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Figure 6.8: Mean velocity profiles, Rew = 6× 106; solid lines: wave boundary
layer with injection rate 0.005; dashed lines: the undisturbed wave boundary
layer.
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Fig. 6.8 shows the ensemble averaged velocity profiles for selected phase
values through the 1. half wave period (the 2. half period is similar due to
symmetry). The phase interval from 0o to 90o represents the acceleration
stage, and the phase interval from 90o to 180o represents the deceleration
stage.

The thickening of the boundary layer clearly shows from fig. 6.8. Also, the
shape of the velocity profiles are seen to be quite different from those of the
undisturbed boundary layer. With the present injection rate the near-bed
mean velocities decreases to practically zero. Regardless of the pressure gra-
dient, which is the driving force, the near bed fluid is maintained in a layer
of very low velocity (denoted the ’low momentum layer’ hereafter) due to
the constant injection of low momentum fluid. The thickness of the low mo-
mentum layer decreases during the acceleration stage, due to entrainment
from the turbulence above. During deceleration, the layer thickness increases
as the turbulence is diffused away from the bed. Above the low momentum
layer is a layer in which the velocity is maintained at a lower level than
in the undisturbed case. The thickness of this layer increases during the
half-period, and starts building up again after reversal of the near-bed flow
velocity. The mean velocity gradient is practically zero in the low momen-
tum layer, but increases sharply above, as the mean velocity generally takes
larger values than in the undisturbed wave boundary layer away from the
bed. Contrary to the findings for turbulent channel flow there is no indica-
tion of increased flow resistance in the wave boundary layer with injection
at this rate.

The effect from the injection on the turbulence shows directly on the turbu-
lence intensities, fig. 6.9 and fig. 6.10, and on the Reynolds stress, fig. 6.11,
on the following pages.

The destabilizing effect from the injection shows clearly in fig. 6.9, as the
maximum r.m.s. values of all 3 velocity components shows to be approxi-
mately 2 times larger than in the undisturbed case during acceleration. The
location of the maximum levels moves closer to the bed (though still over the
low momentum layer). Especially the r.m.s. for the horizontal components,
which are not subject to the physical limitation of the wall, are increased
close to the bed. The increasing turbulence levels are caused by the increased
mixing due to the injection. For reasons of continuity the mixing imposed at
the boundary is felt all over the vertical. In the low momentum layer how-
ever, the velocity gradient and thereby the production of turbulence is small,
leaving only a very small turbulence level, smaller than in the undisturbed
case. During deceleration the difference between the streamwise turbulence
intensity in the two cases becomes less pronounced as the near bed (but
over the low momentum layer) build up of turbulence comes to an end, and
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Figure 6.9: r.m.s. values of the velocity components, Rew = 6× 106; solid
lines: the undisturbed wave boundary layer; dashed lines: wave boundary
layer with injection rate 0.005.
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the turbulence becomes more evenly distributed over the depth. At the bed
however, in the low momentum layer, the streamwise turbulence intensity is
smaller than in the undisturbed case throughout the wave period.

In fig. 6.10 the streamwise turbulent intensities are presented in phase space.
Obviously, the intensity increases in the full extent of the boundary layer,
and the peak levels close to the bed shows to be located over a wider phase
range than in the undisturbed case, as the initiation of high turbulence in-
tensity levels starts already at 30o-45o. The contour lines for the ventilated
wave boundary layer are less skewed towards the deceleration stage, as dif-
fusion of turbulence away from the bed starts earlier in phase space and
is present over a wider phase range than for the undisturbed wave bound-
ary layer. The destabilizing effect of the injection shows as distortion of the
’plumes’ compared to the undisturbed case.

Figure 6.10: r.m.s. values of the filtered streamwise velocity component, in
phase space. Rew = 6× 106; a) injection rate 0.005; b) the undisturbed wave
boundary layer
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Figure 6.11: Reynolds stress, Rew = 6× 106; solid lines: wave boundary layer
with injection rate 0.005; dashed lines: the undisturbed wave boundary layer.

From fig. 6.11 it is seen that the Reynolds stress as expected decreases at the
bed. The low momentum layer contains no mean velocity gradient and there-
fore no momentum exchange takes place here. However, as stated above, the
enhanced mixing originating from the injection at the boundary takes place
all over the vertical due to continuity. Right above the low momentum layer,
where the velocity gradient is high and the production of turbulence is large,
this results in high exchange of momentum, and thus in increasing Reynolds
stress compared to the undisturbed wave boundary layer. The location of
the maximum Reynolds stress is shifted further away from the bed corre-
sponding to a shift in the location of the shear from the increased momentum
exchange caused by the injection. This is in accordance with the findings for
constant injection in the uniform channel flow.
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The Reynolds stress represents the shear associated with the mixing of fluid
with different momentum. With known Reynolds stress, the mixing length
can be calculated from eq. (3.8). As the expression given by eq. (3.8)is ill
conditioned when the velocity gradient approaches zero, the results for the
mixing length are only presented up to this point, see fig. 6.12.

Figure 6.12: Mixing length l, Rew = 6× 106; solid lines: wave boundary layer
with injection rate 0.005; dashed lines: the undisturbed wave boundary layer.

The mixing length is large when large mixing (i.e. large Reynolds stress)
takes place in a flow with small velocity gradient (mixing takes a longer
distance). Fig. 6.12 shows that the mixing length in case of constant injec-
tion on this level increases compared to the undisturbed case, due to the
increased shear stress, which counteracts a, however smaller, increase in ve-
locity gradient on this portion of the vertical. Also it is evident that the
y-extent of large mixing increases, as the injection shifts the turbulence up-
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wards on the vertical. Around 165o at reversal of the near-bed velocity and
180o where the boundary layer has started to build up anew, the solution
for the mixing length is ill-conditioned, as seen in fig. 6.12.

The computed mean bed shear stress is presented in Fig 6.13. With the
present injection level, low momentum fluid is maintained close to the bed
and the bed shear stress therefore practically vanishes.

The friction factor associated with the injection level of 0.005 is found from
eq. (4.6), with τbm = 0.35 N/m2 and U0m = 1.9 m/s, to

fw = 0.0002

corresponding to a decrease of 35%.
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Figure 6.13: Computed mean bed shear stress. Rew = 6× 106.

The r.m.s. of the bed shear stress gives an indication about the initiation
of turbulence in the wave boundary layer. As the mean bed shear stress is
much smaller for the ventilated boundary layer than for the undisturbed
boundary layer, so is the r.m.s. values. In order to compare the variation of
the r.m.s. of the bed shear stress with phase for the two cases, the results
have been normalized with the respective maximum mean bed shear stress
values, see fig. 6.14. Clearly, the onset of highly varying bed shear stress
values (indicating the onset of turbulence) takes place earlier in phase space
in the ventilated wave boundary layer, compared to the undisturbed wave
boundary layer. Along with the other findings this shows that injection in-
deed has a destabilizing effect on the boundary layer flow, as also noted by
Conley and Inman 1994.
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Figure 6.14: r.m.s. of the computed bed shear stress, normalized with τ bm.
Rew = 6× 106.

6.2.3 Model output

The sub-grid viscosity and corresponding sub-grid stress is shown in fig. 6.15
and fig. 6.16 on the following pages.

Fig. 6.15 shows that the maximum level of sub-grid viscosity is moved further
away from the bed in the case of constant injection, indicating that the loca-
tion of the sub-grid mixing is shifted upwards compared to the undisturbed
case. The sub-grid viscosity is of the same magnitude as in the undisturbed
case.

The sub-grid stress seen in fig. 6.16 shows indeed that the vertical range of
the sub-grid stress, associated with the sub-grid mixing, is shifted upwards
compared to the undisturbed case, indicating an increase in the boundary
layer thickness. The sub-grid stress is physically confined between the upper
limit of the boundary and the near-bed low momentum layer originating
from the constant injection of low momentum fluid to the near-bed area.
The sub-grid stress for the wave boundary layer subject to injection is of
the same magnitude as for the undisturbed wave boundary layer, showing
that the sub-grid part of the momentum exchange is the same in the two
cases, but shifted further away from the bed. The sub-grid stress is cal-
culated from the local sub-grid viscosity, the local velocity gradient and a
damping function depending on distance from the wall. The role of the veloc-
ity gradient shows clearly in the results for the ventilated case. Away from
the bed, where the velocity gradient is small, the sub-grid stress is small
(approaching zero) even though the sub-grid viscosity is relatively high.
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Figure 6.15: The modelled sub-grid viscosity νsgs, Rew = 6× 106; solid lines:
wave boundary layer with injection rate 0.005; dashed lines: the undisturbed
wave boundary layer.

6.2.4 Summary

The boundary layer thickness is found to increase with injection. Contrary
to the findings for the turbulent channel flow, there are no indication of
increased flow resistance with constant injection of the present level in the
wave boundary layer. A layer of low momentum flow is established at the
bed due to the constant injection of low momentum fluid, and the tendency
is increased mean velocity above this layer.

Close to the bed, in the low momentum layer, the velocity gradient is very
small, resulting in a very small bed shear stress and thus reduced bed rough-
ness factor.
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Figure 6.16: The modelled sub-grid stress τsgs, Rew = 6× 106; solid lines:
wave boundary layer with injection rate 0.005; dashed lines: the undisturbed
wave boundary layer.

The destabilizing effect of injection on the boundary layer flow shows as in-
creased turbulence levels, both in phase space and over the vertical (where
the turbulence maximum is seen to move closer to the wall) as well as on
the relatively high r.m.s. values for the bed shear stress. Away from the
bed, above the low momentum layer, the Reynolds stress increases due to
the enhanced mixing combined with the large velocity gradient. The mixing
length is likewise found to increase with injection.

The sub-grid contribution to the momentum exchange is the same in the
two cases, but shifted higher up on the vertical, between the low momentum
layer and the upper limit of the wave boundary layer.



Chapter 7

Suction

In this chapter, the results for the case of constant suction of fluid from the
boundary layer flow and into the sea bed, are presented and discussed. Like
the case of constant injection, relatively high values of suction rates have
been studied in flows of varying complexity, starting with the uniform and
stationary turbulent channel flow and continuing to the oscillatory wave
boundary layer. The previous chapters presenting the LES of the undis-
turbed flow cases mentioned above (i.e. with no ventilation), serves as basis
for comparison.

From earlier work it is known (see Conley and Inman (1994) for a review)
that when sucking fluid into the boundary, enhanced mixing of high mo-
mentum fluid occurs close to the boundary, accelerating the near-bed flow,
and thus resulting in increasing bed shear stress. Also, a stabilizing effect
from suction on the boundary layer flow has been reported, contrary to the
destabilizing effect from injection, which was shown in the previous chap-
ter. In the following sections these different effects of the injection on the
various flow cases are studied by means of the LES. For validation of the
model-performance in ventilated flows, see chapter 8.

7.1 Channel flow

To the turbulent channel flow with Re of 2913, as presented in chapter
3, constant vertical suction of various magnitude was imposed on (into)
the wall boundary. The suction rate defined in terms of the depth-averaged
mean velocity V is vs/V = 0.001 and 0.0025 (where the subscript ’s’ denotes
’suction’).

75
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7.1.1 Conditions of computation

The domaine dimensions and the computational mesh are the same as de-
scribed in chapter 3. The boundary conditions are changed to include the
suction: The vertical velocity component v at the bottom now attains a value
which is different from zero (negative). Due to the periodic boundary con-
ditions, the outflow through the bottom wall must equal the inflow through
the top boundary in order to maintain continuity. Therefore also the top
boundary condition for v must be changed, and set to the same value as
at the bottom. As the mean velocity gradient in the top of the boundary
layer by definition is very small (at the upper limit of the boundary layer
the mean flow approaches the free stream flow), this should not give rise to
any additional exchange of momentum over the symmetry boundary.

7.1.2 Results

The computed flow statistics for the uniform turbulent boundary layer are
shown in fig. 1 to 3. For the sake of completeness, the results from injection
(presented in chapter 6.1) is included in the figures.

Figure 7.1: Mean velocity profile, Re = 2913

From fig. 7.1 the effect of the constant suction shows clearly, as larger ve-
locities over the entire vertical. The results indicate that the flow resistance
decreases with suction, thus allowing a greater flow compared to the undis-
turbed case. Contrary to the cases of injection, the velocity gradient at the
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bed increases with increasing suction rate, resulting in increasing bed shear
stress. As in the case of constant injection, the results are normalized with
the friction velocity corresponding to each flow case, in order to compare
the flow with the various injection- and suction rates.

The friction velocity obtained from the velocity gradient at the wall is,

vs/V = 0.001: Uf = 0.073 m/s;
vs/V = 0.0025: Uf = 0.086 m/s;

Fig .7.2 presents the dimensionless mean velocity profiles obtained with the
various ventilation rates. As expected the velocity profiles with suction are
not universal, but attains smaller velocity gradient with increasing suction,
which is contrary for the cases with injection.

Figure 7.2: Dimensionless mean velocity profile, Re = 2913

From fig. 7.3 it is seen that the dimensionless turbulence intensities in all
3 directions decreases over the entire vertical with increasing suction. Com-
pared to the constant injection, it is evident how injection destabilizes the
flow while suction stabilizes the flow.

The computed Reynolds stress shows in fig. 7.4. It is seen that suction de-
creases the dimensionless Reynolds stress, as the velocity profile gets more
even and mixing of fluid of different momentum levels therefore is less pro-
nounced. With suction, it is seen that the location of maximum Reynolds
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Figure 7.3: Dimensionless turbulence intensities, Re = 2913
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stress is moved closer to the bed compared to the undisturbed flow case.
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Figure 7.4: Dimensionless Reynolds stress, Re = 2913

7.1.3 Model output

Fig. 7.5 and fig. 7.6 shows the modelled sub-grid viscosity and sub-grid stress
As the computations are performed on the same grid, any differences are
caused by the different velocity gradients. Due to the larger velocity gradi-
ent close to the bed in the case of constant suction, the sub-grid viscosity
is larger than in the undisturbed case. Away from the bed the sub-grid vis-
cosity decreases sharply to be smaller than the sub-grid viscosity for the
undisturbed case, and the curves for the different suction levels crosses each
other.

The sub-grid stress shows that, contrary to the case of injection, the sub-
grid mixing is greater close to the bed in the case of suction than in the
undisturbed case (fig. 7.6). This is corresponding to the greater flow in case
of constant suction. Also, the results supports the earlier finding that the
location of the turbulence stress is shifted closer to the bed with suction.
Away from the bed the sub-grid stress for all cases merge.
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Figure 7.5: Sub-grid viscosity νsgs, Re = 2913
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Figure 7.6: Sub-grid stress τsgs, Re = 2913
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7.2 Oscillatory wave boundary layer

To the wave boundary layer described in chapter 4, i.e a wave with Rew

of 6× 106, a constant vertical suction of 0.01 m/s was imposed from the
boundary. The suction rate defined in terms of the maximum free stream
velocity is then vs/U0m=0.005.

7.2.1 Conditions of computation

The domaine dimensions and mesh size are as described in chaper 4 for the
undisturbed wave boundary layer.

The boundary conditions are as described in chapter 4, i.e periodic con-
ditions in the streamwise and spanwise directions, symmetry at the top
boundary and no slip at the bottom boundary. However, the vertical veloc-
ity component v at the bottom and the top now attains a value which is
different from zero (set to -0.01 m/s). Due to the periodic boundary con-
ditions, the outflow through the bed must be extracted from the domaine
through the top boundary to ensure continuity.

7.2.2 Results

The computed flow statistics for the wave boundary layer are presented
for the undisturbed boundary layer and that subjected to constant suction
vs/U0m=0.005. For the sake of completeness the results for the constant
injection vi/U0m=0.005 (chapter 6.2) are included.

Fig. 7.7 shows the ensemble averaged velocity profiles for selected phase
values through the 1. half wave period (the 2. half period is similar due to
symmetry). The phase interval from 0o to 90o represents the acceleration
stage, and the phase interval from 90o to 180o represents the deceleration
stage.

The effect of the constant suction shows clearly on the mean velocity pro-
files, where the boundary layer thinning caused by suction is evident. Due
to the suction, the high momentum fluid is drawn down and mixed with
the fluid close to the bed. Therefore suction gives a more evenly distributed
momentum level close to the bed, where the slow fluid is accelerated to ap-
proach the outer flow velocity. Correspondingly, the mean velocity gradient
is higher than in the case of injection and the undisturbed case. Around the
near-bed flow reversal, at 165o, the role of inertia against the pressure gra-
dient driving the flow is clear, as the slowest near bed flow, corresponding
to the constant injection case, leads the undisturbed boundary layer flow,
which again leads the faster flow originating from the constant suction case.
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Figure 7.7: Mean velocity profiles, Rew = 6× 106; dashed-dotted lines: wave
boundary layer with suction rate 0.005; dashed: wave boundary layer with
injection rate 0.005; solid lines: the undisturbed wave boundary layer.

Contrary to the findings for the turbulent channel flow, there is no indica-
tion of decreased flow resistance with constant suction in the wave boundary
layer at this rate. This is consistent with the findings for constant injection
in the wave boundary layer.

The effect from the suction on the turbulence shows directly on the tur-
bulence intensities, fig. 7.8 and fig. 7.9, and on the Reynolds stress, fig. 7.10,
on the following pages.

From fig. 7.8 the stabilizing effect from suction is clear, as the r.m.s. values of
all velocity components are lower or at the same level as in the undisturbed
case. The streamwise velocity component shows to be approximately 2 times
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Figure 7.8: r.m.s. values of the velocity components, Rew = 6× 106; dashed
lines: wave boundary layer with injection rate 0.005; dashed-dotted lines:
wave boundary layer with suction rate 0.005; solid lines: the undisturbed
wave boundary layer.
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smaller than in the undisturbed case, and the location of the maximum levels
moves closer to the bed, but not as close as in the case of constant injection.
At the bed, however, the streamwise turbulence intensity is generally found
to be of the same magnitude as in the undisturbed wave boundary layer, and
larger than in the injection case, where a low momentum layer is present
close to the bed. The r.m.s. values of the other two velocity components
stays on approximately the same levels as in the undisturbed case, except
very close to the bed, where they are larger (though still smaller than the
injection case).

Figure 7.9: r.m.s. values of the streamwise velocity component, in phase
space. Rew = 6× 106; a) suction rate 0.005; b) the undisturbed wave bound-
ary layer

In fig. 7.9 the streamwise turbulent intensities are presented in phase space.
Obviously, the intensity decreases significantly in the full extent of the
boundary layer, and the turbulence intensity is more evenly distributed over
the vertical. Contrary to the undisturbed wave boundary layer (as well as
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the wave boundary layer subject to constant injection) the near-bed build-up
of turbulence continues throughout the deceleration stage due to the larger
velocity gradient at the bed.
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Figure 7.10: Reynolds stress, Rew = 6× 106; dashed-dotted lines: wave
boundary layer with suction rate 0.005; dashed: wave boundary layer with
injection rate 0.005; solid lines: the undisturbed wave boundary layer.

From fig. 7.10 it is seen that the Reynolds stress increases close to the bed,
where the momentum exchange associated with the mixing is high due to
the large velocity gradient. Further away from the bed, where the turbulence
intensities as well as the velocity gradient are very small (the velocity gradi-
ent approaching zero), very little momentum exchange takes place, resulting
in low levels of associated shear.

From the Reynolds stress the mixing length has been calculated from eq.
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(3.8). As this expression is ill conditioned when the velocity gradient ap-
proaches zero, the results for the mixing length are only presented up to
this point, see fig. 7.11.

Figure 7.11: The mixing length l, Rew = 6× 106; dashed-dotted lines: wave
boundary layer with suction rate 0.005; dashed: wave boundary layer with
injection rate 0.005; solid lines: the undisturbed wave boundary layer.

In fig. 7.11 the mixing length associated with both the constant injection
and the constant suction case, as well as the undisturbed wave boundary
layer is shown. Clearly the boundary layer thickness is increased with con-
stant injection, while decreased with constant suction. It is seen that during
the acceleration stage, the mixing length is greatest in the case of constant
injection, as the mixing in case of constant suction at this rate results in
smaller shear stress, and the mixing length is seen to be smaller or of the
same magnitude as in the undisturbed case. During deceleration the mixing
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length for the constant suction case increases to attain even higher values
than those associated with the constant injection case due to the decreasing
velocity gradient. Around 165o at reversal of the near-bed velocity, where
the solution for the mixing length is ill-conditioned for both the cases of
constant injection and the undisturbed wave boundary layer, the flow in the
case of constant suction is still resisting flow reversal due to the larger ve-
locities close to the bed, and the mixing length attains the maximum values.

The computed mean bed shear stress is presented in fig. 7.12. With the
present suction level, the bed shear stress increases appr. 3 times with suc-
tion, according to the present results. This is of course due to the larger
velocity gradient, and may physically be explained by the action of turbu-
lent eddies at the bed. The phase lead of the bed shear stress to the free
stream velocity shows to become smaller with suction, due to the larger
near-bed inertia.
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Figure 7.12: Computed mean bed shear stress. Rew = 6× 106.

The friction factor associated with the suction level of 0.005 is found from
eq. (4.6), with τ bm = 20.8 N/m2 and U0m = 2.0 m/s, to

fw = 0.0104

corresponding to an increase of 233%.

The r.m.s. of the bed shear stress gives an indication of the initiation of
turbulence in the wave boundary layer. As the mean bed shear stress is
much larger with suction, so is the r.m.s. values. In order to compare the
variation of the r.m.s. of the bed shear stress with phase for the two cases,
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Figure 7.13: r.m.s. of the computed bed shear stress, normalized with τ bm.
Rew = 6× 106.

the results have been normalized with the respective maximum mean bed
shear stress values, see fig. 7.13. Clearly, the turbulence is suppressed, com-
pared to the undisturbed wave boundary layer. Along with the other findings
this shows that suction indeed has a stabilizing effect on the boundary layer
flow, as also noted by Conley and Inman 1994.

7.2.3 Model output

The sub-grid viscosity and corresponding sub-grid stress is shown in fig. 7.14
and fig. 7.15 on the following pages .

Fig. 7.14 shows that the maximum level of sub-grid viscosity is moved to
a lower position on the vertical in the case of constant suction, indicating
that the location of the sub-grid mixing is shifted downwards compared to
the undisturbed case.

The sub-grid stress seen in fig. 7.15 shows indeed that the vertical range
of the sub-grid stress, associated with the sub-grid mixing, is shifted down-
wards compared to the undisturbed case, and confined to a thinner layer
at the bed. Fig. 7.15 indicates a thinner boundary layer than in the undis-
turbed case. The sub-grid stress for the constant suction case is of the same
magnitude as for the undisturbed wave boundary layer, showing that the
sub-grid part of the momentum exchange is the same in the two cases.
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Figure 7.14: The modelled sub-grid viscosity νsgs, Rew = 6× 106; dashed-
dotted lines: wave boundary layer with suction rate 0.005; dashed: wave
boundary layer with injection rate 0.005; solid lines: the undisturbed wave
boundary layer.

7.2.4 Summary

With suction the boundary layer thickness decreases. Contrary to the find-
ings for the turbulent channel flow, there are no indication of decreased flow
resistance with constant suction of this rate in the wave boundary layer.
The stabilizing effect of suction on the boundary layer flow shows as gen-
erally decreased turbulence levels, except at the bed, where the streamwise
turbulence intensity is of the same magnitude as in the undisturbed case.
The relatively low r.m.s. values for the bed shear stress supports these find-
ings.

Despite that the turbulence levels at the bed is of the same magnitude as
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Figure 7.15: The modelled sub-grid stress τsgs, Rew = 6× 106; dashed-dotted
lines: wave boundary layer with suction rate 0.005; dashed: wave boundary
layer with injection rate 0.005; solid lines: the undisturbed wave boundary
layer.

in the undisturbed case, the larger velocity gradient results in a greater mo-
mentum exchange and thus greater Reynolds stress close to the bed, where
also the mixing length is increased (even greater than in the case of injec-
tion). The very even velocity profile away from the bed results in very small
momentum exchange here, and thus in smaller Reynolds stress.

The bed shear stress is increased due to the presence of turbulence closer to
the bed, which also results in a increased bed roughness factor.

The sub-grid contribution to the momentum exchange is the same as in the
undisturbed wave boundary layer, but shifted downwards on the vertical.



Chapter 8

Ventilated wave boundary
layer

In coastal areas, where the boundary is a sandy, permeable sea bed, and
the environment is the wave- or the combined wave-current boundary layer,
injection and suction (termed ventilation) may occur naturally as percola-
tion flow in the sea bed. The percolation flow is induced by the horizontal
pressure gradient originating from the difference between the pressure at the
seabed under wave crest and wave trough respectively, thus varying in time
and space according to the wave motion.

The percolation flow associated with sinusoidal waves has been solved for
various soil conditions; see appendix A for a theoretical description, and
appendix B for examples of solutions. When considering a sandy permeable
sea bed as in the present study, the soil may be regarded as volumetrical
constant. Assuming that the flow obeys Darcy’s law for laminar flow, i.e.
that the frictional resistance between soil grains and fluid is proportional to
the velocity, the solution can be derived using potential theory. The solu-
tion for the potential ϕ given below is provided by Professor J. Fredsøe, and
applies for a permeable sand bed of finite thickness b:

ϕ = k
H

2 cosh(2πD
L )

cosh[λ(y + b)]
cosh(λb)

cos δp cos(λx− ωt + δp) (8.1)

with

tan δp =
kω

g
(8.2)

In the above, H and L is the wave height and wave length respectively, D is
the mean water level, λ = 2π/L is the wave number, k is the permeability
of the sea bed and g is the acceleration of gravity.

91
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It is seen that a phase lag in the potential depending on the permeability of
the soil is introduced. The phase lag originates from the transient term in
the equation of motion, see appendix B.

In the asymptotic case where b → ∞ (a sand bed of infinite thickness),
the solution becomes,

ϕ = k
H

2 cosh(2πD
L )

eλy cos δp cos(λx− ωt + δp) (8.3)

According to the potential theory the velocity can be found from the gradient
of ϕ:

u = λk
H

2 cosh(2πD
L )

eλy cos δp sin(λx− ωt + δp) (8.4)

v = −λk
H

2 cosh(2πD
L )

eλy cos δp cos(λx− ωt + δp) (8.5)

Figure 8.1: Principle of percolation flow, indicated by arrows

The wave induced ventilation thus consists of both a streamwise and vertical
contribution, which are of the same magnitude and out of phase. Under the
wave crest the percolation flow is directed into the sea bed, corresponding to
suction, and under the wave trough the percolation is directed from the sea
bed into the boundary layer flow, corresponding to injection. The suction
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and injection is now varying sinusoidally. A principle sketch of the perco-
lation flow is shown in fig. 8.1. Note the phase difference between the free
stream velocity and the ventilation.

The ventilation applied in the present study is calculated from the following
parameters,

H = 4.72 m
L = 89.29 m
D = 10.00 m
k = 0.01 m/s

where the permeability of 0.01 m/s represents the upper limit of the per-
meability range for sand. The wave parameters are obtained from general
sinusoidal wave theory, with the requirement of U0m=2.00 m/s as in the
wave boundary layer considered throughout the present study.

These parameters results in a maximum ventilation of 1.2 mm/s, correspond-
ing to a maximum ventilation rate defined in terms of the maximum positive
vertical velocity and the maximum free stream velocity of vv/U0m=0.0006
(where the subscript ’v’ denotes ’ventilation’), i.e. a factor 10 smaller than
the cases of constant injection and suction presented in the previous chap-
ters. The phase lag between the free stream velocity and the ventilation
becomes negligible.

The results from the LES of the ventilated boundary layer is presented
and discussed in this chapter. The results are compared to the findings of
Conley and Inman 1994 (and Conley 1993), who investigated the sinusoidal
wave boundary layer subject to sinusoidal ventilation with rates in the range
0.00025 to 0.004. It should be noted that no streamwise component of the
ventilation was present in the investigations of Conley and Inman.

8.1 Conditions of computation

In the case of ventilation, the (time-varying) velocity component u and v
at the bed are prescribed according to the groundwater solution and ap-
plied explicitly on the wave field. Due to the periodic boundary conditions,
the inflow through the bottom wall must equal the outflow through the
top boundary in order to maintain continuity. The vertical velocity compo-
nent prescribed at the top boundary therefore equals the vertical velocity
component at the bed boundary found from the groundwater solution. As
remarked in the previous chapters, the mean velocity gradient in the top of
the boundary layer is very small (by definition, as the mean flow approaches
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the free stream flow at the upper limit of the boundary layer), whereby this
should not give rise to any additional exchange of momentum over the sym-
metry boundary.

With the streamwise component of the ventilation the no slip condition
at the bed is violated. The streamwise component of the ventilation will
change the flow compared to the undisturbed wave boundary layer, in order
to maintain continuity. Due to the very small streamwise ventilation com-
ponent compared to the free stream velocity this effect is minor.

During the injection half-period the thickness of the wave boundary layer
will increase. The domaine height must ensure that no boundary effects from
the top boundary is influencing the flow in the wave boundary layer. With
the present ventilation tests were performed for the domaine and mesh de-
scribed in chapter 6 (injection) and chapter 4 (undisturbed), and the latter
was found to be adequate. To summarize, the domaine dimensions and mesh
size are,

Domaine dimensions: 0.90 m × 0.12 m × 0.40 m
Mesh size: 96 × 48 × 80

8.2 Results

With the sinusoidal ventilation the flow associated with wave crest (1. half-
period) and wave trough (2. half-period) is no longer symmetric. In the
following the results are presented for selected phase values through the en-
tire wave period. The phase values in the range 0o to 90o and 180o to 270o

are the acceleration stage associated with wave crest and wave trough re-
spectively, and the phase values in the range 90o to 180o and 270o to 0o are
the deceleration stage associated with wave crest and wave trough respec-
tively. Suction occurs during the 1. half-period and injection during the 2.
half-period.

The computed ensemble averaged velocity profiles are shown for selected
phase values in fig. 8.2 a). As the velocities from LES of the undisturbed
wave boundary layer were found to be under-estimated close to the wall
(see chapter 4), the effect of ventilation is expected to be amplified in the
numerical simulations compared to what is seen from measurements. In fig.
8.2 b) the results of the present study are compared with the results from
Conley and Inman (1994), where mean velocity profiles for selected phase
values for the max. ventilation rate of 0.0017, i.e. almost 3 times higher than
in the present study, are shown in absolute values.
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Figure 8.2: Mean velocity profiles; a): present study, LES, Rew = 6× 106;
dashed lines: wave boundary layer with ventilation rate 0.0006. Suction from
0o to 180o; solid lines: the undisturbed wave boundary layer; b): Conley
(1993), experiments, Rew = 1× 106; dashed lines: wave boundary layer with
ventilation rate 0.0017. Suction from 0o to 180o; solid lines: the undisturbed
wave boundary layer.
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In order to facilitate comparison, the results of Conley and Inmann (1994)
have been normalized with the maximum free stream velocity of
aω = a · 2π/T = (0.5 · 2.07m) · 2π/7.0s = 0.93 m/s.

The present results agree well both quantitatively and qualitatively with
the measured values of a 3-4 times higher ventilation rate. As found for
the relatively small ventilation rates in the channel flow and the combined
wave-current boundary layer, the first half-period with suction is associated
with larger ensemble averaged velocities than in the undisturbed case, while
the second half-period with injection is associated with smaller velocities.
In agreement with the measured values of Conley 1993, the larger velocities
associated with the suction half-period are found over the whole vertical
extent of the wave boundary layer, and the same applies for the smaller
velocities during the injection half-period. This shows that the smaller ven-
tilation rates influences the flow resistance and accordingly the flow resulting
from a given pressure gradient. In the pure oscillatory boundary layer, with
constant suction and constant injection of 10 times higher ventilation rate,
these effects were found close to the bed only. The remaining part of the
boundary layer was characterized by increased and decreased flow respec-
tively.

Obviously the increased flow during the suction half-period and the de-
creased flow during the injection half-period results in a positive net cur-
rent. In Conley and Inman (1994) the resulting net current was found by
integrating the mean velocity profiles over the vertical up to a distance of
2δwbl from the bed (where δwbl is defined as the distance from the bed where
∂u/∂y first equals zero at the phase of maximum free stream velocity, i.e.
90o), and over the wave period. For various ventilation parameters Conley
and Inman found that the resulting net current can be expressed by

〈u〉T
U0m

= 2.27× |( vv

U0m
)|0.6 (8.6)

Performing the integration for the present results (δwbl/a = 0.015), a net
current of 11.0 cm/s is found. According to the above expression this net
current corresponds to a ventilation rate of 0.002, i.e. 3.3 times the present
ventilation rate of 0.0006. This of course is consistent with the velocity pro-
files as shown in fig. 8.2, and the fact that, due to the under-estimation of
the velocity close to the wall in the LES of the undisturbed wave boundary
layer, the effect of the ventilation should be expected to be enhanced com-
pared to the measured values of Conley and Inman.

In the following, the effect of the ventilation on the turbulence is shown, fig.
8.4 and fig. 8.3 showing the turbulence intensities and fig. 8.5 and fig. 8.6
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the Reynolds stress. Due to the effect of the ventilation on the flow, it is
chosen to show the turbulence intensities and the Reynolds stress both in
absolute and dimensionless values. The dimensionless form enables compar-
ison without influence of the flow rate, whereas the absolute values shows
the actual effects.

Fig. 8.3 shows the variation of the absolute values of the streamwise turbu-
lence intensity (the rms-value) in phase space, compared to the undisturbed
case. From this representation only a small effect from the ventilation at
this rate can be detected. In order to detect the behavior very close to the
bed, the representation has additionally been made on a logarithmic y-axis,
c) and d).

It should be kept in mind that this representation is a snapshot in phase
space, and thus a snapshot in time (though of the rms-value, which is ob-
tained over 3 wave periods). Also, due to the shortcoming of the model very
close to the bed, which is the area of focus here, the representation serves
merely for the comparison between the ventilated wave boundary layer and
the undisturbed wave boundary layer, as well as between the suction- and
the injection- half-period.

First of all, it is seen from c) and d) that the two half-periods are sym-
metric in the undisturbed case, and not symmetric in the ventilated case.
The ’plume’ of turbulence intensity in phase space is moved away from the
bed in the injection half-period, whereas the location of the ’plume’ dur-
ing the suction half-period is quite similar to that of the undisturbed case.
The ’plume’ during the injection half-period can be traced into the following
half-period of suction, and likewise with suction (indicated by arrows in fig.
a) ), thus indicating the delay in the response with increasing distance from
the bed. The location of the maximum level of turbulence intensity is seen
to remain rather constant in the two cases ( c) and d) ), as well as in the case
of suction and injection respectively ( d) ). The physical extent of the max-
imum intensity levels are seen to be smaller during the suction half-period
than in the undisturbed case, and larger during the injection half-period.
These findings agree with the findings for constant injection and suction re-
spectively, and are also in accordance with the findings of Conley and Inman
1994, which, however, are more pronounced.

In fig. 8.4 the turbulence intensities are normalized with the (time depen-
dent) friction velocity corresponding to each flow case. The turbulence in-
tensities for the 2. half-period are shown together with those of the 1. half-
period, for comparison between the suction- and injection stage.

As expected, and in accordance with the earlier presented results, the dimen-
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sionless turbulence intensities are increased compared to the undisturbed
wave boundary layer during the injection stage (the 2. half-period) and
decreased during the suction stage (the 1. half-period), showing the desta-
bilizing and stabilizing effects of injection and suction respectively.

Fig. 8.5 shows the Reynolds stress in absolute values. Despite the small
effect on the turbulence intensities, a pronounced effect on the Reynolds
stress in the near bed area is found. Due to the increased velocity gradient
close to the bed in the suction half-period, as compared to the undisturbed
case, the same turbulence level is associated with higher exchange of mo-
mentum, resulting in larger shear. The opposite is the case in the injection
half-period, where the smaller velocity gradient close to the bed results in
smaller exchange of momentum and thereby smaller shear. Away from the
bed no significant effects from the ventilation can be seen.

Compared to the previous findings in the present study, the opposite was
expected. However, the changed flow rate may be of significance. Looking
at the dimensionless turbulence intensities and Reynolds stress this indeed
seems to be the case. In fig. 8.6 the computed Reynolds stress, normalized
with the (time dependent) mean bed shear stress associated with the two
cases are shown. It is seen that, at the bed, the suction half-period is associ-
ated with larger dimensionless Reynolds stress than in the undisturbed case,
and the opposite during the injection stage. This is in accordance with the
earlier presented results, and is caused by the increased mixing close to the
bed with suction, and the presence of low momentum fluid close to the bed
during injection. Still in the near bed area, but further away from the wall,
the suction half-period shows smaller dimensionless Reynolds stress due to
the lower mixing, and the opposite during the injection half-period.

From the Reynolds stress the mixing length can be found from eq. (3.8). As
the expression given by eq. (3.8) is ill conditioned when the velocity gradient
approaches zero, the mixing length is only presented up to this point, see fig.
8.7. In order to compare the suction and injection half-period respectively,
the corresponding acceleration phases for the first and second half-period is
gathered in the same plot, and likewise with the deceleration phases. For
the undisturbed case these are the same due to symmetry.

At this ventilation rate no significant difference can be detected between
the mixing length in the injection half-period, the suction half-period and
the undisturbed case respectively. During the acceleration stage the mixing
length is slightly smaller in the injection half-period and larger in the suction
half period. During deceleration the mixing length in the ventilated case is
slightly larger than in the undisturbed case. With the present ventilation
rate, the velocity gradient as well as the shear stress is smaller for injection
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Figure 8.5: Reynolds stress, Rew = 6× 106; solid lines: wave boundary layer
with injection rate 0.006. Suction from 0o to 180o; dashed lines: the undis-
turbed wave boundary layer.
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Figure 8.6: Dimensionless Reynolds stress, Rew = 6× 106; solid lines: wave
boundary layer with injection rate 0.006. Suction from 0o to 180o; dashed
lines: the undisturbed wave boundary layer.
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Figure 8.7: Mixing length l, Rew = 6× 106; dash-dotted lines: wave bound-
ary layer with ventilation rate 0.0006, injection; dashed lines: wave boundary
layer with ventilation rate 0.0006, suction; solid lines: the undisturbed wave
boundary layer.

and larger with suction, resulting in only small changes compared to the
undisturbed case. As found previously, it is evident from fig. 8.7 that the
mixing occurs over a slightly wider range over the vertical for injection, and
the opposite for suction. However, no significant increase of the boundary
layer thickness during the injection half-period is found for this ventilation
rate.

Fig. 8.8 shows the computed mean bed shear stress for the two half-periods
gathered in the same plot, i.e the numerical value for the mean bed shear
stress associated with the injection half-period. To facilitate comparison with
the results of Conley and Inman(1994) the computed mean bed shear stress
is normalized with the computed max. mean bed shear stress of 5.94 N/m2

corresponding to the undisturbed wave boundary layer.
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Figure 8.8: Computed mean bed shear stress. Rew = 6× 106 for the present
results, and Rew = 1× 106 for the results of Conley (1993).

From fig. 8.8 it is evident that the mean bed shear stress associated with
suction is larger than that for the undisturbed case, whereas the opposite
is true for injection. This is a combined effect from the ventilation and the
changed flow rates during wave crest and wave trough respectively. The
measured values for the ventilation rate of 0.0017 of Conley and Inman
(1994) included in fig. 8.8, suggests that the present results corresponds to
a ventilation parameter slightly higher than 0.0017. This will be addressed
in the following. The apparent phase discrepancy is mainly caused by the
skewness of the computed bed shear stress which was addressed in chapter 4.

According to Conley and Inman (1994) the average bed shear stress dur-
ing the suction- and the injection half-periods respectively can be expressed
by

〈τb,vent〉
〈τb〉undisturbed

=
0.9× ( vv

U0m
)/fw

e
0.9( vv

U0m
)/fw − 1

(8.7)

and the resulting net bed shear stress 〈τb,vent〉T can be expressed by

〈τb,vent〉T
〈|τb|〉undisturbed

=
0.9× ( vv

U0m
)

2fw
(8.8)
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where fw is for the undisturbed wave boundary layer, 〈τb〉undisturbed is the
average over one half-period and 〈|τb|〉undisturbed equals 2 times the average
for one half-period.

Based on these expressions the ventilation parameter corresponding to the
present results can be found from

〈τb,vent〉 = 4.68 N/m2 for the suction half-period
〈τb,vent〉 = 2.24 N/m2 for the injection half-period

〈τb〉undisturbed = 3.37 N/m2 for one half-period

giving

〈τb,vent〉
〈τb〉undisturbed

= 1.39 for the suction half-period, and

〈τb,vent〉
〈τb〉undisturbed

= 0.66 for the injection half-period

corresponding to a ventilation rate of 0.0024, i.e. 4 times the ventilation rate
in the present simulation, and

〈τb,vent〉T = 2.44 N/m2 for one wave period
〈|τb|〉undisturbed = 6.75 N/m2 for one wave period

giving

〈τb,vent〉T
〈|τb|〉undisturbed

= 0.36

again corresponding to a ventilation rate of 0.0024.

The fact that the present results agree with the measured values for a 3-
4 times larger ventilation rate is consistent with the comparisons of the
mean velocity profiles (fig. 8.2), and is believed to be an effect of the under-
estimated velocities close to the wall as found in the LES of the undisturbed
wave boundary layer.
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The friction factor for the ventilated wave boundary layer is found from

fw = 0.0035 for the suction half-period (with τ bm = 7.8 N/m2 and U0m

= 2.1 m/s), and

fw = 0.0024 for the injection half-period (with τ bm = 4.4 N/m2 and U0m =
1.9 m/s).

corresponding to an increase of 18% during the suction half-period and a
decrease of 20% during the injection half-period, indicating that the change
is symmetric around the undisturbed case at this ventilation rate.

Fig. 8.9 shows the friction coefficients compared to the data from Jensen
et al (1989). Also the friction coefficients obtained in the case of constant
injection and suction respectively are shown. The present results are seen to
behave as expected.

Figure 8.9: The wave friction coefficient versus Re-number, from Jensen et al
(1989); dots: Kamphuis’s exp. (1975); ◦: results from Jensen et al. (1989); x:
Sleath’s exp. (1987); 4: Hino et al.’s exp. (1983); Xi,s: sinusoidally varying
ventilation, present study ; ◦: constant injection, present study; ¤: constant
suction, present study

In fig. 8.10 the mean bed shear stress have been normalized with the respec-
tive maximum values. Hereby the phase shift between the cases shows more
clearly. In the case of suction, the near-bed velocities are accelerated. Due
to the larger inertia the effect of the reversing pressure gradient shows later,
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Figure 8.10: The computed bed shear stress, normalized with τ bm. Rew =
6× 106.

thereby decreasing the phase lead between the bed shear stress and the free
stream velocity. The opposite is the case for injection.
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Figure 8.11: r.m.s. of the computed bed shear stress, normalized with τ bm.
Rew = 6× 106.

Fig. 8.11 shows the r.m.s. of the bed shear stress normalized with the re-
spective maximum mean bed shear stress. Contrary to the findings for the
constant injection and suction, no clear effect is seen with regard to the
initiation of turbulence for ventilation of this rate. The ventilation gener-
ally shows the same features than the undisturbed boundary layer, namely
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increase in the r.m.s. values prior to flow reversal.

8.3 Model output

The sub-grid viscosity and corresponding sub-grid stress is shown in fig. 8.12
and fig. 8.13 on the following pages.
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Figure 8.12: The modelled sub-grid viscosity νsgs, Rew = 6× 106; dash-
dotted lines: wave boundary layer with ventilation rate 0.0006, injection;
dashed lines: wave boundary layer with ventilation rate 0.0006, suction; solid
lines: the undisturbed wave boundary layer.

In order to compare the suction and injection half-period respectively, the
corresponding acceleration phases for the first and second half-period is
gathered in the same plot, and likewise with the deceleration phases. For
the undisturbed case these are the same due to symmetry.

Contrary to the findings for constant injection and suction respectively,
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Figure 8.13: The modelled sub-grid stress τsgs, Rew = 6× 106; solid lines:
wave boundary layer with ventilation rate 0.0006; dashed lines: the undis-
turbed wave boundary layer.
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the sub-grid viscosity for the ventilated case is larger during the suction
half-period than the undisturbed case, and smaller during the injection half-
period. This is accredited to the influence on the flow of suction and injection
(of this rate) respectively, with smaller flow and smaller velocity gradient
during injection and the opposite during suction. The location of the maxi-
mum sub-grid viscosity is shifted slightly upwards during the injection half-
period and downwards during the suction half-period, following the pattern
of the turbulence.

The corresponding sub-grid stress shown in fig. 8.13 confirms that the sub-
grid momentum exchange is larger during the suction half-period than in
the undisturbed case, and smaller during he injection half-period. During
the suction half-period the sub-grid momentum exchange is taking place in
a thinner layer close to the bed, whereas the sub-grid momentum exchange
during the injection half-period takes place over a slightly larger y-range,
extending slightly higher on the vertical than in the undisturbed case.

8.4 Summary

With the sinusoidally varying ventilation with the rate of 0.0006, a clear
effect on the flow resistance is seen. The ensemble averaged velocity profiles
shows larger velocities all over the vertical during the suction half-period,
and thus greater flow. The opposite is seen during the injection half-period.
This obviously results in a net velocity over the wave period.

The mean velocity profiles, the net current associated with the ventilation,
as well as the mean bed shear stress and the net shear stress associated with
ventilation was compared to measurements by Conley and Inman (1994),
and it was generally found that the present results agree quantitatively with
the measurements for a ventilation rate which is 3-4 times larger than the
ventilation rate of 0.0006 in the present simulations. This is believed to be
caused by the under-estimation of the velocities close to the wall as found in
the LES of the undisturbed wave boundary layer (see chapter 4). Qualita-
tively the LES describes the effects from the ventilation in the wave bound-
ary layer very well.

The absolute values of the turbulence intensities shows no significant effect
from the ventilation. Despite this, the larger velocity gradient during the
suction half-period results in greater momentum exchange and thus greater
Reynolds stress in the near-bed area. The opposite is the case for the injec-
tion half-period, resulting in smaller Reynolds stress in the near bed area,
and no significant changes further away from the bed. Compared to the
previous findings in the present study, the opposite was expected. However,
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the changed flow rate may be of significance. Looking at the dimensionless
turbulence intensities and Reynolds stress this indeed seems to be the case,
as the turbulence intensities are increased during the injection half-period
and decreased during the suction half-period. The dimensionless Reynolds
stress likewise is decreased, but very close to the bed only, while increased
further away from the bed during injection, opposite during suction.

During the suction half-period the mean bed shear stress is increased due
to the presence of turbulence closer to the bed, which also results in a in-
creased bed roughness factor. The opposite is the case during the injection
half-period, where a reduction in the mean bed shear stress and correspond-
ing bed roughness factor is found. This is in agreement with the earlier
findings from the present study.

From the r.m.s. values for the bed shear stress, even in dimensionless form,
no indication of the stabilizing effect of suction and destabilizing effect of
injection is seen for the present ventilation rate. The ventilation generally
shows the same features than the undisturbed boundary layer, namely in-
crease in the r.m.s. values prior to flow reversal.

Compared to the undisturbed wave boundary layer, the sub-grid contribu-
tion to the momentum exchange is larger during the suction half-period and
smaller during the injection half-period, which is attributed to the effect on
the ventilation on the flow. The sub-grid stress is shifted slightly downwards
on the vertical during the suction half-period and upwards, extending over a
larger range in the vertical, during the injection half-period, indicating the
effect on the boundary layer thickness.



Chapter 9

Flow structures

In this chapter, the flow structures achieved with the LES, associated with
i) the channel flow, (ii) the pure oscillatory wave boundary layer and iii) the
(sinusoidally) ventilated wave boundary layer, are presented.

From flow visualizations and DNS studies of the turbulent channel flow
and relatively low Reynolds number oscillatory boundary layer flow, the ex-
istence of the hair pin vortex is well known. The hair pin vortex is a long
and slim vortex consisting of narrow vortex tubes which transport low mo-
mentum velocity up from the bed in the intersection of the tubes (see Nezu
and Nakagawa 1993 for a review). As the vortex travels with the flow, the
vortex tubes are stretched and lifted upwards, and finally bursts, followed by
an inrush of high momentum fluid to the bed. This bursting process occurs
with a bursting period, and with specific length scales, as briefly described
in chapter 3. It is primary the bursting process which is responsible for the
momentum exchange in the near-bed area, and thus for the well known log-
arithmic shape of the mean velocity profile in turbulent flows.

The flow structures obtained in the present study are visualized by vec-
tor plots of the momentary velocity fluctuations projected on cross sections
in i) the y-z-plane (located in the middle of the channel), ii) the x-z-plane
(in various distances from the wall) and iii) in the x-y-plane (along the
symmetry-line of the channel). Note that the spanwise and vertical velocity
fluctuations equals the actual momentary spanwise and vertical velocity, as
the mean value in these directions is zero. The streamwise velocity fluctua-
tion shows directed opposite the direction of the free stream velocity when
it is lower than the mean velocity.

It was previously argued (chapter 4) that the flow structures are not resolved
in the present wave boundary layer simulations, but that, nevertheless, flow
structures develop in the resolved eddies. Indeed, as the figures in this chap-
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ter show, flow structures are present in the resolved scale during part of the
wave period. Also, it is argued (appendix C) that the LES may be, in a sense,
considered as a DNS of a fluid with a greater viscosity, namely the effective
viscosity νe = νvisc +νsgs, where it should be kept in mind that νsgs is a field
variable. Thereby the transitional features, found in some of the combined
wave-current cases, could be explained. It should then be expected that the
dimensionless spacing between the flow structures will adhere to the same
principle. In the simulations of the turbulent channel flow, however, the flow
structures are resolved (see chapter 3). It should therefore be expected that
the known spacing between the streaks can be found.

9.1 Channel flow

Fig. 9.1, 9.2 and 9.3 shows examples of the flow structures in a snapshot in
the z-y- cross section, the x-z- cross section and the x-y- cross section.

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
0

0.2

0.4

0.6

0.8

1

y
  
[m

]

z  [m]

Figure 9.1: Part of z-y- cross section; channel flow

The spacing between the low speed streaks appears most clearly in fig. 9.2,
which is a cross section in the distance of 8.4 wall units from the bed. Over
the width of the channel of 4.00 m, 8 low speed velocity streaks are found,
giving a mean spacing of 93 wall units (with Uf = 0.0625 m/s, see chapter
3). This is in accordance with the value of appr. 100 wall units known from
the literature. Ejected fluid elements are known to be located within the
vertical distance of 80-100 wall units from the bed. This value corresponds
to 0.54 m in the present case, which is in accordance with fig. 9.3, where the
eddies are seen to be located mainly below y = 0.5 m, and where also the
lift-up of low speed streaks are seen. The streamwise distance from the onset
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Figure 9.2: Part of x-z cross section; channel flow, y+ = 8.4
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Figure 9.3: Part of x-y cross section; channel flow
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of lift-up of a low speed streak to the break-up of any sign of coherency is
known to be appr. 1300 wall units. In fig. 9.2 it is clear that the low speed
streaks are not strictly parallel with the x-axis, which makes a judgement
of the streamwise extent of the streaks impossible based on cross-sections.
However, fig. 9.2 gives the impression that the distance is well more than
the 4 m contained in the figure.

9.2 Undisturbed and ventilated wave boundary layer

From the z-y- cross sections, the structure of the large eddies shows clearly
(see appendix D a) for the undisturbed oscillatory boundary layer and ap-
pendix D b) for the ventilated oscillatory boundary layer. A selection is
given here in fig. 9.4). It is evident how the turbulence level increase around
reversal of the pressure gradient (90o) and reaches the maximum during
deceleration. No significant difference can be detected between the undis-
turbed and the ventilated oscillatory boundary layer. The small difference in
the turbulence levels between undisturbed and ventilated, and also between
the suction- and the injection half period, is supported from the findings in
chapter 8, and is due to the small injection rate.

The flow structures close to the wall shows more clearly from the x-y- and
x-z cross sections. The spacing between the low speed streaks can be found
from the x-z cross sections, appendix F a) (undisturbed wave boundary
layer) and F b) (ventilated boundary layer), from which the existence of
high- and low speed structures at the bed is evident as the coherent streaks
of larger or smaller velocity. In appendix F every 2. or 3. point is shown along
the x-direction and every 2. point along the z-direction. Generally 5 to 7 low
speed streaks can be found over the cross sections (see fig. 9.5 (undisturbed
wave boundary layer), where every point is shown in the spanwise direction,
to enhance the structures), in the phase range 45o to 135o. In this range
the friction velocity is around 7 cm/s. Of course both the mean spanwise
distance between the streaks and the friction velocity are functions of phase,
and the present analysis should be regarded as order of magnitude only,
due to the difficulty in estimating the mean spanwise distance between the
streaks, and the effective viscosity being a field variable varying considerably
with distance from the bed. With a spacing of approximately 7 cm, and
the kinematic viscosity of 1× 10−6 m2/s this corresponds to a spacing of
approximately 5000 wall units. This is 50 times the value of 100 found in the
literature! In the considered phase range a sub-grid viscosity of the order
1.5× 10−5 m2/s is found close to the bed, both in the undisturbed and
the ventilated boundary layers. Using the effective viscosity, the spanwise
distance is in the order of 400 wall units, which is of the expected order of
magnitude.
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Figure 9.4: Part of z-y cross sections; undisturbed and ventilated wave
boundary layer
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Figure 9.6: Part of x-y cross section; lift-up of low speed streak

The x-y cross sections are shown in appendix E a) (the undisturbed wave
boundary layer) and appendix E b) (the ventilated wave boundary layer).
The structures are seen to form during acceleration, and dissolve during de-
celeration, where the general picture is more chaotic (see also the x-z cross
sections in appendix F a and b). From fig. 9.6 (also shown in appendix E),
it can be seen how the low velocity streak starts at the bed and is lifted up
as the vortex travels with the flow. Again, no significant difference between
the undisturbed and ventilated boundary layers can be seen.

Finally, from the x-z cross sections (fig. 9.5 and appendix F) it appears
that the channel indeed is long enough to avoid correlation between the flow
at the inlet and outlet.



Chapter 10

Sediment transport

The change in the hydrodynamic parameters caused by ventilation has been
calculated in the previous chapters. Obviously this change is of great im-
portance for the sediment transport in the various flow situations. The sus-
pended sediment transport associated with the filtered velocity field has
been calculated for the i) the wave boundary layer and ii) the wave boundary
layer subject to sinusoidally varying ventilation. The results are presented
and discussed in this chapter.

The concentration of suspended sediment can be found from the equation of
continuity for the sediment (the convection-diffusion equation for suspended
sediment),

∂c

∂t
+u

∂c

∂x
+v

∂c

∂y
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∂c
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= ws

∂c
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∂c

∂x
)+

∂

∂y
(εs

∂c

∂y
)+

∂

∂z
(εs

∂c

∂z
) (10.1)

where ws is the fall velocity of the single sediment grain, which is given
explicitly, and εs is the sediment diffusion coefficient, which is taken to be
equal to the fluid turbulent diffusivity. In the LES this includes the kine-
matic viscosity of the fluid and the sub-grid diffusivity, as the large scale
diffusivity comes automatically from the local large scale velocity field.

Eq. (10.1) expresses that the overall change in concentration (the left hand
side) is caused by i) the vertical settling of the sediment (the first term on
the right hand side) and sediment diffusion in the three directions (the re-
maining terms on the right hand side).

The flow solver NS3 includes solution of eq. (10.1). The equation is solved
implicitly as described in Jensen 2000, using the 2. order backwards differ-
ence scheme for the unsteady term, and the QUICK- or the TDV-scheme
for the convective terms (both schemes were tried and no difference between

119



CHAPTER 10. SEDIMENT TRANSPORT 120

the two was found in the computations).

The boundary conditions are,

• The no-flux condition at the top of the channel half-width, due to the
symmetry here, i.e.

wsc + (ν + νsgs)
∂c

∂y
= 0 (10.2)

• periodicity at longitudinal and transverse boundaries

• a Dirichlet condition at the bed, found from the model of Fredsøe and
Engelund, 1976. This is described shortly below.

According to the model of Fredsøe and Engelund (1976), the local bed con-
centration of suspended sediment can be decided from the local bed shear
stress, as

θb = θc +
π

6
µdps +

0.013
κ2α2

1

sθbλ
2
b (10.3)

where the Shields parameter θ is defined by the bed shear stress as

θ =
τ

ρ(s− 1)gd
(10.4)

µd represents the dynamic friction, and may take values in the range 0.5-
0.65 (Fredsøe and Deigaard); in the present study 0.65 is chosen; ps is the
probability for the transport of a certain fraction of particles that may be
in one single layer, and given by,

ps =
[
1 +

( π
6 µd

θb − θc

)4]− 1
4 (10.5)

κ = 0.4 is the von Karman’s constant, α1 = 2 indicates that the bed con-
centration is found in the vertical distance of 2 grain diameters above the
bed; and s = γs/γw = 2.65 is the specific density of ordinary sand. τc is
the critical bed shear stress for movement of the sediment grains, which
is known from Shields experiments (the critical Shields parameter). In the
present simulations the critical Shields parameter of 0.05 has been used over
the entire wave period. λb is the linear concentration of suspended sediment
at bed level, and is linked to the concentration of suspended sediment at the
bed by,

cb =
c0

(1 + 1/λb)3
(10.6)

where c0 is the maximum value for volumetric concentration, which is around
0.65 for natural sand (Fredsøe and Deigaard).
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Eq. (10.3) expresses that the bed shear stress exists on the following three
forms, each assuming that the total bed shear stress is greater than the for-
mer contribution(s), namely i) the critical shear stress which is transferred
to the bed as skin friction without causing any movement of the grains (the
first term on the right hand side); ii) drag on the grains moving as bedload
(the second term on the right hand side), which eventually is transferred to
the bed by occasional encounters. The probability p equals 1 for high bed
shear stress; iii) dispersive stresses originating from exchange of momentum
between the grains (the third term on the right hand side), due to collisions
resulting in movement transverse to the mean flow direction (and into sus-
pension) at the bed.

The shortcoming of this model is that the bed concentration responds in-
stantly to the bed shear stress, and thus becomes zero when the bed shear
stress is zero, even though settling of the sediment in suspension still occurs.

The suspended transport is mainly supported by the fluid turbulence. The
suspended sediment is therefore confined to the near bed area in pure os-
cillatory flow, contrary to the channel flow or the combined wave-current
boundary layer, where turbulence is present over the entire flow depth.

10.1 Conditions of computation

The simulations are performed for sand described by one grain-size only. For
the bed to be hydraulically smooth, the mean grain size d50 must be smaller
than the thickness δv of the viscous sub-layer, decided by,

δv =
11.7ν

Uf
(10.7)

The thickness δv is evaluated in each of the flow situations with the Uf found
in the previous chapters.

Undisturbed wave boundary layer:

In chapter 4 the maximum bed shear stress was found to be 5.94 N/m2,
resulting in δv = 0.15 mm

Wave boundary layer subject to sinusoidally varying ventilation:

In chapter 8 the maximum bed shear stress was found to be 7.8 N/m2

during the passage of the wave crest, resulting in a minimum thickness of
δv = 0.13 mm.
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The mean grain size of 0.1 mm have been chosen for the calculations in
the present study.

10.1.1 Effect of changed gravity

At the bed, the ventilation is expected to influence the sediment transport
characteristics by a) changing the bed shear stress, and b) changing the
effective weight of the grains due to the vertical flow motion. According to
Nielsen et. al. 2001, these effects can be expressed in the modified Shields
parameter as

θmod =
U2

f

(
1− α vi

Uf

)

gd50

(
s− 1− β vi

k

) (10.8)

The numerator includes the change in the bed shear stress due to the injec-
tion, which in the present study is found directly by the numerical model,
and therefore not implemented. The denominator includes the change in the
effective weight due to the drag caused by the percolation flow. According
to Nielsen et al 2001 b is in the range of 0.35 to 0.4.

Figure 10.1: the unmodified Shields parameter; solid: the undisturbed wave
boundary layer; dashed: the ventilated wave boundary layer

In the present study the modification of the Shields parameter given by eq.
(10.8) becomes insignificant due to the relatively small ventilation amplitude



CHAPTER 10. SEDIMENT TRANSPORT 123

(1.2 mm/s) compared to the permeability (1.0 cm/s), a relation which enters
the expression in the denominator. Also, when considering the unmodified
Shields parameter obtained in the ventilated case, fig. 10.1, it is clear that
small changes in the Shields parameter will not cause any change in the bed
concentration, since the Shields parameter is much larger than 1 during most
of the period. Therefore no comparison between unmodified and modified
results is included in the present study.

10.2 Results

Examples of the ’raw’ data for the volumetric concentration is shown in fig.
10.2.
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Figure 10.2: ’raw’ data, concentration, undisturbed and ventilated wave
boundary layer. Sampled from a point in the middle of the x-z-plane at
the given distances from the bed.

It should be noted that the the permeability of 1.0 cm/s which is used to
obtain the ventilation flow corresponds to coarse sand. For soil with the
grain size of 0.1 mm a smaller permeability should be used, resulting in a
smaller ventilation flow. It was chosen to maintain the larger permeability in
order to amplify the effects. The results should therefore not be considered
quantitatively.

It is seen that the maximum concentration 36 mm from the bed is ap-
proximately 4 times smaller the concentration 0.53 mm from the bed, as
the concentration as expected decreases rapidly with distance from the bed.
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Also, the lag between the maximum concentration and the maximum bed
shear stress is seen to increase with increasing distance from the bed, be-
cause it takes some time for the suspended sediment to settle, whereas the
bed concentration responds instantly to changes in the bed shear stress.

Even with the small ventilation rate in the case of sinusoidally varying ven-
tilation, the effect shows clearly close to the bed, where the larger bed shear
stress during the suction half-period (the 1. half-period) causes the concen-
tration to be larger than in the undisturbed case, and the opposite during
the injection half-period.

The computed mean concentration profiles associated with selected phases
throughout the wave period is presented in fig. 10.3 and 10.4.
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Figure 10.3: mean concentration profiles; solid: undisturbed wave boundary
layer; dashed: the Vanoni profile
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As a rough validation, fig. 10.3 shows the mean concentration profiles ob-
tained in the undisturbed wave boundary layer compared to the (stationary)
Vanoni distribution given by,

c = cb

(D − y

y

2d

D − 2d

) ws
κUf (10.9)

where the time-varying friction velocity is used, and the bed concentration
cb is decided by the Fredsøe and Engelund (1976) formula. The depth D is
the channel half-width δ and κ = 0.4 is von Kármán’s constant.

Even though the Vanoni profile thus is calculated by the time-varying param-
eters, it should be noted that the Vanoni profile is derived for a stationary
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Figure 10.4: mean concentration profiles; solid: undisturbed wave boundary
layer; dashed and dotted: ventilated wave boundary layer
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channel flow. The Vanoni profile at each phase value represents the corre-
sponding stationary case. Therefore only the mean concentration at the bed,
which in the present formulation responds immediately to the value of the
friction velocity, should be expected to agree with the mean concentration
for the wave cases. In fig. 10.3 the delay in the response of the concentration
away from the bed in the non-stationary case shows clearly as the deviation
between the Vanoni profile and the computed mean concentration profile.

Fig. 10.4 presents the mean concentration profiles for the ventilated wave
boundary layer, compared to the undisturbed wave boundary layer. For com-
parison, the two half periods are presented together.

The phase difference between the free stream velocity and the ventilation
is negligible, and the phase difference between the near-bed velocity and
the ventilation accordingly is the same as the phase difference between the
free stream velocity and the near-bed velocity, i.e. approximately 10-15o.
Generally the effect of ventilation is greatest where the bed shear stress is
small. Around 30o and 135o the effect of the ventilation therefore becomes
significant on the relatively small bed shear stress. In all cases, the maxi-
mum bed-concentration occurs just before reversal of the pressure gradient,
due to the dependency of the bed shear stress as prescribed in the model
of Fredsøe and Engelund (1976). With the bed-formulation applied in the
present study, the concentration is generally larger with suction and smaller
with injection, due to the larger and smaller bed concentrations associated
with the two half-periods. With the present ventilation rate, the turbulence
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Figure 10.5: profiles of net current and net sediment transport, ventilated
wave boundary layer
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levels do not play any role in the difference in the concentration profiles
between the undisturbed and ventilated case, as it was found in chapter 8
that the turbulence levels in the ventilated case are not significantly different
from those in the undisturbed case.

As was found in chapter 8, the asymmetry in the bed shear stress dur-
ing the two half-periods, caused by the ventilation, causes a net flow. Fig.
10.5 presents the net current profile (the depth averaged net velocity is
VT = 0.11 m/s, see chapter 8) and the associated net suspended sediment
transport, which in this case is positive over the full extent of the vertical.
It should be noted that the results should be viewed qualitatively only.



Chapter 11

Conclusions

11.1 The model performance

The performance of the LES and the Smagorinsky sub-grid scale model was
tested with

• a stationary uniform channel flow, Re = 2980

• the wave boundary layer, Re = 6× 106

• the combined wave-current boundary layer, Rew = 6× 106 and Rec =
3× 104 and 1.4× 105.

• the wave boundary layer subject to sinusoidally varying ventilation of
the maximum rate vv/U0m of 0.0006.

It was found that

• The more the grid is refined, the better the simulations become, as
the LES approaches the DNS. However, it is possible to reach a grid-
level where further refining does not lead to significant improvement
of the performance of the model. The LES, especially of high Re, still
demands very fine grids in order to simulate the momentum exchange
well in all 3 directions.

• The Smagorinsky constant of 0.1 was found to be optimal in all the
investigated flow cases.

• The model was found to give satisfactory results in general. For the
undisturbed wave boundary layer, especially the Reynolds stress and
the bed shear stress was found to be satisfactory reproduced, whereas
the mean velocity close to the wall was found to be under-estimated.
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• Due to the under-estimation of the velocity close to the wall, the effects
of ventilation is pronounced. Therefore the results for the ventilated
boundary layer agree quantitatively with measurements for a venti-
lation rate which is 3-4 times higher than the ventilation rate in the
present simulations. Qualitatively it was found that the LES describes
the ventilated wave boundary layer very well.

• The model is very suited for investigation of various details in one (or
few) flow situations. If an investigation demands various flow cases,
such as an investigation of Reynolds number dependence, other less
time-demanding models are preferable.

The shortcomings are in general attributed to two main reasons, being

1 for very high Re, the cut-off in the energy producing range (whether
the turbulent structures are resolved or not)

2 the wall-approximation performed in the Smagorinsky sub-grid scale
model

• In the channel flow the turbulent structures are resolved, and the in-
accuracy in the mean velocity is therefore attributed to the effect of
item 2.

• However, it is likely that the wall approximation, item 2, has a greater
effect in terms of introduced inaccuracy in the wave boundary layer
than in the channel flow, because of its small vertical extent and the
associated steep gradients at the bed.

• Item 1 is a problem in the wave boundary layer, and may, together
with the wall approximation, item 2, explain why too much energy is
extracted from the mean flow close to the bed.

Another shortcoming is the fact that

• in all the investigated flow cases in the present study the streamwise
velocity fluctuation is overestimated close to the bed while the two
other components of the velocity fluctuations are underestimated. This
reveals that the exchange of momentum in the different directions are
not modelled equally well. The test of more refined meshes did not
have any effect in this regard, and the cause is therefore likely to be
found in the applicability of the model in highly anisotropic flows as
the wall boundary layer flows. However, it should be emphasized that
the model reproduces the ensemble averaged velocity profiles during
deceleration to a much better degree than a commonly used closure
model such as the k-ε turbulence model.
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A very important result was found from the wave boundary layer and the
combined wave-current boundary layer, which suggests that the behavior
of the turbulent structures, which develops in the resolved scales, behaves
according to the effective viscosity, being the sum of the kinematic and the
sub-grid viscosity (and therefore in effect, only the sub-grid viscosity, which
is a field variable). Therefore one must keep the effective Reynolds number
in mind when using the results from the LES, as the results for some of the
hydrodynamic parameters may be erroneous in some Re-number ranges. In
the present study some of the combined flow case simulations resulted in
an effective Rew in the transitional regime, and a transitional flow feature,
being the secondary peak in the bed shear stress, was found. Thereby any
sediment computations for these flow-cases would become erroneous as well.

11.2 Ventilation

The cases of constant injection and constant suction of varying rates, and
sinusoidally varying ventilation have been studied for the various flow cases.
In the following, the main conclusions are summarized.

• The ventilation rate was found to be of importance for the flow rate,
as the flow rate especially for the channel flow was found to change
with ventilation; injection was found to increase the flow resistance
and thereby reduce the flow, whereas suction was found to decrease
the flow resistance and thereby increase the flow. However, the large
injection rate (0.005) was found to cause a low momentum layer at the
bed, above which the flow tended to be greater than in the undisturbed
case, and no clear effect could be detected on the flow rate.

When studying the effects of ventilation on the hydrodynamic flow-parameters,
one must therefore keep in mind that also the changing flow rate may be
of significance, and that the effects as summarized below may not show in
the absolute values if the change in flow rate is not accounted for. In the
cases with changing flow rate the study was performed on both absolute and
dimensionless parameters.

• As was found from the measurements of Conley and Inman (1994),
injection was generally found to destabilize the flow, resulting in larger
velocity fluctuations than in the undisturbed flow case.

• Compared to the undisturbed flow case, the Reynolds stress with injec-
tion decreases close to the bed due to the presence of low momentum
fluid, but increases higher up in the flow due to the shear introduced
by the enhanced momentum exchange.
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• In the cases with affected flow rate, the absolute values of turbulent
fluctuations and Reynolds stress with injection decreases with decreas-
ing flow rate.

• The boundary layer thickness was found to increase with injection.

• Based on the computed Reynolds stress the mixing length was calcu-
lated. The mixing length was found to increase with the high rate of
injection. No significant change was found with the smaller ventilation
rate.

• The bed shear stress was found to decrease significantly with injection.

• In accordance with the findings of Conley and Inman (1994), suction
was generally found to stabilize the flow, resulting in smaller velocity
fluctuations.

• The Reynolds stress with suction increases at the bed due to the en-
hanced mixing combined with a steep velocity gradient, but decreases
further up in the flow due to the very even mean (or ensemble av-
eraged) velocity profiles which gives raise to very little momentum
exchange.

• The mixing length was found to increase during the deceleration stage
with suction.

• The boundary layer thickness was found to decrease with suction.

• The bed shear stress was found to increase significantly with suction,
however, not significantly for the small ventilation rate.

• The time varying ventilation showed the similar effects as the constant
injection and suction respectively. Clearly this gives raise to a net
current and a net bed shear stress over a wave period. With the present
case, the depth averaged net current was 0.12 m2/s.

Computations of the concentration of suspended sediment was performed for
the undisturbed wave boundary layer and for the (sinusoidally) ventilated
boundary layer. Due to the very time demanding simulations the computa-
tions were only performed for one value of the grain diameter, corresponding
to a hydraulically smooth bed. These computations showed that

• the effect of the ventilation on the gravity of the grain was negligible
in the present cases. For waves with Rew as high as the present case,
the Shields parameter is greater than 1 and therefore relatively small
changes in the Shields parameter, f.ex caused by change in gravity, will
not affect the bed concentration.
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• For the present wave boundary layer and with the chosen grain diam-
eter, the bed shear stress was more important for the concentration
than the change in turbulence levels. Therefore the suction half period
was associated with higher bed concentration and, despite of the delay
in the response further away from the bed, higher concentrations in
general. The opposite was the case for the injection half-period.

11.3 Suggestions of further work

• Tests with several values of the grain diameter, in order to achieve
further knowledge of the competing effects of the gravity, the bed shear
stress and the changed turbulence levels.

• with known 3D velocity field it would be very interesting to perform
particle tracking of the sediment in the turbulent eddies.

• It could be interesting to include 3D morphology to test the bed forms
during a wave period, as reported by Conley and Inman (1992).

• implementation of different methods for determination of the bed con-
centration.
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Appendix A

wave induced groundwater
flow

In the following the basic theory behind the percolation flow associated with
sinusoidal waves is described.

The horizontal pressure gradient associated with the wave field may in-
duce a flow through a permeable sea bed (percolation) due to the following
mechanisms,

• the pressure gradient itself (on and inside the bed) causes a flow di-
rected towards lower pressure

• the pressure gradient acts as a gradient in the load on the bed, which
may cause deformation of the seabed and associated outflow of pore
water

The total load on the seabed is carried by the stresses associated with the
contact between the grains in the soil skeleton (the effective stresses) and
the pore pressure. Gradients in the effective stresses leads to deformation of
the bed according to the stress-strain relations for the soil. Gradients in the
pore pressure leads to flow if the permeability allows it.

The effective stresses and the pore pressure are related through the con-
tinuity and the equations of motion for the soil (for both solid and pore
water). Therefore deformation of the bed may cause changed pore pressure
and thereby induce an additional flow.

Whether percolation occurs or not, are governed by the following param-
eters

- the permeability k
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- the modulus of elasticity of the soil G and of the pore fluid K’ (water
may be regarded as compressible if gass/air bubbles are present in the
pores)

- the time t

Air or gas present in the pore fluid serves as a buffer in the response of the
pore pressure. Assuming no gas present, the influence of the permeability
is obvious when considering the two materials sand and clay. Sand has a
high modulus of elasticity and therefore deforms very little, and the associ-
ated small increase in pore pressure is relieved instantly because of the very
high permeability. Clay (or silt) has a small modulus of elasticity and may
therefore deform, however the associated increase in pore pressure cannot be
relieved instantly due to the very low permeability, and the clay undergoes
a consolidation process over a large timescale. The loading caused by the
wave field changes on a much smaller time scale which does not allow the
load to cause consolidation. In stead a progressive buildup of pore pressure
may occur over time due to the time varying load (shear stress), leading to
liquefaction of the silt bed.

In the present study the momentary wave induced percolation flow is of
interest, and therefore only non-cohesive and permeable sea bed material
such as sand is considered. A description of the general case is given below,
followed by a solution for the case of a fully saturated sea bed, which in the
present study is assumed to exist in the seabed outside the surf zone.

A.1 The general case

The governing equations for the soil matrix (soil+void) are,

Continuity:

solid:

∂

∂t
[(1− n)ρs] +

∂

∂xj
[ρs(1− n)vj ] = 0 (A.1)

Due to compression the porosity n is not a constant, but can be taken as
the sum of a constant part n and the deviation n’. The density is taken to
be a constant (the grains are assumed to be incompressible - however, the
soil matrix may still be compressible on the expense of pore volume).

fluid:
∂

∂t
[nρw] +

∂

∂xj
[ρwnuj ] = 0 (A.2)
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where the density may not be constant due to air/gass in the pore fluid, but
varies as (Verruijt, 1969)

ρw = ρ(1 +
p+

K ′ )

with
1

K ′ =
1
K

+
(1− S)

p0

in which K is the true bulk modulus of elasticity of the water, S is the degree
of saturation and p0 is the absolute (not the excess) pressure, which can be
taken equal to the hydrostatic pressure at the seabed-level.

matrix = solid + fluid, and linearized:

n
∂

∂xj
(uj − vj) +

∂vj

∂xj
= − n

K ′
∂p+

∂t
(A.3)

The above equation is also called the storage equation. It expresses that
the increment in water content in a soil element (the first term on the left
hand side, expressed by the local relative velocity of pore water) must equal
the space created by soil displacement (the second term on the left hand
side) plus the space created by the compressibility of the water due to the
presence of air or gas (the right hand side).

The equations of motion:

As the velocity in porous media is very small, the convective terms are
neglected. The linearized eq.s of motion are,

solid:

(1− n)ρs
∂vi

∂t
=

∂σij

∂xj
− (1− n)

∂p+

∂xi
+

γn2

k
(ui − vi) (A.4)

expressing that the forces acting on the solid skeleton are the stress asso-
ciated with the contact between the grains (the effective stress σij), the
pressure gradient, and the frictional resistance between the grains and the
pore fluid.

fluid:

nρw
∂ui

∂t
= −n

∂p+

∂xi
− γn2

k
(ui − vi) (A.5)

expressing that the forces acting on the pore fluid are the pressure gradient
and the frictional resistance between the grains and the pore fluid.
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soil matrix = solid + fluid:

(1− n)ρs
∂vi

∂t
+ nρw

∂ui

∂t
=

∂σij

∂xj
− ∂p+

∂xi
(A.6)

In the above equations the gradient of the frictional resistance between fluid
and solid is assumed to be proportional to the local relative velocity, i.e
the fluid is assumed to obey Darcy’s law for laminar flow. The friction then
serves as a scalar quantity, and is therefore often, also in the following, re-
ferred to as the ’potential’ because it describes the flow in the same way as
potential theory. It should be noted that potential flow must have negligible
friction, and groundwater flow is therefore not a potential flow.

The stress-strain relation for the effective stresses are assumed to obey
Hooke’s law for linear elastic material, which may be reasonable for small
deformations relative to the hydrostatic equilibrium state:

∂

∂t
σij = G(

∂vi

∂xj
+

∂vj

∂xi
+

2νp

1− 2νp
δij

∂vk

∂xk
) (A.7)

in which G is the shear modulus of the soil and νp is the Poisson’s ratio for
the soil.

Furthermore, for Darcy’s and Hooke’s law to apply, the soil has to be ho-
mogeneous (the same in all points) and isotropic (the same in all direc-
tions).(!!!!!!!)

Exact solutions of these governing equations for the transient 3- or 2-D
case are difficult to obtain. Mei and Foda (1981) showed with a boundary
layer analysis that the transient terms in eq.(A.6) are negligible for gravity
waves, as long as the ratio of the modula of elasticity G/K’ is O(1).

When solving the system of equations with the inertia terms neglected in
the equations of motion, the procedure (Yamamoto et al. (1978), Mei and
Foda (1981)) is to combine the equation of motion of pore fluid (eq. (A.5))
with the storage equation (eq. (A.3)), whereby the fluid velocity equals out
and the system of equations reduces to solving 4 equations for the 3 com-
ponents of the soil displacements and the pore pressure. With known pore
pressure and soil displacements the fluid velocity can easily be found from
the equation of motion for the fluid, if desired.

With the inertia terms in the equations of motion neglected, the system
of equations is generally known as Biot’s Consolidation Equations. Cross
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differentiating these equations with respect to time and space and averaging
over the wave period leads to the heat equation, from which the buildup of
pore pressure (for study of liquefaction) can be found.

An overview is given in appendix B, including the general solution for the
pore pressure obtained by Yamamoto et al. (1978), which is in agreement
with the findings of Mei and Foda (1981).

In the case of a fully saturated sand bed as will be considered in the present
study, a less lengthy solution can be found.

A.2 Fully saturated sand bed

When looking at a fully saturated soil, the modulus of elasticity of the pore
water K’ equals the true bulk modulus of elasticity of the water K, which
is very high compared to the modulus of elasticity G of soil. Therefore the
momentary deformation, even of a very compressible material as silt, will
be controlled by the compression of water, which is negligible, and the total
load will be carried only by the pore fluid, as sketched in fig. A.1 with a
system of two different springs:

LOAD

PORE

WATER

SOIL

SCELETON

Figure A.1: Principle of deformation in a system with two different springs

When the total load is carried by one part only, the soil parameters be-
comes unimportant. The soil parameters are only of importance when the
total load is carried by both the effective stresses and the pore pressure, in
order to distribute the stresses between the two (the deformation of the soil
matrix, which is the same for the solid skeleton as for the pore water, does
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not cause the same change in the associated stresses and pore pressure, but
depends on the soil parameters).

For a fully saturated soil, the pore pressure may therefore be found for
a rigid soil skeleton (and incompressible fluid).

The same applies for soil with very high permeability, which is the opposite
situation to the above mentioned, as an excess pore pressure can be relieved
instantly, so the total load on the soil is carried only by the soil skeleton.

When considering a rigid soil skeleton the soil is volumetrical constant, and
the soil disappears from the governing equations. Furthermore, the require-
ment of G/K’ of O(1) in order to discard the inertia terms in the transient
case is not fulfilled.

For the stationary case however, the gradient of the excess pore pressure
must balance the gradient of the frictional forces, which (assuming that the
flow obeys Darcy’s law) is proportional to the local velocity field,

−∂p+

∂xi
=

γn

k
(ui − vi) = − ∂ϕ

∂xi
(A.8)

The scalar (or potential) in eq. A.8 then becomes equal to the excess pore
pressure, which leads to the Laplace equation for the excess pore pressure.
The principle for the flow in this situation is sketched in fig A.2.

Figure A.2: Percolation flow caused by waves according to the Laplace equa-
tion (principle); dashed lines: potential lines; solid lines: stream lines
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The flow is directed towards lower potential, and the potential is given by
the excess pore pressure.

For the transient case, Engelund obtained a solution for the potential ϕ,
using the boundary conditions of

• the pressure at the surface of the bed is given by the wave field

• zero vertical velocity at the border to an impermeable layer underneath

The solution of Engelund has been provided by professor J. Fredsœ, and is
given below (eq. (A.9)). An example of the derivation of eq. (A.9) from the
governing equations is shown in appendix B.

ϕ = k
H

2 cosh(2πD
L )

cosh[λ(y + b)]
cosh(λb)

cos δp cos(λx− ωt + δp) (A.9)

with

tan δp =
kω

g
(A.10)

where H, L and T is the wave height, wave length and wave period, ω = 2π/T
is the the cyclic frequency and λ = 2π/L is the wave number. b is the thick-
ness of the permeable layer.

It is seen that a phase lag in the potential depending on the permeabil-
ity of the soil is introduced.

For a permeable layer of infinite thickness the following expression can be
obtained (see appendix B),

ϕ = k
H

2 cosh(2πD
L )

eλy cos δp cos(λx− ωt + δp) (A.11)

The velocity can be found from the gradient of ϕ:

For a permeable sea bed of finite thickness,

u = −∂ϕ

∂x
= λk

H

2 cosh(2πD
L )

cosh[λ(y + b)]
cosh(λb)

cos δp sin(λx− ωt + δp)

(A.12)

v = −∂ϕ

∂y
= −λk

H

2 cosh(2πD
L )

sinh[λ(y + b)]
cosh(λb)

cos δp cos(λx− ωt + δp)
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For a permeable sea bed of infinite thickness,

u = λk
H

2 cosh(2πD
L )

eλy cos δp sin(λx− ωt + δp)

(A.13)

v = −λk
H

2 cosh(2πD
L )

eλy cos δp cos(λx− ωt + δp)



Appendix B

Solutions of groundwater
flow

The following solutions of the groundwater flow associated with waves are
all based on sinusoidal wave theory. Uniform conditions are assumed for the
direction perpendicular to the paper plane ( ∂

∂z = 0) and therefore only the
directions x and y are considered. Fig. B.1 shows a definition sketch of the
system considered.

Permeabel layer

Impermeabel layer

D

L

H

b

z(w)

y(v)

x(u)

Figure B.1: Definition of the system

The solutions for the following cases are given,

• General solution (inertia terms neglected)

• Solution for fully saturated soil (the inertia terms neglected)

144
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• Solution for fully saturated soil (the inertia terms included)

B.1 General solution (inertia terms neglected)

The solution given by Yamamoto, for semi infinite half plane:

p+ =
{[

1− imω′′

−λ′′ + i(1 + m)ω′′
]
exp(−λy) +

+
[ imω′′

−λ′′ + i(1 + m)ω′′
]
exp(−λ′y)

}
× p0exp[i(λx + ωt)] (B.1)

where

• p+ is the excess pressure, p+ = p− ρg(D − y)

• λ′′ = (λ′ − λ)/λ

• λ′ is given by, λ′2 = λ2 + iγ
kω

[
n
K′ + (1−2ν

2(1−ν)G

]

• ω′′ = β(ω′/λ2)

• ω′ = ω/c, c is the wave celerity, c = ω/λ

• β = (1− ν)/(1− 2ν)

• m = n
K′

G
1−2ν

The velocity can then be found from Darcy’s law, ~v = −gradp+

B.2 Solution for fully saturated soil (the inertia
terms neglected)

In fully saturated soil the apparent modulus of elasticity for water K’ equals
the true modulus of water, K = 1.9×109N/m2. Since G for soils varies from
about 105N/m2 for silt and clay to about 108N/m2 for very dense sand, the
ratio G

K′ −→ 0 for most soils except for dense sand. Therefore m −→ 0, and
the above equation changes to,

p+ = p0exp(−λy)exp[i(λx + ωt)] (B.2)

The same applies in the case of very high permeability, k −→∞⇒ ω′′ −→ 0.
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B.3 Solution for fully saturated soil (the inertia
terms included)

Engelunds solution for the transient case is based on the governing equations
of the following form,

The equation of motion:

∂~u

∂t
= −grad(gy +

p

ρ
)− g

k
~u (B.3)

expressing the frictional resistance between grain and fluid as proportional
to the velocity (Darcy’s law for laminar flow). Since the flow velocity can be
decided by the gradient of a scalar in the same way as a potential flow, the
eq. of motion can be expressed by the scalar in stead of the velocity,

~u = −gradϕ or (B.4)
∂~u

∂t
= −grad

∂ϕ

∂t

and the equation of motion expressed by the scalar ϕ is then,

∂ϕ

∂t
+

g

k
ϕ = g(y +

p

γ
) = g

(p+)
γ

(B.5)

The continuity equation:
div~u = 0 (B.6)

The combination of eq. (B.5) and (B.6) gives the Laplace equation for the
excess pressure p+, where the following boundary conditions must be ap-
plied,

• Upper boundary, at bed surface (y=0): p+ is decided by the pressure
field for sinusoidal wave theory,

(p+)
γ

= C cos(λx− ωt) (B.7)

with C =
H/2

cosh(2πD
L )

• Lower boundary, at the border to an underlying impermeable layer no
vertical velocity can be present,

y = −b : v = 0 =
∂ϕ

∂y
(B.8)
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When the excess pressure is known the potential ϕ can then be found from
the equation of motion. Finally the velocity components can be found from
(B.4).

Determination of the excess pressure p+:

div~v = div(−gradϕ) = 0 ⇒
0 = divgrad

[
k
(p+)

γ
+

k

g

∂ϕ

∂t

]

= kdivgrad
[(p+)

γ

]
+

k

g

∂

∂t
(divgradϕ) ⇒

0 = divgrad
[(p+)

γ

]
or

0 = 4(p+)
γ

(B.9)

A method for solving the Laplace equation is by separation of the variables.

The excess pressure is a function of x,y and t, and eq. (B.9) may also be
written as,

[p+(x, y, t)
γ

]
xx

+
[p+(x, y, t)

γ

]
yy

= 0

Based on the upper boundary condition, x and t are gathered in the variable
θ = λx+ωt (⇒ ∂2

∂x2 = λ2 ∂2

∂θ2 ) , and the above equation can then be written
as,

λ2
[(p+(θ, y))

γ
)
]
θθ

+
[(p+(θ, y))

γ
)
]
yy

= 0

With separation of the variables it is then assumed that the solution to p+

is on the form,

[p+(θ, y)]
γ

= f(θ)Z(y) (B.10)

and therefore,

λ2f ′′Z + fZ ′′ = 0 ⇒
−λ2 f ′′

f
=

Z ′′

Z
= β2

⇒
{

f ′′ + β2

λ2 f = 0
Z ′′ − β2Z = 0
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With the solutions

f = A1 cos β
λθ + A2 sin β

λθ = A cos(β
λθ + φ)

Z = B1e
λy + C1e

−λy = B2(eλy + e−λy) + C2(eλy + e−λy)
= B2 coshλy + C2 sinhλy

where A’s and B’s are constants.

According to eq. (B.10) the excess pressure p+ is then

p+

γ
= (B2 coshλy + C2 sinhλy)A cos(β

λθ + φ)

= (B coshλy + C sinhλy) cos(β
λθ + φ)

In f the origin can be chosen arbitrarily so that φ = 0. Furthermore the
solution must be periodic with θ = 2π, therefore β

λ = 1. The above equation
changes to,

p+

γ
= (B coshλy + C sinhλy) cos θ

Using the form eq. (B.10), the functions f and Z are now,

f = cos θ

Z = B coshλy + C sinhλy

The constants B and C can be found from the boundary conditions,

The lower boundary, eq. (B.8):

∂ϕ

∂y
= 0

used together with the derivative of eq. (B.5),

∂

∂y

[∂ϕ

∂t
+

g

k
ϕ
]

=
∂

∂y

[
g
(p+)

γ

]
⇒

∂ϕ

∂y
=

∂

∂y

[
k
(p+)

γ

]
+

k

g

∂

∂t

∂ϕ

∂y
= 0 ⇒

∂

∂y

[
k
(p+)

γ

]
= 0
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leads to

Z ′(−b) = 0 ⇒
λB sinh(−λb) + λC cosh(−λb) = 0 ⇒
C = −B

sinh(−λb)
cosh(−λb)

= B
sinh(λb)
cosh(λb)

and thereby

Z(y) = B(coshλy +
sinhλb

coshλb
sinhλy)

=
B

coshλb
(coshλy coshλb + sinhλy sinhλb)

=
B

coshλb
cosh(λy + λb)

The upper boundary, eq. (B.7):

(p+)
γ

= C cos(λx− ωt)

leads to,

Z(0) =
B

coshλb
coshλb = C ⇒

B = C

and finally,

(p+)
γ

=
C

cosh(λb)
cosh(λ(y + b)) cos(λx− ωt) (B.11)

determination of the potential ϕ:

The scalar ϕ can now be found from eq. (B.5),

∂ϕ

∂t
+

g

k
ϕ = g(

(p+)
γ

Eq. (B.5) is a linear 1.st order differential equation. The solution is obtained
by multiplying all terms with e

R g
k
dt = e

g
k
t,
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e(
g
k t)∂ϕ

∂t
+ e(

g
k t) g

kϕ(t) = e(
g
k t)g(y + p(t)

γ ) ⇒
∂

∂t
[e(

g
k t)ϕ(t)] = e(

g
k t)g(y + p(t)

γ ) ⇒

ϕ(t) = e−( g
k t)

{∫
e(

g
k t)(g(y + p(t)

γ )) + const
}

(B.12)

The solution for p+ (eq.(B.11)) is inserted,

ϕ(t) = e−( g
k t)

{
g

∫
e(

g
k t)f(x, y) cos(λx− ωt)dt + const

}

= gf(x, y)e−( g
k t)

{∫
e(

g
k t) cos(λx− ωt)dt + const

}

= gf(x, y)e−( g
k t)

{∫
e(

g
k t)

(
cos(λx) cos(ωt)dt +

+ sin(λx) sin(ωt)dt

)
+ const

}

ϕ(t) = gC
cosh(λ(y + b))

cosh(λb)
e−( g

k t) ×

×
{

cos(λx)
∫

e(
g
k t) cos(ωt)dt

︸ ︷︷ ︸
(1)

+

sin(λx)
∫

e(
g
k t) sin(ωt)dt

︸ ︷︷ ︸
(2)

+const

}
(B.13)

In the following the integrations (1) and (2) will be addressed,

(1):

∫
e(

g
k t) cos(ωt)dt =

=
e(

g
k t)

{
g
k cos(ωt) + ω sin(ωt)

}

( g
k )2 + ω2

=
k
g e(

g
k t)

{
cos(ωt) + kω

g sin(ωt)
}

1 + k2ω2

g2
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Introducing the constant δp defined by

δp =
kω

g
(B.14)

the counter in the above expression can be written as

cos(ωt) +
kω

g
sin(ωt) =

1
cos δp

[
cos(ωt) cos δp +

sin δp sin(ωt)
]

=
cos(ωt− δp)

cos δp

and the denominator can be written as,

1 +
k2ω2

g2
= 1 + tan2 δp =

cos2 δp + sin2 δp

cos2 δp

=
1

cos2 δp

and thereby,
∫

e(
g
k t) cos(ωt)dt = k

g e(
g
k t) cos δp cos(ωt− δp)

The same procedure applies for

(2):

∫
e(

g
k t) sin(ωt)dt =

=
e(

g
k t)

{
g
k sin(ωt)− ω cos(ωt)

}

( g
k )2 + ω2

=
k
g e(

g
k t)

{
sin(ωt)− kω

g cos(ωt)
}

1 + k2ω2

g2

and

sin(ωt)− kω

g
cos(ωt) =

1
cos δp

[
sin(ωt) cos δp −

sin δp cos(ωt)
]

=
sin(ωt− δp)

cos δp
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gives
∫

e(
g
k t) sin(ωt)dt = k

g e(
g
k t) cos δp sin(ωt− δp)

By inserting these expressions for the integrations (1) and (2) in eq. (B.13),
ϕ can be found,

ϕ = gC
cosh(λ(y + b))

cosh(λb)
e−( g

k t)
{

cos(λx)k
g e(

g
k t) cos δp cos(ωt− δp) +

+ sin(λx)k
g e(

g
k t) cos δp sin(ωt− δp)

}

= kC
cosh(λ(y + b))

cosh(λb)
cos δp

{
cos(λx) cos(ωt− δp) + sin(λx) sin(ωt− δp)

}

ϕ = kC
cosh(λ(y + b))

cosh(λb)
cos δp cos(λx− ωt + δp) (B.15)

The velocity can then be found from (B.4),

u = −∂ϕ

∂x
= λkC

cosh(λ(y + b))
cosh(λb)

cos δp sin(λx− ωt + δp)

v = −∂ϕ

∂y
= −λkC

sinh(λ(y + b))
cosh(λb)

cos δp cos(λx− ωt + δp) (B.16)

solution for semi infinite half space:

If the permeable sand layer is of infinite thickness as in the solution by
Yamamoto, the lower boundary condition for the Laplace equation for the
excess pressure changes to,

Lower boundary: Both velocity components must tend to zero.

y → −∞ :
∂ϕ

∂y
= v → 0

∂ϕ

∂x
= u → 0

Using these conditions together with the respective derivatives of eq. (B.5)
in the same way as before leads to

∂

∂x

[p+

γ

]
= 0 (B.17)
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∂

∂y

[p+

γ

]
= 0 (B.18)

The condition (B.18) is always fulfilled together with the condition (B.17).

The condition (B.17) gives

Z ′(y) = λB sinhλy + λC coshλy

= 1
2λB(eλy − e−λy) + 1

2λC(eλy + e−λy)

→ λ(−Be−λy + Ce−λy for y → 0
Z ′(y) → 0 ⇒ B = C for y → 0

and thereby

Z(y) = B(coshλy + sinhλy)

The upper boundary condition, eq. (B.7), still requires

(p+)
γ

= C cos(λx− ωt)

and therefore,

Z(0) = B(cosh 0 + sinh 0) = C ⇒
B = C

The solution for the excess pressure p+, then changes to,

(p+)
γ

= C(coshλy + sinhλy) cos(λx− ωt) or

(p+)
γ

= Ceλy cos(λx− ωt) (B.19)

and the solution for ϕ changes according to eq. (B.12) to,

ϕ = kCeλy cos δp cos(λx− ωt + δp) (B.20)

with velocity components given by,

u = −∂ϕ

∂x
= λkCeλy cos δp sin(λx− ωt + δp)

v = −∂ϕ

∂y
= −λkCeλy cos δp cos(λx− ωt + δp) (B.21)
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solution for semi infinite half space, inertia terms neglected:

Eq. (B.5) changes to,

g

k
ϕ = g(y +

p

γ
) = g

(p+)
γ

(B.22)

With the excess pore pressure given by eq. (B.19) the solution for ϕ becomes,

ϕ = kCeλy cos(λx− ωt) (B.23)

which is similar to the solution by Yamamoto (eq. (B.2)). The velocity com-
ponents for this case can then be found by,

u = −∂ϕ

∂x
= λkCeλy sin(λx− ωt)

v = −∂ϕ

∂y
= −λkCeλy cos(λx− ωt) (B.24)



Appendix C

High Reynolds number
transition - a feature of the
LES

In chapter 4, it was found that the simulated wave boundary layer showed
(however insignificant) features of transition, namely a small ’hump’ in the
mean bed shear stress prior to reversal of the near-bed velocity, and corre-
spondingly increased r.m.s. values of the bed shear stress in this phase range.

The same feature shows in some cases of the simulated combined wave-
current boundary layer. The computations for the combined wave-current
boundary layer was initially performed for a larger superimposed current, i.e.
for Rec = 3.8× 105, and the ratio Vc/U0m = 0.3. The combined flow should
still be in the wave dominated regime, and thus be fully turbulent, which is
also evident from the results of the mean bed shear stress. However, as seen
from fig. 5.2, a pronounced amplification of the near-bed velocity signal and
in the bed shear stress is seen during the deceleration in the 1. half-period.

Accordingly, a pronounced 2. peak is seen on the mean bed shear stress
during the deceleration in the 1. half period only, fig. 5.2.

Simulations of the combined flow (Vc/U0m = 0.3) subject to three levels
of constant injection was likewise performed. With constant injection, the
flow rate decreases due to increased flow resistance, as found in chapter
5. Therefore the resulting combined flow corresponds to superposition of
smaller currents. Except for the highest injection rate, where the current
was significantly reduced, the 2. peak appeared during deceleration in the
1. half-period for all cases. These are presented in fig. C.1.

The drastic increase in the mean bed shear stress begins already just before

155
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Figure C.1: Computed mean bed shear stress

90o, i.e. when the favorable pressure gradient is small. The 2. peak is caused
by the locally increased turbulence, indicated in the larger r.m.s. values in
fig. C.2.
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Figure C.2: r.m.s. of bed shear stress

The increased turbulence levels are of course also evident from the r.m.s. val-
ues of the velocity. Fig. C.3 shows the streamwise r.m.s. component in phase
space for two injection rates, compared with the pure oscillatory undisturbed
case. In the cases with injection, the increased turbulence levels from around
90o shows as ’dimples’ in the contour lines, which are not found in the pure
oscillatory boundary layer.
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As mentioned in chapter 4, the 2. peak is normally found from measurements
of transitional wave Re-numbers, i.e. wave-Re-numbers around 2.9× 105,
and is caused by turbulent bursts passing the measuring probes. For the
present case, the combined wave-current boundary layer is fully turbulent.
However, from the y-z cross sections shown in fig. C.4, it is seen that a tran-
sition clearly occurs between 45o and 75o, where the turbulence becomes
significantly increased, in a way not seen in the other simulations.

As LES may be regarded as a DNS of a more viscous fluid, namely a fluid
with the effective viscosity νef = νvisc + νsgs, baring in mind that the effec-
tive viscosity is a field variable, the effective Re was estimated based on the
computed sub-grid viscosity for the various cases. The ’typical’ sub-grid vis-
cosity used in the estimations was chosen at 90o, from where the secondary
peaks starts appearing, and as an approximate mean value close to the bed,
where the sub-grid viscosity is highest. The effective max. velocity for the
combined flow case with injection is found from fig. C.6, and the associated
sub-grid viscosity from fig. C.7 The results are gathered in table C.5.

flow case typical max. umax [m/s] effective Re
mean value of

νsgs [m2/s]
wave boundary layer, 1.8e-05 2.0 3.4× 105

vi,s/U0m = 0
wave boundary layer, 2.0e-5 2.0 3.1× 105

vi/U0m = 0.005
wave boundary layer, 1.8e-05 2.0 3.4× 105

vs/U0m = 0.005
wave boundary layer, 1.7e-05 1.9 3.5× 105

vimax/U0m = 0.0006
wave boundary layer, 1.9e-05 2.1 3.4× 105

vsmax/U0m = 0.0006
wave-current boundary layer, 1.8e-05 2.1 3.6× 105

vi,s = 0, V0m = 0.06
wave-current boundary layer, 3.0e-05 2.7 2.8× 105

vi,s = 0, Vc/U0m = 0.3
wave-current boundary layer, 2.4e-05 2.6 2.9× 105

vi = 0.0025, Vc/U0m = 0.3
wave-current boundary layer, 2.4e-05 2.5 3.2× 105

vi = 0.005, Vc/U0m = 0.3

Figure C.5: Estimated effective Re



APPENDIX C. HIGH REYNOLDS NUMBER TRANSITION - A FEATURE OF THE LES160

Obviously, there is a tendency of effective Re-numbers around 3.× 105,
where transition from laminar to turbulent wave boundary layers occur.
According to the measurements by Jensen et al (1989) the secondary peak
is known to appear at Re of 2.9× 105, whereas no peak appear for Re of
1.6× 105 and for 6.5× 105. The lowest values, namely around 2.9× 105 are
found in some of the combined flow cases. Also, the ’hump’ in the bed shear
stress found for the pure oscillatory boundary layer may be explained by
this argument.
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Figure C.6: mean velocity for the combined wave-current boundary layer
subject to injection
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Figure C.7: computed sub-grid scale viscosity for the combined wave-current
boundary layer subject to injection



Appendix D

z-y cross sections

D.1 Undisturbed boundary layer

162



APPENDIX D. Z-Y CROSS SECTIONS 163

z [m]

y
[m

]

0.1 0.15 0.2 0.25

0.01

0.02

0.03

0.04

0.05

ωt = 30° 0.2 m/s

z [m]

y
[m

]

0.1 0.15 0.2 0.25

0.01

0.02

0.03

0.04

0.05

ωt = 0° 0.2 m/s

z [m]

y
[m

]

0.1 0.15 0.2 0.25

0.01

0.02

0.03

0.04

0.05

ωt = 45° 0.2 m/s

Figure D.1: z-y cross sections, 0o, 30o, 45o; undisturbed wave boundary layer
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Figure D.2: z-y cross sections, 75o, 90o, 120o; undisturbed wave boundary
layer
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Figure D.3: z-y cross sections, 135o, 165o, 180o; undisturbed wave boundary
layer
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D.2 Ventilated wave boundary layer
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Figure D.4: z-y cross sections, 0o, 30o, 45o; ventilated wave boundary layer
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Figure D.5: z-y cross sections, 75o, 90o, 120o; ventilated wave boundary layer
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Figure D.6: z-y cross sections, 135o, 165o, 180o; ventilated wave boundary
layer
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Figure D.7: z-y cross sections, 180o, 210o, 225o; ventilated wave boundary
layer
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Figure D.8: z-y cross sections, 255o, 270o, 300o; ventilated wave boundary
layer
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Figure D.9: z-y cross sections, 315o, 345o, 0o; ventilated wave boundary layer
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x-y cross sections
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Figure E.1: x-y cross sections, 0o, 30o, 45o; undisturbed wave boundary layer
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Figure E.2: x-y cross sections, 75o, 90o, 120o; undisturbed wave boundary
layer
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Figure E.3: x-y cross sections, 135o, 165o, 180o; undisturbed wave boundary
layer
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E.2 Ventilated wave boundary layer
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Figure E.4: x-y cross sections, 0o, 30o, 45o; ventilated wave boundary layer
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Figure E.5: x-y cross sections, 75o, 90o, 120o; ventilated wave boundary layer
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Figure E.6: x-y cross sections, 135o, 165o, 180o; ventilated wave boundary
layer
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Figure E.7: x-y cross sections, 180o, 210o, 225o; ventilated wave boundary
layer
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Figure E.8: x-y cross sections, 255o, 270o, 300o; ventilated wave boundary
layer
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Figure E.9: x-y cross sections, 315o, 345o, 0o; ventilated wave boundary layer
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x-z cross sections

F.1 Undisturbed boundary layer
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Figure F.1: x-z cross sections, 0o, 30o, 45o; undisturbed wave boundary layer
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Figure F.2: x-z cross sections, 75o, 90o, 120o; undisturbed wave boundary
layer
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Figure F.3: x-z cross sections, 135o, 165o, 180o; undisturbed wave boundary
layer
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F.2 Ventilated wave boundary layer



APPENDIX F. X-Z CROSS SECTIONS 189

x [m]

z
[m

]

0.2 0.4 0.6 0.8

0.05

0.1

0.15

0.2

0.25

0.3

0.35

ω t = 0° 0.2 m/s

x [m]

z
[m

]

0.2 0.4 0.6 0.8

0.05

0.1

0.15

0.2

0.25

0.3

0.35

ω t = 45° 0.2 m/s

x [m]

z
[m

]

0.2 0.4 0.6 0.8

0.05

0.1

0.15

0.2

0.25

0.3

0.35

ω t = 30° 0.2 m/s

Figure F.4: x-z cross sections, 0o, 30o, 45o; ventilated wave boundary layer
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Figure F.5: x-z cross sections, 75o, 90o, 120o; ventilated wave boundary layer
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Figure F.6: x-z cross sections, 135o, 165o, 180o; ventilated wave boundary
layer
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Figure F.7: x-z cross sections, 180o, 210o, 225o; ventilated wave boundary
layer
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Figure F.8: x-z cross sections, 255o, 270o, 300o; ventilated wave boundary
layer
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Figure F.9: x-z cross sections, 315o, 345o, 0o; ventilated wave boundary layer



Appendix G

Results, undisturbed wave
boundary layer

Tables,

Tabel 1. Ensemble averaged velocity 〈u〉 [mm/s], 0o to 75o.

Tabel 2. Ensemble averaged velocity 〈u〉 [mm/s], 90o to 165o.

Tabel 3. Streamwise r.m.s. velocity urms [mm/s], 0o to 75o.

Tabel 4. Streamwise r.m.s. velocity urms [mm/s], 90o to 165o.

Tabel 5. Vertical r.m.s. velocity vrms [mm/s], 0o to 75o.

Tabel 6. Vertical r.m.s. velocity vrms [mm/s], 90o to 165o.

Tabel 7. Spanwise r.m.s. velocity wrms [mm/s], 0o to 75o.

Tabel 8. Spanwise r.m.s. velocity wrms [mm/s], 90o to 165o.

Tabel 9. Reynolds stress [N/m2], 0o to 75o.

Tabel 10. Reynolds stress [N/m2], 90o to 165o.

Note that 4o have been added to the phase values in the tables, compared
to the phase values generally given in the figures in the thesis. This is in
agreement with the applied volume force in the computations.
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APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER196

y [mm] 4o 19o 34o 49o 64o 79o

0.03 33.12 73.67 107.05 126.12 130.59 121.66
0.09 96.76 181.80 233.57 259.52 265.42 253.89
0.17 149.77 257.31 317.44 346.90 353.71 341.05
0.26 193.80 317.71 384.65 417.23 424.96 411.43
0.36 231.38 370.07 443.79 479.69 488.45 474.11
0.49 264.11 417.97 499.19 538.90 548.92 533.73
0.65 292.88 463.53 553.46 597.71 609.29 593.19
0.84 318.03 508.11 608.41 658.19 671.75 654.68
1.06 339.50 552.60 665.42 721.97 738.07 720.02
1.33 357.09 597.49 725.54 790.38 809.75 790.79
1.65 370.66 642.77 789.37 864.40 888.01 868.37
2.04 380.33 687.77 857.05 944.56 973.68 953.82
2.50 386.53 730.91 927.99 1030.86 1067.16 1047.81
3.06 389.88 769.51 1000.70 1122.56 1168.27 1150.56
3.73 391.03 800.60 1072.47 1217.99 1276.07 1261.58
4.53 390.53 822.76 1139.00 1314.16 1388.52 1379.45
5.50 388.76 836.82 1194.49 1406.30 1501.96 1501.34
6.66 385.90 845.07 1234.30 1487.82 1610.60 1622.41
8.04 382.06 849.21 1259.27 1552.01 1706.78 1735.79
9.71 376.96 850.54 1273.44 1596.42 1783.60 1834.42
11.71 370.61 849.79 1280.32 1623.67 1839.40 1913.81
14.11 362.11 846.53 1282.79 1638.48 1876.17 1973.27
16.98 350.37 840.74 1282.91 1645.69 1897.70 2013.86
20.44 336.46 832.26 1279.64 1647.74 1908.49 2038.16
24.36 319.75 820.49 1272.64 1645.23 1911.46 2051.00
28.43 302.23 808.95 1264.96 1640.11 1911.43 2056.05
32.50 285.12 796.04 1255.51 1633.32 1908.72 2057.39
36.57 267.04 781.31 1244.44 1625.82 1903.44 2056.92
40.64 249.03 766.16 1233.75 1616.69 1897.25 2053.71
44.71 231.39 751.85 1222.76 1606.72 1889.64 2048.74
48.78 215.15 737.93 1208.91 1597.19 1881.68 2042.52
52.85 198.71 723.87 1197.34 1587.38 1872.90 2035.63
56.92 183.78 709.26 1185.37 1577.35 1864.01 2028.54
60.99 170.08 695.39 1172.70 1566.89 1854.89 2021.72
65.06 157.48 682.28 1160.50 1556.50 1846.12 2013.87
69.13 146.26 670.41 1148.63 1546.48 1837.09 2006.32
73.20 135.96 658.95 1138.11 1536.43 1828.77 1998.75
77.27 127.07 649.06 1127.11 1527.32 1820.35 1991.30
81.34 118.95 639.93 1117.55 1518.17 1812.79 1984.27
85.41 111.81 632.13 1108.97 1509.33 1805.17 1977.38
89.48 105.82 624.85 1100.74 1501.10 1797.57 1971.17
93.55 100.03 618.41 1093.26 1493.46 1790.74 1964.92
97.62 95.68 613.32 1086.89 1486.72 1783.60 1959.16
101.69 92.46 608.78 1082.01 1481.00 1777.04 1954.11
105.76 89.96 605.45 1078.48 1476.35 1771.74 1948.82
109.83 87.99 603.06 1075.32 1472.30 1766.81 1942.94
113.90 87.44 601.83 1072.70 1468.96 1762.71 1938.31
117.97 87.68 600.05 1069.71 1464.80 1757.67 1932.38



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER197

y [mm] 94o 109o 124o 139o 154o 169o

0.03 103.36 83.81 69.23 48.03 14.72 -8.06
0.09 228.73 198.77 173.54 132.87 49.03 -23.32
0.17 312.93 278.80 249.26 200.04 86.30 -35.41
0.26 380.98 343.82 311.44 256.72 124.12 -43.07
0.36 441.40 401.45 366.64 307.35 161.31 -45.80
0.49 498.58 455.69 418.38 354.49 197.25 -43.82
0.65 555.29 509.08 468.90 399.74 231.53 -37.95
0.84 613.61 563.55 519.85 444.18 263.91 -29.37
1.06 675.32 620.73 572.54 488.53 294.38 -19.20
1.33 742.03 682.07 628.06 533.22 323.08 -8.23
1.65 815.14 748.91 687.21 578.44 350.33 3.04
2.04 895.88 822.32 750.45 624.19 376.39 14.35
2.50 985.09 903.00 817.71 670.25 401.44 25.53
3.06 1083.17 991.11 888.40 716.28 425.58 36.56
3.73 1189.87 1086.09 961.46 761.62 448.90 47.38
4.53 1303.97 1186.48 1035.52 805.46 471.28 57.94
5.50 1422.99 1289.80 1108.58 847.21 492.92 68.39
6.66 1542.82 1392.68 1178.59 886.34 513.58 78.77
8.04 1658.00 1490.88 1243.91 923.79 533.83 89.38
9.71 1761.61 1580.12 1305.17 960.44 555.08 100.11
11.71 1850.28 1658.85 1362.52 996.12 576.54 112.64
14.11 1923.36 1729.65 1417.48 1032.95 600.46 126.65
16.98 1979.64 1791.57 1470.90 1072.59 627.04 144.05
20.44 2020.54 1844.30 1524.32 1116.80 656.69 164.91
24.36 2044.05 1883.81 1573.85 1159.86 689.95 188.47
28.43 2056.05 1908.86 1614.12 1196.67 722.14 212.12
32.50 2063.88 1923.03 1642.19 1229.91 751.57 235.51
36.57 2069.00 1933.51 1661.39 1257.88 778.94 257.98
40.64 2070.83 1942.24 1674.77 1281.13 804.02 279.87
44.71 2070.64 1948.70 1685.23 1298.69 824.72 300.04
48.78 2067.96 1951.52 1692.96 1313.37 841.91 318.50
52.85 2064.69 1951.93 1698.93 1324.80 856.05 334.81
56.92 2059.84 1951.07 1702.76 1333.83 868.29 349.26
60.99 2053.93 1948.94 1706.21 1340.84 878.51 361.41
65.06 2047.04 1944.77 1707.07 1345.55 887.61 372.72
69.13 2041.29 1939.57 1705.65 1349.36 895.46 382.50
73.20 2033.99 1934.53 1702.29 1351.71 902.01 391.24
77.27 2028.14 1928.55 1699.38 1352.30 907.40 398.34
81.34 2021.51 1922.98 1695.73 1351.25 911.16 404.77
85.41 2015.70 1917.86 1691.95 1350.18 913.63 410.26
89.48 2010.61 1912.82 1688.86 1349.11 915.18 414.89
93.55 2004.98 1908.99 1685.58 1347.55 915.64 418.38
97.62 1999.89 1905.36 1682.52 1345.48 914.85 420.26
101.69 1995.04 1902.78 1680.75 1344.03 914.27 420.43
105.76 1991.58 1899.94 1677.67 1342.69 913.84 420.56
109.83 1987.72 1897.17 1675.62 1340.40 911.50 420.07
113.90 1983.52 1892.59 1673.71 1337.30 910.11 419.25
117.97 1978.44 1891.85 1673.33 1335.93 907.37 417.57



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER198

y [mm] 4o 19o 34o 49o 64o 79o

0.03 6.55 8.67 12.94 16.90 19.76 21.88
0.09 18.09 18.25 23.27 28.39 32.72 37.18
0.17 26.55 24.05 29.45 35.33 40.57 46.38
0.26 33.12 28.52 34.28 40.79 46.75 53.59
0.36 38.58 32.33 38.51 45.60 52.21 59.92
0.49 43.33 35.80 42.47 50.17 57.40 65.91
0.65 47.61 39.08 46.38 54.74 62.61 71.88
0.84 51.61 42.27 50.39 59.50 68.05 78.08
1.06 55.45 45.39 54.59 64.59 73.89 84.72
1.33 59.15 48.40 59.04 70.12 80.29 91.96
1.65 62.59 51.15 63.74 76.16 87.36 99.96
2.04 65.62 53.39 68.56 82.71 95.16 108.81
2.50 68.03 54.77 73.17 89.60 103.63 118.48
3.06 69.67 55.08 76.93 96.43 112.51 128.80
3.73 70.62 54.82 78.78 102.44 121.25 139.27
4.53 70.96 54.72 77.35 106.28 128.74 148.91
5.50 71.06 55.17 71.73 106.03 133.20 156.05
6.66 70.97 55.86 63.39 99.69 132.26 158.25
8.04 71.06 56.64 56.33 87.15 123.91 153.16
9.71 71.88 57.53 52.74 71.98 108.36 140.31
11.71 72.67 58.88 51.66 59.46 89.15 121.03
14.11 73.63 60.53 52.00 52.12 70.79 98.93
16.98 74.41 62.63 53.63 49.82 57.35 78.32
20.44 74.54 64.14 55.78 49.90 50.73 62.93
24.36 75.28 66.23 58.03 51.68 49.83 55.72
28.43 75.02 67.77 59.75 53.75 51.20 53.76
32.50 74.74 68.71 61.29 55.53 52.85 53.63
36.57 73.48 69.25 62.56 56.97 53.90 53.93
40.64 71.85 68.41 62.77 57.90 54.96 54.07
44.71 70.34 66.71 62.90 58.37 55.92 54.88
48.78 68.11 65.15 62.16 57.89 55.86 55.16
52.85 64.47 63.34 61.42 58.35 55.97 55.77
56.92 60.79 60.09 60.23 57.91 56.16 55.72
60.99 57.33 57.81 58.37 56.94 55.90 55.30
65.06 53.22 54.84 56.55 56.34 54.72 55.35
69.13 49.51 51.84 54.86 55.23 53.54 54.74
73.20 45.97 47.97 51.84 52.93 52.35 53.37
77.27 43.39 44.48 48.14 50.56 51.40 52.34
81.34 40.20 41.25 45.01 48.10 50.47 51.08
85.41 37.91 38.51 41.17 45.11 48.41 50.12
89.48 36.18 35.86 38.53 42.20 45.99 48.41
93.55 34.84 33.78 35.85 39.25 43.45 46.66
97.62 33.97 32.61 33.23 36.82 40.53 44.50
101.69 33.77 31.24 31.50 34.67 37.60 42.36
105.76 33.95 30.56 30.27 32.30 35.08 40.81
109.83 34.33 30.56 29.49 30.69 33.58 38.69
113.90 36.22 32.19 29.76 30.11 32.63 38.12
117.97 40.81 36.28 32.74 31.60 33.23 39.52



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER199

y [mm] 94o 109o 124o 139o 154o 169o

0.03 27.07 34.90 39.64 29.63 14.15 6.60
0.09 48.53 67.63 84.08 72.80 43.57 21.22
0.17 61.31 87.11 111.05 100.96 69.79 36.73
0.26 71.24 102.04 131.39 121.94 91.37 52.21
0.36 79.86 114.78 148.34 138.89 108.64 66.70
0.49 87.91 126.43 163.40 153.29 122.27 79.16
0.65 95.83 137.61 177.33 165.86 132.79 88.85
0.84 103.93 148.74 190.57 176.95 140.61 95.59
1.06 112.45 160.08 203.35 186.64 146.11 99.84
1.33 121.61 171.82 215.66 194.80 149.63 102.29
1.65 131.55 183.99 227.27 201.22 151.48 103.44
2.04 142.32 196.45 237.72 205.64 151.86 103.68
2.50 153.81 208.77 246.32 207.90 150.89 103.30
3.06 165.64 220.29 252.29 207.94 148.91 102.42
3.73 177.06 230.06 255.08 205.64 146.01 101.10
4.53 186.79 236.93 254.47 201.27 142.51 99.62
5.50 193.07 239.44 250.02 195.00 138.30 97.97
6.66 194.10 236.46 241.73 187.31 134.09 96.40
8.04 188.02 226.68 230.32 179.26 129.39 94.92
9.71 174.45 210.29 216.14 170.70 125.39 93.96
11.71 154.59 190.35 201.06 161.59 122.96 93.12
14.11 131.79 167.27 184.12 153.45 119.10 92.46
16.98 107.13 141.03 166.23 145.23 115.73 90.77
20.44 84.64 112.06 144.94 135.55 112.24 89.18
24.36 70.26 90.70 121.95 127.20 110.22 88.28
28.43 64.72 78.41 101.82 116.45 104.38 86.78
32.50 62.05 72.29 86.48 104.74 99.32 85.56
36.57 59.92 68.89 76.85 93.42 91.89 82.69
40.64 58.94 66.06 70.32 83.50 83.72 79.53
44.71 59.34 65.62 65.70 74.49 77.29 75.29
48.78 58.88 63.78 63.03 66.46 70.81 71.08
52.85 59.73 62.37 61.50 61.34 64.97 66.81
56.92 58.61 61.74 60.12 56.65 59.86 62.49
60.99 57.91 61.40 58.69 53.47 55.47 57.80
65.06 57.44 60.53 57.22 51.44 51.61 52.56
69.13 57.07 60.65 57.63 49.99 48.73 48.83
73.20 56.46 59.00 56.63 49.26 45.66 45.37
77.27 55.40 58.44 56.26 48.49 43.10 42.45
81.34 54.37 57.55 55.97 48.11 41.67 39.99
85.41 53.86 56.01 55.09 47.83 40.98 38.23
89.48 52.58 55.39 54.12 47.72 40.33 36.52
93.55 50.53 54.49 53.68 47.88 40.52 35.56
97.62 49.54 53.50 53.56 47.97 40.64 35.34
101.69 48.45 53.43 54.24 48.47 40.79 35.33
105.76 47.55 53.43 54.82 48.29 40.79 35.76
109.83 46.51 53.71 55.16 48.52 41.34 36.01
113.90 46.73 54.35 56.52 50.68 43.25 37.54
117.97 50.40 61.12 64.44 57.98 49.62 42.47



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER200

y [mm] 4o 19o 34o 49o 64o 79o

0.03 0.01 0.01 0.01 0.01 0.01 0.01
0.09 0.11 0.06 0.04 0.03 0.03 0.04
0.17 0.35 0.16 0.10 0.08 0.08 0.09
0.26 0.74 0.31 0.20 0.16 0.14 0.16
0.36 1.31 0.53 0.33 0.26 0.24 0.26
0.49 2.07 0.82 0.51 0.40 0.36 0.39
0.65 3.08 1.20 0.74 0.58 0.52 0.56
0.84 4.36 1.69 1.04 0.81 0.73 0.78
1.06 5.96 2.32 1.42 1.11 0.99 1.07
1.33 7.90 3.10 1.90 1.49 1.33 1.43
1.65 10.20 4.08 2.51 1.97 1.77 1.88
2.04 12.87 5.28 3.27 2.57 2.31 2.45
2.50 15.88 6.76 4.19 3.33 3.00 3.17
3.06 19.26 8.60 5.33 4.26 3.86 4.07
3.73 22.91 10.88 6.71 5.40 4.93 5.18
4.53 26.85 13.72 8.42 6.80 6.26 6.58
5.50 30.87 17.12 10.62 8.51 7.90 8.32
6.66 34.92 21.02 13.49 10.65 9.94 10.49
8.04 38.64 25.13 17.05 13.31 12.47 13.26
9.71 41.97 29.22 21.19 16.71 15.56 16.70
11.71 44.70 33.15 25.41 20.52 19.07 20.74
14.11 47.11 36.58 29.53 24.64 22.60 24.75
16.98 48.94 39.84 33.28 28.67 26.57 28.79
20.44 50.35 42.46 36.49 32.60 30.52 32.83
24.36 51.00 44.59 38.95 35.66 34.18 36.92
28.43 51.44 45.55 40.74 38.10 37.04 39.99
32.50 51.03 46.00 42.01 39.70 38.77 41.62
36.57 50.96 46.01 42.71 40.71 40.26 42.82
40.64 50.09 45.78 42.89 41.43 41.08 43.62
44.71 48.91 45.01 42.94 41.70 41.47 43.91
48.78 47.44 44.16 42.63 41.90 41.52 44.22
52.85 45.93 42.85 42.06 41.77 41.42 44.13
56.92 44.55 41.93 41.35 41.30 41.11 44.01
60.99 43.11 40.28 40.07 40.52 40.95 43.55
65.06 41.59 38.82 38.75 39.68 40.60 43.03
69.13 39.92 37.36 37.34 38.67 39.75 42.12
73.20 38.48 35.63 35.50 37.33 38.99 41.46
77.27 36.75 33.90 33.85 36.03 38.11 40.71
81.34 35.49 32.41 32.28 34.71 36.84 39.67
85.41 34.26 30.98 30.61 33.10 35.63 38.50
89.48 33.18 29.69 28.88 31.35 34.02 36.99
93.55 31.84 28.45 27.38 29.21 32.00 35.72
97.62 30.83 27.19 25.85 27.36 30.28 34.23
101.69 29.65 25.91 24.36 25.47 28.14 32.18
105.76 28.60 24.62 22.81 23.53 26.11 30.14
109.83 26.11 22.59 20.64 20.72 22.58 26.61
113.90 22.29 19.14 16.98 16.56 17.91 21.16
117.97 13.01 11.26 9.19 8.44 8.64 10.23



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER201

y [mm] 94o 109o 124o 139o 154o 169o

0.03 0.01 0.02 0.03 0.03 0.02 0.02
0.09 0.05 0.10 0.17 0.22 0.17 0.14
0.17 0.13 0.23 0.43 0.61 0.56 0.48
0.26 0.23 0.43 0.82 1.21 1.19 1.06
0.36 0.38 0.71 1.35 2.04 2.10 1.95
0.49 0.57 1.07 2.05 3.14 3.32 3.16
0.65 0.81 1.53 2.95 4.54 4.89 4.73
0.84 1.13 2.12 4.08 6.30 6.85 6.64
1.06 1.53 2.86 5.49 8.47 9.22 8.92
1.33 2.03 3.79 7.22 11.11 12.03 11.55
1.65 2.65 4.94 9.33 14.28 15.32 14.55
2.04 3.43 6.34 11.86 17.99 19.10 17.89
2.50 4.40 8.06 14.88 22.32 23.38 21.58
3.06 5.61 10.11 18.43 27.19 28.12 25.52
3.73 7.11 12.57 22.57 32.71 33.25 29.80
4.53 8.99 15.46 27.30 38.58 38.64 34.18
5.50 11.33 18.96 32.59 44.92 44.12 38.77
6.66 14.20 23.08 38.32 51.11 49.46 43.06
8.04 17.62 27.94 44.41 57.45 54.47 47.22
9.71 21.73 33.20 50.02 62.84 58.80 50.72
11.71 26.38 38.69 55.54 67.21 62.33 53.92
14.11 31.16 43.12 59.50 70.02 65.02 56.40
16.98 35.53 47.26 61.89 71.22 66.59 58.38
20.44 39.21 48.84 60.71 70.07 66.25 58.90
24.36 43.79 51.65 59.37 68.87 65.83 59.24
28.43 48.68 55.20 58.53 66.54 64.08 58.94
32.50 52.39 59.49 58.47 63.43 61.79 58.12
36.57 54.30 64.46 60.26 60.44 59.71 56.64
40.64 54.25 66.73 62.82 57.87 56.89 54.77
44.71 53.31 66.81 65.13 56.55 54.34 52.82
48.78 52.33 64.78 65.57 55.70 51.93 50.56
52.85 51.17 62.99 65.49 55.46 50.46 48.35
56.92 50.23 61.34 64.46 54.74 48.87 46.38
60.99 49.31 59.17 62.75 54.56 47.72 44.71
65.06 48.51 56.74 60.66 53.41 46.48 42.63
69.13 47.62 54.62 58.32 52.43 45.09 40.71
73.20 46.55 53.18 56.86 51.38 44.10 39.28
77.27 45.60 52.38 55.30 50.81 43.37 37.89
81.34 44.86 51.88 54.41 50.29 42.71 37.30
85.41 43.55 50.99 53.50 49.08 42.07 36.44
89.48 42.49 50.20 53.13 48.42 41.57 35.66
93.55 41.48 49.53 52.60 47.75 40.92 34.91
97.62 40.92 49.46 52.03 47.46 40.24 34.20
101.69 39.34 47.86 50.46 45.75 38.99 32.99
105.76 37.57 46.32 49.35 45.12 38.07 31.85
109.83 34.16 43.33 46.50 42.45 35.67 29.45
113.90 27.57 36.00 39.64 36.41 29.95 24.63
117.97 13.48 18.15 21.04 18.98 15.47 12.96



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER202

y [mm] 4o 19o 34o 49o 64o 79o

0.03 5.22 3.99 3.08 2.56 2.26 2.27
0.09 15.23 9.79 6.65 5.20 4.52 4.64
0.17 23.54 13.78 8.98 6.89 5.96 6.14
0.26 30.40 16.94 10.81 8.23 7.09 7.30
0.36 36.18 19.62 12.38 9.38 8.06 8.30
0.49 41.14 22.04 13.83 10.44 8.96 9.21
0.65 45.41 24.31 15.21 11.47 9.83 10.08
0.84 49.04 26.50 16.57 12.50 10.70 10.93
1.06 52.03 28.70 17.97 13.56 11.60 11.81
1.33 54.34 30.98 19.44 14.68 12.55 12.73
1.65 55.97 33.42 21.02 15.89 13.57 13.71
2.04 56.92 36.11 22.78 17.23 14.71 14.80
2.50 57.28 39.11 24.81 18.75 16.01 16.04
3.06 57.24 42.34 27.23 20.55 17.55 17.50
3.73 56.94 45.43 30.16 22.74 19.40 19.28
4.53 56.53 47.83 33.65 25.46 21.69 21.49
5.50 56.20 49.09 37.49 28.81 24.46 24.20
6.66 55.95 49.34 41.19 32.73 27.77 27.40
8.04 56.11 49.10 44.17 37.08 31.68 31.08
9.71 56.66 49.01 45.56 41.07 36.25 35.30
11.71 57.48 49.26 45.71 43.58 40.56 39.91
14.11 57.96 49.69 45.49 43.94 43.48 45.05
16.98 58.48 50.29 46.00 43.83 44.23 49.22
20.44 58.71 51.42 46.74 43.91 44.10 50.63
24.36 59.26 53.00 48.05 45.06 44.51 51.34
28.43 59.32 54.26 49.55 45.95 44.87 51.03
32.50 59.59 55.24 50.83 46.54 45.37 50.77
36.57 58.97 55.28 51.11 47.10 46.19 51.22
40.64 57.86 54.57 51.11 47.44 47.13 51.32
44.71 56.76 53.98 50.97 48.02 47.83 51.51
48.78 55.08 52.31 50.28 48.38 48.66 51.70
52.85 52.84 51.27 49.28 48.28 48.24 51.96
56.92 50.28 49.36 48.49 47.82 47.89 51.55
60.99 47.66 47.94 47.31 47.08 47.64 51.08
65.06 45.09 46.00 45.52 46.00 47.06 50.44
69.13 43.37 43.02 43.17 44.10 46.08 49.57
73.20 41.13 40.64 40.81 42.31 44.77 48.62
77.27 38.57 38.35 39.08 40.56 43.14 47.74
81.34 37.18 36.02 36.79 39.20 41.30 47.30
85.41 35.87 34.06 34.55 37.35 40.24 46.41
89.48 34.75 32.63 32.53 35.24 39.10 44.90
93.55 33.75 31.49 31.01 33.67 37.91 43.88
97.62 33.19 30.84 29.88 31.99 36.44 43.34
101.69 33.25 30.02 28.63 30.49 34.80 41.99
105.76 33.30 29.70 28.15 29.46 33.50 41.61
109.83 33.90 30.10 28.29 29.10 33.11 41.81
113.90 37.58 32.26 29.92 30.44 34.70 43.44
117.97 45.35 38.02 34.69 34.72 38.78 48.20



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER203

y [mm] 94o 109o 124o 139o 154o 169o

0.03 2.90 4.83 8.11 10.31 7.87 6.17
0.09 6.15 10.69 19.18 26.97 23.72 19.11
0.17 8.21 14.43 26.45 38.67 37.67 31.71
0.26 9.77 17.24 31.84 47.37 49.08 43.13
0.36 11.08 19.54 36.13 54.16 58.07 52.76
0.49 12.24 21.54 39.72 59.65 65.02 60.23
0.65 13.31 23.35 42.85 64.21 70.30 65.54
0.84 14.35 25.07 45.66 68.08 74.25 69.03
1.06 15.39 26.74 48.28 71.43 77.16 71.19
1.33 16.46 28.44 50.79 74.39 79.28 72.44
1.65 17.60 30.24 53.30 77.06 80.80 73.08
2.04 18.87 32.19 55.87 79.50 81.84 73.32
2.50 20.34 34.34 58.56 81.78 82.51 73.35
3.06 22.11 36.73 61.33 83.98 82.93 73.30
3.73 24.30 39.42 64.05 86.09 83.16 73.26
4.53 26.95 42.49 66.72 87.94 83.32 73.13
5.50 29.99 45.87 69.75 89.40 83.35 72.68
6.66 33.22 49.25 73.12 90.82 83.03 72.05
8.04 36.83 52.26 76.23 91.99 82.87 71.63
9.71 40.97 55.59 78.63 93.25 83.13 71.27
11.71 45.57 59.20 79.15 92.92 83.34 71.23
14.11 50.32 63.25 79.66 90.92 82.70 70.92
16.98 55.79 66.03 79.66 88.82 80.79 70.87
20.44 59.63 66.89 76.14 85.54 78.47 70.56
24.36 63.38 70.67 72.99 80.26 77.24 69.68
28.43 65.46 75.70 73.18 76.30 74.84 68.45
32.50 64.25 77.86 73.66 71.99 71.45 66.45
36.57 62.83 77.07 74.14 68.86 67.29 64.24
40.64 62.29 74.18 74.60 66.29 63.05 61.26
44.71 61.96 70.25 72.62 64.70 60.31 57.69
48.78 60.96 68.27 69.26 63.74 57.61 55.06
52.85 60.51 66.51 66.40 61.88 56.07 52.45
56.92 60.23 65.23 63.93 59.05 53.89 49.86
60.99 58.94 65.46 63.02 56.41 51.62 47.35
65.06 57.01 64.12 62.59 53.56 48.93 45.29
69.13 56.16 62.99 61.69 52.37 46.10 43.15
73.20 55.57 62.69 61.30 52.66 44.34 40.58
77.27 54.79 61.81 61.29 52.91 43.74 38.96
81.34 54.17 60.96 60.60 53.06 43.39 37.56
85.41 54.12 60.38 59.93 52.62 42.93 36.53
89.48 53.58 59.95 59.08 51.87 42.88 36.22
93.55 53.26 60.18 59.42 51.78 43.08 36.50
97.62 52.77 61.38 60.84 52.80 43.67 36.87
101.69 53.15 63.05 61.98 53.94 44.40 37.52
105.76 54.11 64.43 63.14 55.22 45.42 38.36
109.83 54.91 66.41 66.02 57.45 47.47 39.92
113.90 59.04 73.50 75.16 65.39 53.73 44.86
117.97 67.42 89.19 93.90 81.09 65.37 53.25



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER204

y [mm] 4o 19o 34o 49o 64o 79o

0.03 0.057 0.497 1.318 2.015 2.209 1.851
0.09 0.337 1.793 3.399 4.388 4.635 4.192
0.17 0.548 2.185 3.768 4.730 4.987 4.582
0.26 0.643 2.333 3.932 4.909 5.186 4.807
0.36 0.664 2.368 3.972 4.964 5.264 4.915
0.49 0.637 2.335 3.943 4.952 5.280 4.966
0.65 0.575 2.252 3.861 4.890 5.251 4.977
0.84 0.487 2.128 3.735 4.786 5.184 4.958
1.06 0.378 1.966 3.567 4.642 5.084 4.913
1.33 0.256 1.770 3.359 4.460 4.951 4.843
1.65 0.125 1.543 3.111 4.239 4.785 4.749
2.04 -0.011 1.291 2.823 3.978 4.585 4.629
2.50 -0.146 1.024 2.495 3.672 4.345 4.479
3.06 -0.281 0.757 2.131 3.320 4.060 4.295
3.73 -0.414 0.508 1.737 2.921 3.727 4.068
4.53 -0.552 0.288 1.330 2.479 3.342 3.793
5.50 -0.693 0.094 0.939 2.007 2.905 3.466
6.66 -0.844 -0.086 0.591 1.527 2.428 3.082
8.04 -1.005 -0.259 0.300 1.068 1.923 2.647
9.71 -1.169 -0.438 0.056 0.663 1.420 2.166
11.71 -1.319 -0.625 -0.150 0.328 0.948 1.640
14.11 -1.463 -0.815 -0.330 0.056 0.523 1.121
16.98 -1.607 -1.012 -0.523 -0.181 0.178 0.670
20.44 -1.749 -1.199 -0.730 -0.400 -0.087 0.292
24.36 -1.858 -1.399 -0.915 -0.598 -0.345 -0.074
28.43 -1.863 -1.505 -1.072 -0.767 -0.544 -0.341
32.50 -1.847 -1.572 -1.171 -0.911 -0.701 -0.577
36.57 -1.814 -1.607 -1.268 -1.025 -0.834 -0.734
40.64 -1.749 -1.569 -1.298 -1.090 -0.934 -0.829
44.71 -1.670 -1.527 -1.334 -1.126 -0.997 -0.932
48.78 -1.540 -1.475 -1.326 -1.168 -1.046 -1.035
52.85 -1.373 -1.384 -1.308 -1.183 -1.074 -1.073
56.92 -1.209 -1.262 -1.261 -1.178 -1.091 -1.072
60.99 -1.062 -1.137 -1.180 -1.166 -1.094 -1.037
65.06 -0.918 -1.004 -1.090 -1.127 -1.080 -1.076
69.13 -0.780 -0.893 -1.031 -1.075 -1.047 -1.067
73.20 -0.666 -0.752 -0.906 -0.983 -1.005 -1.012
77.27 -0.544 -0.628 -0.806 -0.908 -0.956 -0.958
81.34 -0.446 -0.537 -0.695 -0.813 -0.889 -0.906
85.41 -0.375 -0.446 -0.580 -0.713 -0.812 -0.860
89.48 -0.298 -0.373 -0.482 -0.608 -0.738 -0.781
93.55 -0.222 -0.301 -0.384 -0.500 -0.642 -0.700
97.62 -0.161 -0.227 -0.298 -0.402 -0.530 -0.620
101.69 -0.111 -0.168 -0.224 -0.317 -0.409 -0.512
105.76 -0.058 -0.114 -0.158 -0.227 -0.306 -0.413
109.83 -0.025 -0.072 -0.104 -0.147 -0.201 -0.284
113.90 0.004 -0.036 -0.056 -0.087 -0.120 -0.187
117.97 0.002 -0.006 -0.011 -0.020 -0.026 -0.041



APPENDIX G. RESULTS, UNDISTURBED WAVE BOUNDARY LAYER205

y [mm] 94o 109o 124o 139o 154o 169o

0.03 1.239 0.756 0.489 0.193 0.011 -0.002
0.09 3.285 2.367 1.748 0.916 0.096 -0.010
0.17 3.731 2.852 2.237 1.347 0.234 -0.013
0.26 3.981 3.125 2.526 1.622 0.384 0.002
0.36 4.123 3.301 2.733 1.833 0.533 0.040
0.49 4.214 3.434 2.905 2.015 0.680 0.100
0.65 4.273 3.544 3.063 2.187 0.828 0.179
0.84 4.310 3.643 3.221 2.360 0.978 0.271
1.06 4.330 3.738 3.385 2.541 1.133 0.372
1.33 4.337 3.834 3.563 2.734 1.294 0.478
1.65 4.332 3.933 3.760 2.942 1.464 0.591
2.04 4.314 4.039 3.977 3.161 1.644 0.706
2.50 4.283 4.153 4.217 3.396 1.833 0.831
3.06 4.234 4.271 4.476 3.630 2.030 0.955
3.73 4.160 4.389 4.748 3.879 2.234 1.095
4.53 4.055 4.498 5.009 4.106 2.450 1.233
5.50 3.902 4.576 5.252 4.340 2.660 1.390
6.66 3.700 4.605 5.411 4.523 2.873 1.542
8.04 3.404 4.530 5.531 4.705 3.063 1.728
9.71 3.054 4.320 5.421 4.787 3.212 1.918
11.71 2.578 4.024 5.316 4.847 3.412 2.129
14.11 2.035 3.446 4.911 4.759 3.582 2.322
16.98 1.444 2.756 4.548 4.572 3.636 2.468
20.44 0.946 2.005 3.846 4.350 3.625 2.503
24.36 0.439 1.376 3.040 3.993 3.603 2.593
28.43 0.027 0.799 2.197 3.386 3.302 2.513
32.50 -0.297 0.310 1.562 2.920 3.063 2.440
36.57 -0.567 -0.051 1.063 2.378 2.667 2.320
40.64 -0.769 -0.340 0.568 1.874 2.250 2.108
44.71 -0.973 -0.594 0.192 1.405 1.859 1.888
48.78 -1.086 -0.783 -0.128 0.950 1.511 1.698
52.85 -1.168 -0.967 -0.382 0.562 1.225 1.490
56.92 -1.178 -1.074 -0.531 0.240 0.989 1.261
60.99 -1.135 -1.161 -0.718 -0.039 0.765 1.049
65.06 -1.121 -1.159 -0.836 -0.243 0.519 0.844
69.13 -1.129 -1.174 -0.901 -0.395 0.310 0.646
73.20 -1.104 -1.139 -0.984 -0.487 0.115 0.479
77.27 -1.052 -1.094 -0.979 -0.585 -0.047 0.320
81.34 -1.001 -1.066 -0.932 -0.611 -0.183 0.212
85.41 -0.945 -0.986 -0.896 -0.604 -0.277 0.124
89.48 -0.884 -0.932 -0.819 -0.554 -0.283 0.024
93.55 -0.766 -0.826 -0.727 -0.509 -0.286 -0.042
97.62 -0.694 -0.727 -0.607 -0.450 -0.270 -0.073
101.69 -0.604 -0.594 -0.498 -0.380 -0.233 -0.079
105.76 -0.515 -0.496 -0.372 -0.282 -0.200 -0.093
109.83 -0.366 -0.355 -0.261 -0.187 -0.132 -0.079
113.90 -0.253 -0.209 -0.179 -0.105 -0.106 -0.053
117.97 -0.063 -0.061 -0.048 -0.012 -0.019 -0.016


