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Executive Summary

The objective of the present thesis is to contribute to the understanding of process-related
distortions and stresses in steel structures. The following main aspects are covered:

1. Production strategy emphasising distortion minimisation

2. EÆcient numerical simulation of welding

3. Experimental method for residual stress evaluation

The work concerning production strategy primarily serves to put welding simulation and
residual stress evaluation into an overall perspective and to describe the factors motivating
the present work. However, instead of merely describing the problems caused by geomet-
rical distortions, a new production strategy is proposed with the emphasis on the e�ect of
distortion minimisation. The intention is merely to establish a basis for discussion of the
technological paradigm of a shipyard and its relation to competitive power.

The objective of the second part of the thesis is to enable welding response prediction in
large-scale industrial welding applications. This objective is achieved by the development
of a dedicated 'welding simulation package' using a commercial software as platform for the
software development. Initially, a basic model is established allowing the essential welding
mechanics to be captured. Dynamic activation of �llet elements, dynamic coupling of parts,
contact modelling and tack weld modelling are identi�ed as essential factors for accurate
prediction of the distortion �eld. On this basis, the computational eÆciency is subsequently
increased by the implementation of a graded element and the development of an eÆcient
dynamic mesh re�nement scheme. An investigation of the mesh density in dynamic meshing
shows that good predictions of the qualitative distortion pattern may be obtained with
few elements if the mesh density is appropriately distributed. The experienced increase in
eÆciency is considerable and allows not only models to be computed within shorter time but
also to simulate welding applications which were previously far beyond the computational
capability.

For further increase of the computational eÆciency, a template combining several techniques
such as dynamic meshing and substructuring is developed. The combination of local solid
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iv Executive Summary

models and a global shell model makes it possible to represent properly the boundary condi-
tions for the weld region and to calculate the distortions in a large-scale structures by taking
into account variations in structural sti�ness, welding sequence, tack weld positioning, weld-
ing parameters etc. The basic capability needed for a welding response prediction tool is
thus established.

Figure 1: Predicted shape of a fully welded assembly (scale 15).

The objective of the third part of the thesis is to enable residual stress evaluation in steel
plates in order to allow the potential inuence of residual stress on process-related distortions
to be evaluated. A short review of existing experimental stress measuring methods shows that
none of these are suitable for the purpose, and a modi�ed incremental hole-drilling technique
is therefore developed. An analysis of the hole-drilling con�guration reveals that considerable
improvements may be obtained by optimising the hole-drilling con�guration to plates of �nite
thickness. This results in a set of guidelines improving the stress calculation accuracy, which
is supported by an extensive error analysis. As the incremental hole-drilling technique does
not allow the residual stresses to be resolved through the entire plate thickness, it is modi�ed
to include two coupled measurements which solve the problem.



Synopsis

Form�alet med n�rv�rende studium er at bidrage til forst�aelsen af procesrelaterede deforma-
tioner og sp�ndinger i st�alkonstruktioner. Arbejdet er inddelt i f�lgende hovedomr�ader:

1. Produktionsstrategi fokuseret p�a deformationsminimering

2. Beregningse�ektiv simulering af svejsedeformationer

3. Eksperimentel metodeudvikling for evaluering af residualsp�ndinger

Arbejdet omhandlende produktionsstrategi, s�tter svejsesimulering og residualsp�ndings-
m�aling ind i et overordnet perspektiv og beskriver de faktorer, der motiverer dette studium.
Derudover foresl�as en ny produktionsstrategi med fokus p�a minimering af deformationer.
Hensigten er at skabe et grundlag for diskussion af et skibsv�rfts teknologiske paradigme og
dets relation til konkurrenceevne.

Form�alet med anden del af studiet er at g�re det muligt at forudsige svejsedeformationer
og sp�ndinger i relativt store industrielle svejseapplikationer. Dette m�al n�as gennem etab-
lering af en dedikeret 'svejsesimuleringspakke', der udarbejdes med et kommercielt software
som platform for programudviklingen. Indledningsvist etableres en grundmodel, der tillader
modellering af de v�sentlige svejsee�ekter. Dynamisk aktivering af tilsatsmateriale, dy-
namisk kobling af de enkelte dele under svejsning og kontaktmodellering identi�ceres som
v�sentlige faktorer for bestemmelse af deformationsm�nsteret. Baseret p�a denne grund-
model for�ges beregningse�ektiviteten herefter ved implementering af graduerede elementer
og udvikling af dynamiske netgenereringsalgoritmer. En analyse af net�nheden viser, at
deformationsm�nsteret med god n�jagtighed kan forudsiges ved anvendelse af relativt f�a ele-
menter, s�afremt disse fordeles hensigtsm�ssigt. En v�sentlig e�ektivisering opn�as herved og
tillader ikke kun hurtigere beregning men ogs�a simulering af svejseapplikationer, der tidligere
var uoverkommelige.

For yderligere at �ge beregningse�ektiviteten udvikles en metode, der kombinerer forskel-
lige teknikker som f.eks. dynamisk netgenerering og superelementer. Kombinationen af
en global skal-element model og lokale 'solid'-modeller tillader passende modellering af
randbetingelserne for svejseomr�adet samt deformationsberegning i sammensatte konstruk-
tioner under hensyntagen til variationer i strukturel stivhed, svejser�kkef�lge, placering af
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vi Synopsis

h�ftes�mme, svejseparametre m.v. Den grundl�ggende funktionalitet som er n�dvendig for
et generelt svejsesimuleringsv�rkt�j er hermed etableret.

Form�alet med tredje del af rapporten er at evaluere residualsp�ndningstilstanden i st�alplader
for herigennem at kunne estimere deres potentielle indydelse p�a procesrelaterede deforma-
tioner. En hurtig gennemgang af eksisterende eksperimentelle metoder til residualsp�nd-
ingsm�aling viser, at disse ikke er umiddelbart egnede til form�alet, og en modi�ceret inkre-
mentel hulboringsmetode udvikles som f�lge heraf. En analyse af hulboringskon�gurationen
afsl�rer, at v�sentlige forbedringer kan opn�as ved optimering af kon�gurationen til plader
af endelig tykkelse. Dette resulterer i et s�t retningslinier, der minimerer usikkerheden
i sp�ndingsberegningen, hvilket kommer til udtryk i den efterf�lgende og omfattende fe-
jlanalyse. Idet inkrementel hulboring ikke tillader residualsp�ndingsm�aling gennem hele
pladens tykkelse, modi�ceres denne til at omfatte to koblede m�alinger, hvorved problemet
l�ses.
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Chapter 1

Introduction

1.1 Objectives and Background

The objective of the present thesis is to contribute to the understanding of process-related
distortions and stresses in steel structures with the emphasis on production methods, welding
mechanics and methods for residual stress measuring.

The importance of process-related stresses and deformations is exempli�ed by describing the
impact of geometrical distortions on shipbuilding. Instead of merely describing the problems
caused by geometrical distortions, a new production strategy is proposed emphasising the
e�ect of distortion minimisation.

The problem of process-related geometrical distortions has, however, relevance to industries
other than shipbuilding - especially considering welding. The welding technology, being the
main joining technique used in industry, has signi�cant inuence on geometrical inaccuracies
and there is a general desire to integrate welding response prediction in preliminary design
tools.

Methods for prediction of mechanical welding response are usually subdivided into empir-
ically based methods, numerical methods or combinations. Empirical methods su�er from
the amount of empirical data required and the lack of exibility in predicting the response
for new problems. The numerical methods provide the exibility but are compromised by
the computational complexity, the lack of material data and the demands for computational
capacity.

Research within the area of numerical welding simulation has been highly focused on weld
quality, leading to a successive re�nement of methods for modelling complex thermal, struc-
tural and metallurgical e�ects occurring in the weld zone of small components. Little re-
search has been directed towards methods for distortion prediction in true-scale components
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4 Chapter 1. Introduction

in which detailed information about weld quality is exchanged for knowledge of macrode-
formations in the full structure. Even though encouraging results have been reached, a lot
of research is still needed before the mechanical welding response can be predicted for most
industrial applications, and even further progress is required before the methodologies are
eÆcient enough to meet the demands of preliminary design tools.

The scope of the present work is primarily to establish methodologies for welding response
prediction and to increase the computational eÆciency of numerical welding simulation.
Moreover, templates for prediction of structural response in large structures should be de-
veloped based on localised modelling. Hence, emphasis is put on predicting the qualitative
response of large structures in contrast to a detailed analysis of a localised problem.

The last problem treated in the present work deals with experimental methods for residual
stress evaluation in steel plates. Residual stresses which originate from the plate manufac-
turing process are believed to inuence the residual distortions resulting from welding and
cutting operations. As a �rst approach the stress levels and distributions should be estimated
roughly in order to evaluate the error of excluding initial residual stresses from the analysis of
welding and cutting distortions. For this purpose an experimental stress measuring method
is developed for evaluation of residual stresses in medium thick steel plates.

1.2 Structure of the Thesis

The contents of the thesis are presented in three parts composed as follows.

The primary aim of Part I is to establish a basis for discussion of the technological paradigm
of a shipyard and its relation to competitive power. A conventional technological strategy
is discussed and compared to a production strategy emphasising distortion minimisation.
Secondly, Part I puts the objectives of Part II and III into an overall perspective.

The scope of Part II is to establish a model allowing the essential welding mechanics to be
captured in �llet welding. Subsequently, di�erent techniques are employed to increase the
computational eÆciency to a level where large-scale industrial applications may be inves-
tigated in terms of welding deformations, taking welding sequence, tack weld positioning
etc. into account.

Part III deals with experimental methods for residual stress measurement in large, medium-
thick steel plates. An experimental method is developed for evaluation and categorisation
of steel plates as regards residual stress.



Chapter 2

Production Strategy Emphasising
Distortion Minimisation

The aim of the present chapter is to discuss the technological strategy of a common shipyard
with regard to future development of technology and competitive power. With the focus on
production technology, a technological strategy which emphasises distortion minimisation is
proposed and compared to a conventional strategy.

2.1 Background

In the 1970s and 80s European shipyards virtually lost the leading position of the market.
However, over the past 10 years Europe has regained a relatively strong position based upon
the niche of specialised ships. Many European yards were shut down in the 1970s and
80s and in retrospective, it is recognised that these were the yards which did not receive
government subsidies or the yards which continued at a traditional technological level where
good craftsmanship was the only competitive factor.

The shipbuilding market is extremely competitive, and the industry itself estimates today
a surplus production capacity of approx. 30%. In the market of large cargo carriers, very
few innovative product technologies have led to marked di�erentiation. In other words,
Korean or Japanese yards are capable of delivering products at the same technological level
as European yards and vice versa. Hence, product quality is hardly a competitive parameter,
especially as the use of recognised classi�cation societies ensures a uniform minimum quality
level. As a consequence, the industry may be regarded as matured and key technologies
are production technologies rather than product technologies. The conclusion for European
yards with regard to the market situation and competitiveness is simple. It is necessary to
improve production eÆciency signi�cantly in order to survive at a market with important
external inuential factors as uctuating currencies, taxes and government subsidies.

5
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2.2 De�nition of Strategy and Technology

The terms `strategy' and `technology' are often misused and are therefore de�ned below.

Technological strategy is the understanding and creation of action patterns which lead
to the desired goal through technology (Stacey [64]).

Interpreted in this way, strategy is not only the stated strategy, but also the actual patterns
of actions and the reasons behind them. Creation of technology is de�ned as :

Creation of technology covers new processes but also the combination of new as well as
existing processes through knowledge.

That is, technology is both processes and patterns.

2.3 Problem De�nition

As ship production involves many tasks, various problems could be focused on with signi�cant
impact on the competitiveness of a yard. Before the proposed technological strategy is
outlined, it is therefore appropriate to discuss the problems to be solved.

In the implementation of new technology, value and non-value adding processes in regard to
new technology should be considered. It is a well known fact that more than 70% of the ship-
building costs is related to the non-value adding processes of moving materials, equipment,
information and people around. When new technology is introduced in the production it is
seldom aimed at these non-value adding processes. On the contrary, the focus is on reducing
the smaller percentage of time where actual value is added to the ship, e.g. through cutting,
joining, �tting and painting. In order to increase the production eÆciency by e.g. automa-
tion, it is necessary to perform a thorough analysis of the consequences of the automated
processes. The reduced process time should be compared to the time used for e.g. extra
handling and �tting. Very often the analysis reveals that savings on value adding processes
are cancelled by an associated increase in the non-value adding processes, as the process
chain becomes more complex in order to facilitate the new technology.

The structure of a container vessel contains thousands of elements, which are produced and
assembled in a complex pattern. Today, ships are built by the block assembly production
method (Figure 2.1), according to which the grand-blocks are assembled of blocks, assemblies,
sub-assemblies and elements produced in various manufacturing areas. The grand-blocks
are subsequently transported to the dock for �nal assembly. This method facilitates parallel
production, where many related tasks are performed simultaneously.
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Figure 2.1: The block assembly production method.

As a result of the block assembly production method, ship production is closely related
to logistics. Logistics are a key task in the improvement of the production eÆciency as it
addresses the non-value adding processes (the 70%). The primary task in logistics is to
optimise the capacity usage of existing production facilities, based on the elements de�ned
in the structural breakdown. The structural breakdown is, however, a compromise between
the consideration for production facilities and factors related to the operational performance
of the product, such as strength, cargo capacity and classi�cation rules. Automation enters
the task of logistics as it inuences the structural breakdown in terms of facilitation for
automated production, but more important, it may introduce new production facilities with
radical consequence for logistics. Thus, logistics at a shipyard involve many factors, especially
if the production facilities are considered to be variables. A serious obstacle in optimising
logistics is the large degree of unpredictability in production time. A careful estimate of
the unpredictability of some of the key activities is � 30%, which necessitates operation
with large bu�er times. The main reasons for the severe degree of unpredictability in the
production time are

� Geometrical distortion of structural elements due to thermo mechanical processing,
e.g. cutting and welding.

� Poor set-up of assemblies prior to welding, resulting in geometrical deviation.

� InsuÆcient quality in the performed processes, e.g. welding defects and bad cutting of
the edges etc.

As the most signi�cant factor inuencing production time, geometrical distortions are con-
sidered in the following. The �rst obstacle, is that distortions generally are accepted as
unavoidable in common shipbuilding practice and only severe distortions are noticed in the
production. Hence, it is diÆcult to establish a reference of acceptable levels of distortions.
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Secondly, distortions at one level of the production have extensive consequences at subse-
quent levels as the geometrical deviations are accumulated through the process chain. By
the common productions methods, it is frequently necessary to bring down the accumulated
distortions to an acceptable level as illustrated in Figure 2.2. The accumulation as well as the
di�erent sources of distortions complicate the identi�cation of the exact source of distortion
at a late stage of the process chain.

Figure 2.2: Reduction of accumulated distortion during the production process.

Straightening and adjusting distorted elements within the steel structures are one of the
most time-consuming tasks in the production, but it is extremely diÆcult to estimate the
percentage of labour related to these problems. A cautious estimate of labour used for
straightening and adjustment of distorted elements is 30% of the total labour.

The geometrical distortions caused by thermal processing constitute a severe problem as
they cannot be estimated with suÆcient accuracy and as a pattern of distortions throughout
the process chain cannot be recognised. Equally important are the distortions introduced by
a poor set-up of assemblies, which concerns the problem of inaccurate geometrical measuring
and insuÆcient erection procedures.

From the above de�nition of problems the following conclusion is drawn. The main issues
to be addressed in the proposal of a new production strategy are the unpredictability in
production time and the rationalisation of both the non-value and the value adding pro-
cesses. As unpredictability in production time is related mainly to geometrical distortion,
the production strategy to be developed should emphasise distortion minimisation.
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2.4 Proposed Technological Strategy

In this section a technological strategy is proposed with short- and long-term aspects and
with the emphasis on production technology.

Di�erent approaches can be adopted to improve production eÆciency. The existing techno-
logical trajectory within the paradigm1 of ship building can be followed or the technological
frames of production, logistics and process can be combined to create a paradigm shift with
new technological trajectories. First, a conventional shipbuilding strategy is discussed.

2.4.1 A Common Technological Trajectory of Shipbuilding

Since the 1980s, the key technology has been considered to be automation. Shipyards have
been investing heavily in automation in order to increase production eÆciency. The au-
tomation of production has a�ected many areas of production in a positive manner. An
example is the automated welding processes, which increase the eÆciency of an operator up
to �ve times compared to manual welding. The structural breakdown of ships in elements
designed for automation has furthermore proved more eÆcient, especially as automation was
the indirect reason for leaving sequential production ow in favour of parallel production of
related elements.

Production facilities at a shipyard represent enormous investments. Characteristic of the
technological paradigm of a conventional shipyard is therefore that production facilities and
general logistics are considered as �xed parameters constituting the frames from which new
technology should emerge.

New production technologies are in general applied incrementally at all stages in the produc-
tion. Technology for improving and measuring quality is applied whenever an unacceptable
level is reached at some stage in the process chain. The process in question is analysed and
the problem is corrected or counteractions are taken. The later in the process chain the
problem emerges, the greater the risk of not being able to identify the problem source and
counteractions as repair or erection are likely to be taken. The problem source might never
be identi�ed if it is not recognizee as a problem at the stage where it is introduced, e.g. if
it is within the speci�ed tolerance and hence accepted on an erroneous basis. The above
approach will unavoidably be a slow incremental and very research-intensive process.

Now, consider the conventional application of automation technology where a speci�c task
is brought into focus. As an example, a repetitive welding task on an assembly is identi�ed
for automation. In order to implement the new time saving technology the assembly is
decomposed to facilitate automation. Thus, a non-value adding process of extra handling

1A technological paradigm is a model or pattern of solution of selected technological problems based on
selected principles. A technological trajectory is de�ned as the pattern of normal solving activity within a
paradigm.
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and �tting is created and furthermore the resulting welding deformation is increased as
the structural sti�ness of the panels is reduced. All in all the new technology might be a
non-value adding process.

Roughly speaking, the common technological trajectory is incremental application of tech-
nology all over the process chain, solving a problem or rationalising a task within a narrow
perspective. The conventional approach is commonly accepted as it is based on existing
production facilities and incremental improvements are generally obtained. In this context
it appears to be cost-saving.

2.4.2 Radical Approach

The radical approach is somewhat more conceptual as several interconnected problems are
addressed, constituting a signi�cant potential for improved competitiveness. The strategy
is primarily based on reduced length of the process chain, automation and `the principle of
geometrical restraint' related to welding deformations.

Welding deformations and stresses occur due to the thermal cycle experienced by the material
near the weld, while it is restrained by the surrounding material. The principle of geometrical
restraint is simply de�ned as

A high degree of geometrical restraint in welding results in high stresses and small
deformations, while an unrestrained weld produces less stresses but larger deformations.

In consequence, a simple panel will distort more than a large rigid assembly if both are
set-up, tack welded and welded in one run. In this context distortions should be observed
at a global level, as deformations locally at a less restrained part of a large assembly will be
of the same magnitude as the local distortion of a simple panel. However, the main point is
that distortions in a large rigid assembly tend to be less global compared to a simple exible
panel and therefore less critical.

If the `block assembly production method' illustrated in Figure 2.1 is considered, it follows
from the principle of geometrical restraint that distortions are pronounced at the �rst stages
of the process chain where the structural rigidity of the simple panels is low. Hence, a large
assembly composed of prewelded globally distorted panels will su�er from inadequate �t due
to globally deformed simple panels.

As local distortions in a simple panel compared to those in a large rigid assembly are believed
to be of the same magnitude, if follows directly that accumulated distortions are reduced by
shortening the process chain.
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Figure 2.3: The a�ect of shortening the length of the process chain.

The principle of geometrical restraint is applied by

� ensuring suÆcient structural rigidity at the �rst stages of the process chain as global
distortions of simple exible panels are reduced

� shortening of the process chain as less distortions are accumulated

The ideal manufacturing process as regards distortions is therefore to cut plates with high-
precision laser cutting, assemble them with high accuracy into grand-blocks and subsequently
weld them by extremely exible robotics in one run. If the exible robotics at the same time
were capable of cutting, �tting, NDT, cleaning and painting by changing tools, grand blocks
could essentially be �nished at the same station. However, this is not a feasible process for
several reasons:

� The yard layout should be altered drastically and a large number of stations with
exible robots are necessary to cover the required capacity

� The exibility of the robots should be extremely large and such technology will prob-
ably not be available for many years

To provide a more feasible technological strategy, the concept should be adjusted to a con-
ventional shipyard using di�erent technologies for short- and long-term strategies.

The desired goal is to reduce the problems described at the end of Section 2.3, i.e. mainly
to reduce rework and unpredictability in the production time by reducing the geometrical
distortion. The action patterns leading to the desired goal are outlined below.

A feasible reduction of the process chain is to limit the number of processes at the beginning
of the process chain. Thus, both critical global distortions are reduced and less distortions
are accumulated, i.e. the utilisation of the principle of geometrical restraint is maximised.
In more detail the plates should be cut, set up and tack welded to form assemblies with
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suÆcient rigidity before the �rst weld is applied. Subsequently, the normal procedure is
followed.

The technologies to be developed or emphasised in order to e�ectuate the above are

� Redesign of structural breakdown

� Flexible snake-like robotics

� Design tool for distortion analysis

� Distortion minimising processes

A short description of these technologies is given in the following list.

Structural breakdown: The simple panels should be replaced by structurally rigid sub-
assemblies designed to accommodate access of exible robots. This might involve
restructuring of all succeeding assemblies. Simple methods for calculating assembly
sti�ness (degree of geometrical restraint) should be developed for use in the redesign
of structural breakdown.

Flexible robotics: Flexible robotics must be purchased or developed. Telescope robotics
to weld joints accessible from above combined with snake-like robotics for joints to be
accessed horizontally or through narrow passages are necessary to provide the required
exibility. A detail of a snake robot is illustrated below.

Figure 2.4: Detail of a exible snake robot.
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Design tool for distortion analysis: A design tool capable of estimating process-related
deformations is necessary to understand the mechanics of welding deformations and to
recognise deformation patterns throughout the process chain. The design tool should
enable analysis of the relation between geometrical restraint and welding deformation
and thus provide the minimum requirements to structural rigidity of the low-level sub-
assemblies. Even more important, the tool should enable analysis of optimal welding
sequences, not as regards process time but as regards distortion.

To provide the necessary exibility with respect to problems that may be analysed,
a numerical tool is preferable compared to a tool based on empirical data, especially
considering the amount of empirical data which will be required.

Distortion minimising processes and methods: The laser technology applied to weld-
ing and cutting is a distortion minimising process as it applies a minimum of heat to
the material. Cutting deformations are not only caused by the thermal processing but
also by imprecise gantry systems and by relaxation of residual stresses in the steel
plates originating from the plate manufacturing process. The laser cutting technology
on precise gantry system should therefore be combined with investigation of the e�ect
of residual stresses. The assembling of elements should be carried out with high preci-
sion in order not to contribute to the accumulation of distortions. Using the laser for
position marking simultaneously with laser cutting will enhance the accuracy. As the
laser is capable of cutting, marking and welding at the same station the logistics could
be further improved. However, laser welding of subassemblies requires extremely large
exibility of the lasers and the robotics.

An extremely important technology for distortion-related production quality is mea-
suring methods. Relatively easy and accurate methods for geometrical measuring are
required in order to monitor distortion related quality and will facilitate the localisa-
tion of the problem sources. Even more important, an easy measuring method will
drastically improve the accuracy of the assembly set-up. Technologies as 3-D vision,
laser scanning and the well known theodolite systems should be investigated.

Other technologies for set-up and assembly positioning should be investigated. Con-
cepts for optimal positioning of assemblies using supports or semi-automatic robotics
might be considered, especially if access by exible robotics from beneath the assembly
is decided upon. Moreover, the possibilities of using a kind of jigsaw puzzle method
(tacks and cut-outs) for set-up should be investigated.

The above represents only some of the possible technologies which can be used to obtain the
desired goal. Moreover, the above technologies should be divided into base, key and pacing
technologies to place the correct share of resources on the development of each technology
[19].
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2.4.3 Short- and Long-Term Aspects

The technologies are set in perspective to time by describing three stages in the technological
strategy. Common to the short- and long-term strategy is the redesign of structural elements
to shorten the beginning of the process chain.

Stage 1: Structural redesign is performed using simple methods for calculation of geo-
metrical restraint. Laser cutting and laser marking are combined with conventional
welding methods with low heat input. Only weld lines accessible from above will be
welded by robotics whereas the rest is performed manually.

Stage 2: Structural redesign is done using design tools to determine structural rigidity as
well as optimal welding sequence. Laser cutting, laser marking, 3-D measuring, set-up
and tack welding are performed at one station to reduce distortions before the �rst
weld. All joints are welded by telescope and snake robotics using high-performance
welding with low heat input (e.g. twin arc).

Stage 3: The capability of the exible robotics is increased allowing all production pro-
cesses to take place at the same station. The cutting and the welding are performed by
YAG lasers. A quality monitoring system based on automatic geometrical measuring
and NDT robotics is established.

As all invention and innovation are complex non-linear iterative processes the time needed
for development of these technologies cannot be estimated. However, it is emphasised that
the short term technological strategy only requires laser cutting, laser marking and structural
redesign in order to shorten the process chain.

2.4.4 Gains and Critical Issues

In the proposed technological production strategy technologies related to logistics, geometri-
cal distortions, design and automation are combined to form a new technological trajectory.
Compared to a conventional `incremental' strategy a synergy is obtained by addressing all
these issues in one step. The e�ect of fewer stages at the beginning of the process chain
illustrates this synergy, as both geometrical distortions and logistics are reduced as well as
value adding processes can be highly automated without increasing the non-value adding
processes.

It should be emphasised that distortions are not eliminated but only reduced according to
`the principle of geometrical restraint'. Hence, the potential gains depend on the obtainable
reduction.

From the alteration in process ow alone, i.e. independently of the distortion reduction, the
following bene�ts are apparent:
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� The shortening of the process chain by performing all processes at one or two stations
reduce the non-value adding processes and enhance the logistics.

� The value adding processes become highly automated at the same time as the non-value
adding processes are reduced.

Less geometrical distortion provides the following gains :

� Less accumulated distortions throughout the process chain

� Reduced unpredictability in production time resulting in improved logistics

� Improved product quality

From the technological portfolio included in the proposed strategy several bene�ts are ex-
pected :

� Improved understanding of process-related deformations by the design tools

� Improved quality monitoring by measuring systems

The above bene�ts lead to easier identi�cation of sources of geometrical distortion.

It is clear that considerable investments in production facilities will be necessary along
with the employment of the proposed technological strategy. If the proposed strategy is
compared to the conventional with respect to investments in production facilities only, the
proposed strategy will presumably turn out to be rather expensive. However, the analysis
must be performed in a broader perspective and bene�ts resulting from the improvement
of operational production eÆciency and competitiveness must be included in the analysis.
Obtaining the same bene�ts through the conventional strategy is not believed to be realistic
due to the characteristics outlined in Section 2.4.1. Hence, the central analysis is rather
to compare the potential gains of the proposed technological strategy with the required
investments to implement it and the risks connected with the development of technologies.
A key issue in the above analysis is the obtainable distortion reduction, which should be
estimated.

2.5 Selected Subjects for the Present Thesis

The �rst subject chosen for investigation is related to the understanding of process-related
deformations by the use of design tools. Such design tools do not exist and neither do the
basis on which they should be developed. As the primary source of geometrical distortion
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is welding deformations, it has been chosen to investigate methods for welding response
prediction in plate structures, which is the subject of Part II.

The second subject dealt with concerns the 'raw material' in ship production i.e. the steel
plates. All attempts to understand or predict process-related distortions are based on the
assumption of uniform raw material. High levels and large variation of residual stress in the
steel plates will therefore invalidate or at least introduce large errors in the investigations.
Currently, there is no suitable method for analysing residual stress in steel plates and their
signi�cance is therefore diÆcult to evaluate. In Part III an experimental method is developed
for this purpose.



Part II

EÆcient Modelling and Simulation of
Welding
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Chapter 3

Scope of Modelling and Simulation

The savings potential related to reduction of welding distortions and the need for a welding
response prediction tool was identi�ed in Chapter 2. The desired capability was described
as follows:

A design tool capable of estimating process-related deformations is necessary
to understand the mechanics of welding deformations and to recognise patterns
throughout the process chain. The design tool should enable analysis of the
relation between geometrical restraint, welding method and welding deformation
and thus provide the minimum requirements to the structural rigidity of the
low-level subassemblies. As a result, the tool should enable analysis of optimal
welding sequences.

If speed and easy use are added to the desired capability, the optimal design tool for distortion
minimisation is outlined. If these requirements are compared with the state of the art in
numerical welding response simulation it soon becomes apparent that such design tools are
far-fetched. The shortcomings in welding response prediction are well illustrated by Goldak
[23], who in 1990 stated ten great challenges for welding research for year 2000. Almost all
of these still hold true, including the �rst challenge of stress computation in a 10 m weld of
high-strength steel.

3.1 Focus in the Field of Welding Research

Historically, electric arc welding appeared in the late 19th century shortly after electrical
power became available. Failure of welded bridges in Europe in the 1930s and the American
Liberty Ships in World War II initiated research in welding mechanics. The welding research
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carried out since then is vast and a general review is out of the present scope. Several reviews
are, however, available such as the extensive reviews by Radaj [49], Goldak et al. [26] and
the very recent one by Lindgren [36].

Numerical modelling and simulation of welding are a diÆcult and challenging problem due to
the complex mechanisms involved. The wide range of problems concerned can be generalised
into the �elds shown in Figure 3.1.

Figure 3.1: Coupled �elds in welding analysis.

The �elds are strongly interrelated and couple in almost every possible manner. Estab-
lishment of a model accounting for all the physical e�ects and their couplings would be
an incomprehensibly large and complex task. Hence, welding research is characterised by
choice of a focal area for thorough analysis and use of suitable assumptions. Thus, the 'art'
of welding research is to choose simpli�cations without invalidating the research focus.

The objective of the present work is the assessment of distortion information for analysis
of manufacturing related problems. It is far more common to address the design related
problems in which stresses are sought for evaluation of the strength, stability, fatigue and
corrosion properties of a structural detail. Although deformations and stresses are physically
closely related, they are in general quite distinct in a modelling sense as the assumptions to
be made depend on the focus. This leads us to the inherent problem of welding which is the
discretisation of the domain.

Thermal, metallurgical and mechanical e�ects require the weld zone to be resolved down
to a fraction of a millimetre, while the far �eld region can be coarsely meshed. Hence,
the variation in mesh density might be several orders of magnitude when common welding
problems are modelled. The transient nature of welding requires furthermore the problem to
be discretised in time and every part of the weld line regions to be densely meshed at some
stage. As welding distortion problems tend to be truly 3-dimensional, these simulations
set excessive computational demands. As a result the research within numerical welding
simulation has been highly focused on local weld e�ects, leading to a successive re�nement
of methods for modelling stresses and complex thermal and metallurgical e�ects which occur
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in the weld zone of small components. Little research has been directed towards methods
for distortion prediction in true scale components, in which detailed information about the
weld zone is exchanged for knowledge about macrodeformations in the full structure.

The latter research �eld is essential to the present work and the scope of modelling and
simulation may be de�ned by the task of

establishment of computational eÆcient numerical methods for welding distor-
tions prediction in large-scale structures.

This �eld is not only essential for analysis of manufacturing related problems but also for
design-related analysis as the global restraint on the weld zone may dominate the local strain
and stress �elds.

The �rst challenge is to reduce the complexity of the problem to the extent where at least
qualitative information about distortions can be preserved. For this purpose it must be kept
in mind that the strains in the local weld region may be more sensitive than stresses with
regard to detailed phenomena as e.g. transformation induced plasticity (TRIP). This is due
to the stress being zeroed at high temperatures and to the stress limitation imposed by the
yield stress, whereas the material, by contrast, is highly deformable at elevated temperatures.
The region of interest in distortion prediction is, however, seldom the weld zone itself and
a relatively coarse discretisation of the domain may provide a reasonable prediction of the
average deformation important to the global deformation �eld.

The second challenge is to reduce the computational demands imposed by the problem of
discretisation. A few feasible solutions have been described in the literature involving e.g.
dynamic or adaptive rede�nition of mesh topology [54], special elements for mesh grading
[40] or substructuring [10]. The common characteristic is, however, that these techniques
have only been investigated in relation to extremely simple geometries and applications as
e.g. edge heating or bead on plate.

For both the challenges the application itself imposes a set of requirements on the modelling
of welding distortions. To identify these requirements a target application is described in
the following.

3.2 Target Application

The requirements imposed on the modelling by the application are de�ned by the character-
istics of the structure, the process and the manufacturing. Such characteristics are structural
dimensions, clamping, material, weld sequence etc.
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Figure 3.2: Example of structural complexity in ship construction.

With regard to geometrical dimensions and structural complexity, shipbuilding is presumably
the worst case scenario. By relating the ship structure shown in Figure 3.2 to the dimension
of the localised weld zone, the inherent problem of discretisation becomes clear. Fortunately,
full analysis of such structures is not necessary in order to bene�t from welding distortion
simulation. In Chapter 2 the �rst few stages of the 'block assembly production method' were
identi�ed as the major source for accumulated distortions throughout the process chain. The
low structural rigidity allows the simple sti�ened panels to distort globally, which causes a
severe mis�t in the subsequent assembling of simple panels into subassemblies. Low level
subassemblies and simple sti�ened panels are hence de�ned as the elements of primary
interest, which, fortunately, reduces the computational demands.

Figure 3.3: Low-level subassembly.
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The simple sti�ened panel chosen for welding distortion analysis in the present work is shown
in Figure 3.3. Even though the panel appears to be simple in a shipbuilding context, its
complexity is far beyond the 'state-of-the-art' capability of welding simulation. The chosen
L-shaped panel is interesting as regards manufacturing as it is known to cause problems.
The structural sti�ness of the panel is low both in the in-plane and the out-of-plane direc-
tion. The low in-plane sti�ness is caused by the L-shape and the cut-outs, which not only
deteriorate the structural sti�ness, but also increase the demands for accuracy as the slits
must accommodate the longitudinal sti�eners on the adjacent panels.

The panel has a total weld length of 8.1 m and is welded by either MAG (CO2) or covered
electrodes. The use of covered electrodes is known to yield large deformations and is therefore
chosen for the analysis.

Plate thickness 10 mm
Material mild steel (0.14%C)
A-measure 5 mm
Welding speed 5 mm/s
Heat source eÆciency 0.75
Voltage 34 V
Amperage 265 A
Electrode ESAB OK FEMAX 33.81

Table 3.1: Welding parameter speci�cation.

Prior to the production of a structural element, a manufacturing speci�cation has been made.
This speci�cation includes the welding process speci�cation (WPS), which basically provides
the requirements to weld quality and dimensions. The manufacturing speci�cation does
not contain information about weld sequence, tack weld positioning or additional supports.
These parameters are determined on the grounds of shop oor experience or determined by
the robot motion planner, whose basic concern is minimisation of the ineÆcient travelling
time.

The modelling and simulation requirements imposed by the application itself are de�ned by
geometry, support, tack weld positions, welding sequence and the WPS. These parameters
are essential for the prediction of welding distortions and should be carefully considered.
The WPS de�nes the standard parameters to be accounted for in modelling as e.g. weld
geometry, heat input and weld speed. The additional characteristics such as global geometry,
tack welds and support de�ne the geometrical restraint of the weld zone.

3.3 Intermediate and Final Objective

The ultimate objective is to enable numerical analysis of welding distortions in structural
elements of the size and complexity de�ned by the target application. This objective is
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broken down into the intermediate objectives described below:

� Find pertinent parameters and establish a basic model accounting for the essential
welding mechanics

� Increase the computational eÆciency by special elements and dynamic rede�nition of
mesh topology

� Increase the computational eÆciency, exploiting that the response of a large domain
is purely linear elastic

� Calculate the welding response of the target application by taking into account the
e�ect of tack weld positioning and welding sequence

The main issues are the accuracy and the computational eÆciency to be achieved by the
above, as this will determine the potential of the tools developed with regard to future
application in the industry.



Chapter 4

Modelling and Simulation of Welding

In Chapter 3 the focal area was de�ned as numerical methods for computational eÆcient
distortion prediction in large-scale structures. To enhance the computational eÆciency, less
signi�cant phenomena should be omitted from the modelling and simulation. However, the
level of detail to be included should at least enable the qualitative deformation �eld to be
predicted and accordingly, assumptions must be evaluated in this context.

Welding research can be described by the �elds of microstructure, heat ow, mechanics
and uid dynamics as previously shown in Figure 3.1. Detailed weld pool phenomena may,
however, be regarded as a separate research �eld due to the level of re�nement and as tem-
perature �elds and weld bead geometry cannot yet be predicted and subsequently accounted
for in a macroscopic context [49]. Until then, simpli�ed heat source models are employed
for estimation of thermal loading. The implementation of simpli�ed heat sources will be
described in Section 4.6.2.

By disregarding the weld pool physics, the �elds and the couplings commonly considered
may be described by Figure 4.1 and Table 4.1.

Figure 4.1: Coupled �elds in welding analysis.
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Coupling Description Strength

1 Temperature-dependent microstructural properties Strong

2a Thermal properties depend on microstructure Medium

2b Latent heat in phase change Medium

3 Stress state a�ects phase change Weak

4a Mechanical properties depend on microstructure Strong

4b Phase changes yield volumetric strain Strong

5 Heat generated by deformation Weak

6 Thermal expansion Strong

Table 4.1: Description of couplings between �elds.

The microstructural stress dependency (coupling 3) is, however, only of interest in an ex-
tremely detailed analysis and the deformation heat (coupling 5) can safely be ignored [33].

Welding simulations emphasising the mechanical aspects of welding need as a minimum to
calculate the heat ow and the resulting mechanical response. The �eld of microstructure
can be accounted for by using more or less sophisticated techniques for material modelling.
Direct calculation of microstructural evolution is most sophisticated. A less general but
simpler method is indirect incorporation of microstructural aspects in the material descrip-
tion exploiting the microstructural dependency on temperature and deformation. The latter
technique is suitable for the present application and its implementation will be discussed in
Section 4.3.

Di�erent assumptions can be made when the transient aspects of the couplings are mod-
elled. The fully coupled thermal-metallurgical-mechanical analysis, in which all equations
are solved simultaneously, is the most comprehensive and is rarely seen. It is more common
to apply a fully coupled thermal-metallurgical analysis followed by a mechanical analysis [8],
which may be implemented in a staggered manner. If the calculation of microstructure is
omitted, the thermal and metallurgical analyses are coupled by the use of a sequential or
staggered approach.

The geometry of the part to be welded and the objective of global distortion prediction im-
pose a set of requirements on the modelling. These requirements are the topic of Section 4.2.

With regard to the numerical formulation, thermo-elasto-plastic �nite element analysis has
become the standard. In the present work a small strain implicit analysis disregarding
geometrical non-linearities is applied. This and other numerical aspects are discussed in
Section 4.4.



4.1 Integration in Commercial Codes 27

4.1 Integration in Commercial Codes

The choice between a commercial and an in-house code is always a topic of discussion in
research projects. An in-house code is often highly specialised but full source code access
provides the exibility needed. On the other hand, considerable e�ort is usually required
to establish features of little value for the research focus. In contrast, commercial codes are
extensive with respect to pre- and postprocessing facilities and allow a variety of problems
to be investigated within di�erent �elds of physics. This comprehensiveness, however, limits
the depth of analysis within each �eld and thus also the research potential. Some commercial
codes allow users to integrate their own coding to obtain the exibility often required in a
research project. This appears at �rst to be extremely bene�cial as a lot of functionality
as pre- and postprocessors are ready at hand. However, it should be noted that the source
code access and the documentation in general are very limited because of rights protection.
In consequence, integration of user functionality in commercial codes is to some extent
comparable with the task of guessing the contents of a black box by trial and error.

In the present project user coding has been integrated in the commercial code ANSYS,
where the integration is facilitated by a set of subroutines made available for user call. The
present user coding comprises the structural elements, element activation/deactivation func-
tionality, material models, plasticity formulation, transformation induced plasticity, meshing
algorithms, data mapping and history tracking algorithms for dynamic remeshing etc.

4.2 Geometrical Aspects

The large computational requirements of three-dimensional welding simulation have led re-
searchers to simplify the geometry by restraints. Especially 2-D models of sections transverse
to the welding direction have been thoroughly investigated on the assumption of plane strain,
generalised plane strain or generalised plane deformation. Depending on the research focus,
the use of restraints to simplify geometry may invalidate the results and the e�ect needs
careful consideration.

For the prediction of global deformations it is essential to have a proper 3-D representation
of the structure. Uncoupling of the local weld region and the surrounding global structure
would lead to unacceptable results, as the elastic interaction between the global structure
and the weld zone may be large enough to dominate the residual distortion and stress state
[9]. The elastic coupling is three-dimensional and the structural restraint of the weld lines
varies signi�cantly due to the geometrical complexity of the global structure. In addition,
temperature changes and previous welding in the global structure produce stresses which
cannot be predicted by modelling the local region alone. Furthermore, the joining of parts
by welding itself changes the structural sti�ness in a transient manner. Consequently, welding
distortions in such structures can only be predicted by use of three-dimensional FE models.
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The 3-D dimensionality of the problem is likewise illustrated by the e�ect of tack welds.
The individual parts of the panel are allowed to move relatively to each other in welding,
restrained only by contact and tack welds as no other �xtures are present. As the weld mate-
rial is deposited, the parts are locked relatively to each other in the distorted con�guration,
and hence the positioning and the length of the tack welds inuence the �nal deformation
pattern. To capture the e�ect of tack welds it is not only necessary to include the tack welds
in a 3-D representation of the geometry, the contact between parts must also be included as
well as the dynamic addition of �ller material by the use of an element 'birth' technique.

Another aspect of the geometry is the kinematic boundary conditions of the panels. Panels
are generally welded on a production plane and the initial support therefore depends on the
atness of both the plane and the panel. As the panel distorts in welding the support will
shift, which causes a change in moments and forces resulting from gravity. As the support is
de�ned by contact, which is computationally demanding in numerical simulation, it has not
been considered worthwhile to include this detail in the model. As a result, gravity is also
neglected as arti�cial �xation of the model in space together with gravity forces will cause
unphysical stresses.

Only by modelling the welding mechanics as described above it will be possible to predict
the e�ect of welding sequence. Unfortunately, these requirements also imply very large
computational demands which cannot be met by standard FEM techniques.

4.3 Material Modelling

Evolution of microstructure can either be calculated or modelled indirectly through the
microstructural dependency on the thermal and mechanical history. The indirect method is
not as exible as the direct calculation, which allows the material properties at a discrete
point to be calculated from thermal history, current phase fractions, material properties
of each constituent and deformation history. Both methods are, however, based upon the
material data available and, in the case of direct microstructural calculation, also on TTT
or CCT diagrams. Accurate material data in the high temperature range is in general hard
to obtain and combined with the assumptions made in numerical modelling, the calculation
of material properties becomes at best a reasonable approximation.

The present approach is the indirect method, using material data obtained from literature.
The material considered is a carbon-manganese steel with the chemical composition given
in Table 4.2. The thermal properties have been taken from Lindgren and Karlsson [38] and
are shown in Figure 4.2.

C 0.14 Si 0.346 Mn 1.42 P 0.23

S 0.007 Cr 0.026 Cu 0.015 Ni 0.012

Table 4.2: Chemical composition of the structural steel (percent).
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Figure 4.2: Thermal conductivity and thermal capacity.

The latent heat in the solid phase transformation and in the solid-liquid transformation has
been included in the heat capacity. The latent heat of 260 kJ=kg between Tsolidus=1480oC
and Tliquidus=1530oC may cause numerical instability due to the steep gradient in heat ca-
pacity which, however, can be overcome by using an enthalpy formulation. Latent heat can
be regarded as energy accumulated in the weld pool while heating takes place. This heat
sink e�ect and the later energy release a�ect the size of the weld pool and smearing the
latent heat over a wider temperature range should be avoided. The stir e�ect caused by
uid ow in the weld pool has been modelled by application of a thermal conductivity of
230W/moC at temperatures above Tliquidus as suggested by Andersson [1].

In the mechanical analysis the material is modelled as thermo-elasto-plastic with temperature-
dependent material properties. Phase transformation is modelled through the thermal di-
latation, which includes not only the thermal expansion but also the phase transformation
strain associated with the solid phase change. Thermal dilatation can therefore be considered
as the driving force in mechanical analysis.

The e�ect of microstructure is described in a simpli�ed manner by using the peak tem-
perature Tpeak and the cooling time between 800oC and 500oC, �t8=5. In Section 4.6.3 it
will be shown that �t8=5 may be assumed to be constant for the weld region. The peak
temperature varies, however, considerably and determines the grain size of austenite, which
a�ects the relation between phase transformation and cooling time [68]. The constant cool-
ing time and the austenitising peak temperature become therefore the primary parameters
for determination of phase transition temperatures and resulting phase constituents.

The mechanical material properties have been adopted from Jonsson et al. [32], who investi-
gated a �ned-grained steel of the same chemical composition. It should be noted that �t8=5
reported here is 22 sec., which is approximately twice the size of �t8=5 to be calculated in
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Section 4.6.3 for the �llet welds of the target application. Poisson's ratio � and Young's
modulus E are shown as functions of temperature in Figure 4.3.
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Figure 4.3: Young's Modulus, yield stress and Poisson's ratio versus temperature.

The thermal dilatation including phase transformation strain is shown in Figure 4.4. The
upper curve is followed during heating, whereas the curve followed upon cooling depends on
the peak temperature reached whereby a hysteresis e�ect is seen in the thermal cycle. For
peak temperatures di�erent from those listed, linear interpolation is used.
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Figure 4.4: Thermal dilatation as a function of temperature and peak temperature.

In the present work, kinematic hardening is applied using the peak temperature-dependent
hardening moduli shown in Figure 4.5. The e�ect of phase transformation and high temper-
atures should be considered when hardening is accounted for. As the material is deformed
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an increasing number of dislocations cause the material to harden. The number of dislo-
cations is, however, reduced in phase transformation and at high temperatures by thermal
restitution, and it is reasonable to believe that the deformation history of the material is
reset at high temperatures. These mechanisms are, however, not fully understood [36] and
the temperature range used for resetting is to some extent a matter of belief. In the present
work, the deformation history is reset linearly in the temperature range 900oC to 1300oC.

At the end of the present PhD thesis material modelling is investigated in considerably more
detail. This work, described in Chapter 7, includes experimental evaluation of microstructure
throughout the HAZ and improved material models accounting for transformation-induced
plasticity (TRIP).

4.4 Numerical Aspects

In the present work the thermal and mechanical analysis have been sequentially coupled.
The formulation used is implicit and the mechanical analysis is assumed to be quasistatic.
The non-linear problem is solved by an iterative incremental Newton-Raphson scheme and a
direct elimination solver. No kinematic non-linearities have been considered i.e. small strains
and displacements are assumed. The general formulation of the thermal and mechanical FEA
is the standard and can be found in e.g. Cook et al. [15].

The material is modelled as thermo-elasto-plastic with temperature dependent material prop-
erties. Plasticity is assumed to be rate-independent and is modelled by using the von Mises
criterion, the associated ow rule and kinematic hardening. The plasticity formulation ap-
plied in the general Newton-Raphson scheme at the structural level is described below.
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by subtracting the yield surface shift stress � from the deviatoric stress s

f~sg = fsg�f�g (4.1)

the yield function becomes

f = ~�e��y =
p
3=2f~sg[M ]f~sg��y (4.2)

where ~�e is the e�ective stress corrected by the shift stress, �y the temperature dependent
yield stress and [M ] a diagonal matrix with diagonal [111222]. By solving the global system
of equations by the general Newton-Raphson procedure, a set of incremental displacements
is provided. Calculation of the total strain gives the trial stress to be used in the plastic
strain updating:

f~�trg = [C]
�f�totgn�f�thgn�f�pgn�1��f�g (4.3)

where [C] is the temperature dependent elastic stress-strain matrix and where �tot; �th and �p

are the total, thermal and plastic strains, respectively. If the e�ective trial stress ~�tre exceeds
the yield stress �y, the associated ow rule allows the plastic strain increment to be calcu-
lated. Here the radial return algorithm [13] is used, which ensures ful�lment of f = 0 at the
end of the increment:

f��pg = ��fatrg (4.4)

where

fatrg = 3

2 ~�tre
f~strg (4.5)

�� =
(~�tre � �y)

fatrgT [C]fatrg+ EEt

E�Et

(4.6)

and E and Et are the elastic and the tangent modulus, respectively. By means of the plastic
increment, which is purely deviatoric due to plastic incompressibility, the plastic strains are
updated and the stress is calculated:

f�pgn = f�pgn�1 + f��pg (4.7)

f�gn = [C]
�f�totgn � f�thgn � f�pgn

�
(4.8)

The yield surface shift stress is updated as [2]:

f�gn = f�gn�1+ 2EEt

3(E � Et)
f��pg (4.9)

After calculation of the above parameters, the consistent tangent sti�ness matrix can be
established, which is needed in the calculation of the element sti�ness matrix.
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The material properties of Section 4.3 are incorporated through �y, �, E and Et. In welding
simulation only a limited number of elements are exposed to high temperatures, causing
`soft' spots in the global sti�ness matrix. This may cause numerical instability, especially
at the unrestrained elements dynamically activated to simulate the laying of the �llet. To
overcome this problem a mechanical cut-o� temperature can be applied, meaning that the
mechanical properties of the cut-o� temperature is applied for all higher temperatures. In
the present analysis a temperature of 1000oC has yielded satisfactory numerical stability.
The structural sti�ness at this temperature is insigni�cant and will therefore not a�ect the
accuracy of the solution.

Numerical instability may occur for several reasons and is usually experienced as convergence
problems, large hydrostatic stresses or excessively large deformations. Elastic incompress-
ibility occurs as Poisson's ratio approaches 0.5 for the liquid state, but numerical locking is
easily prevented by using a mechanical cut-o� temperature. A second source of numerical
problems concerns the consistency between the displacement strain �eld and the thermal
strain �eld in mechanical analysis as discussed by Oddy et al. [48]. If the same order of
shape functions is used for the thermal and the mechanical analyses the displacement strain
�eld is one order lower than the displacement and the temperature �eld. In thermal loading
the temperature �eld directly becomes the thermal strain in the mechanical analysis and
inconsistency between the thermal strain and the displacement strain �eld is created. In
the present work linear shape functions are used and the inconsistency problem is solved
by assuming constant temperature within each element in the mechanical analysis. Plastic
incompressibility also tends to cause numerical problems in fully integrated elements. This
has been solved by using the B-method for reduced integration as described in Hughes [31].
Hereby the dilatational terms of the strain-displacement matrix B are replaced by terms
averaging the dilatational strain within an element. The approach has proved very eÆcient
and eliminates numerical locking and spurious variation in hydrostatic stresses.

4.5 Finite Elements and Mesh Grading

In welding simulation the choice of �nite elements has a signi�cant inuence on both ac-
curacy and computational cost. For most applications the linear hexahedron is preferable
to both the linear and the quadratic tetrahedron [14]. Mesh re�nement is usually divided
into h-re�nement, p-re�nement or a combination. In h-re�nement the polynomial degree
of the shape functions is preserved whereas the element density is changed and vice versa
for p-re�nement. Szabo [65] showed that h-re�nement is superior to p-re�nement in non-
smooth stress �elds as experienced in welding, and in consequence linear hexahedrons and
h-re�nement are chosen for welding.

The basic problem in welding is the discretisation of a domain holding a localised region
with large gradients in �eld variables. Thermal, microstructural and mechanical e�ects
require the weld zone to be resolved down to a fraction of a millimetre while the far �eld
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region can be coarsely meshed. The variation in required mesh density might therefore be
several orders of magnitude in the modelling of a common welding problem. Mesh grading
in three dimensions using standard elements commonly results in distorted element shapes
and ineÆcient grading as illustrated in Figure 4.6. 3-D grading with regular undistorted

Figure 4.6: Example of 3-D mesh grading using standard methods.

elements as shown in Figure 4.7 can be obtained by use of constraint equations to couple
DOFs or by a transition element as the graded element developed by McDill et al. [40]. This
grading technique is extremely eÆcient as it allows for large variation in mesh density within
a short distance and the number of elements is therefore minimised. The use of identical

Figure 4.7: Improved 3-D mesh grading.

meshes for the thermal and the structural analyses facilitates the thermal loading of the
mechanical model by transfer of temperatures. Requirements to mesh density are decided
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upon evaluating gradients of �eld variables in the thermal and the mechanical models. These
requirements are formulated by a set of meshing parameters describing the basic element
size, the maximum levels of re�nement allowed, the position of the heat source and the
additional scaling parameters. These parameters are de�ned in an input �le which is used
for automatic mesh generation.

The thermal element applied is a standard 8-noded hexahedron with linear shape functions
and birth and death functionality. The mesh grading in the thermal model is accomplished
by constraint equations to couple DOFs at interelement mismatch. The use of constraint
equations restrains the DOFs located in mid-edge or mid-face positions of the larger elements,
which results in a more `rigid' mesh in these locations. In practice the restraining of these
DOFs has insigni�cant e�ect on the calculation accuracy, especially considering the accuracy
of the subsequent mechanical analysis where temperatures are averaged within each element
for thermal loading. The constraint equations are applied automatically upon meshing in
the developed meshing routine.

The structural element applied is a version of the graded element developed by McDill
et al. [40]. The 8-26 noded element illustrated in Figure 4.8 is an isoparametric hexahedron
suited for mesh grading. The element is similar to the familiar 8-noded linear brick but the
constraints associated with mesh grading are embedded in the shape functions to ensure
interelement compatibility. Nodes 1-8 are mandatory vertex nodes whereas nodes 9-20 and
21-26 are optional mid-edge and mid-face nodes. The optional nodes can be included in any

Figure 4.8: Node numbering for graded element.

desired combination. The shape functions listed in Table 4.3 must be calculated sequentially
from p26 and down, and if a node is absent the matching shape function is zeroed. In this
manner only nodes present will be accounted for in the subsequent shape functions.
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Node P (�; �; �)

26 1
2
(1� j�j)(1� j�j)(1� �)

25 1
2
(1� j�j)(1� j�j)(1 + �)

24 1
2
(1� j�j)(1� �)(1� j�j)

23 1
2
(1� j�j)(1 + �)(1� j�j)

22 1
2
(1� �)(1� j�j)(1� j�j)

21 1
2
(1 + �)(1� j�j)(1� j�j)

20 1
4
(1 + �)(1� �)(1� j�j)� 1

2
(P21 + P24)

19 1
4
(1� �)(1� �)(1� j�j)� 1

2
(P22 + P24)

18 1
4
(1� �)(1 + �)(1� j�j)� 1

2
(P22 + P23)

17 1
4
(1 + �)(1 + �)(1� j�j)� 1

2
(P21 + P23)

16 1
4
(1 + �)(1� j�j)(1� �)� 1

2
(P21 + P26)

15 1
4
(1� j�j)(1� �)(1� �)� 1

2
(P24 + P26)

14 1
4
(1� �)(1� j�j)(1� �)� 1

2
(P22 + P26)

13 1
4
(1� j�j)(1 + �)(1� �)� 1

2
(P23 + P26)

12 1
4
(1 + �)(1� j�j)(1 + �)� 1

2
(P21 + P25)

11 1
4
(1� j�j)(1� �)(1 + �)� 1

2
(P24 + P25)

10 1
4
(1� �)(1� j�j)(1 + �)� 1

2
(P22 + P25)

9 1
4
(1� j�j)(1 + �)(1 + �)� 1

2
(P23 + P25)

8 1
8
(1 + �)(1� �)(1� �)� 1

2
(P15 + P16 + P20)� 1

4
(P21 + P24 + P26)

7 1
8
(1� �)(1� �)(1� �)� 1

2
(P14 + P15 + P19)� 1

4
(P22 + P24 + P26)

6 1
8
(1� �)(1 + �)(1� �)� 1

2
(P13 + P14 + P18)� 1

4
(P22 + P23 + P26)

5 1
8
(1 + �)(1 + �)(1� �)� 1

2
(P13 + P16 + P17)� 1

4
(P21 + P23 + P26)

4 1
8
(1 + �)(1� �)(1 + �)� 1

2
(P11 + P12 + P20)� 1

4
(P21 + P24 + P25)

3 1
8
(1� �)(1� �)(1 + �)� 1

2
(P10 + P11 + P19)� 1

4
(P22 + P24 + P25)

2 1
8
(1� �)(1 + �)(1 + �)� 1

2
(P9 + P10 + P18)� 1

4
(P22 + P23 + P25)

1 1
8
(1 + �)(1 + �)(1 + �)� 1

2
(P9 + P12 + P17)� 1

4
(P21 + P23 + P25)

Table 4.3: Shape functions for graded element.

Depending on the number of optional nodes and their positions, the element is subdivided
into a number of linear subdomains varying from 1 to 8. The combination shown in Fig-
ure 4.9 results in 4 linear subdomains. As the boundaries of each subdomain are linear
the compatibility between the graded element and the adjacent linear elements is ensured.
Each subdomain is independently integrated by a 2x2x2 Gaussian quadrature scheme for
the deviatoric strains, whereas the dilatational strains are underintegrated by the previously
discussed B-approach. To obtain consistency between the thermal loading and the thermal
strain, constant temperature is assumed in each subdomain.

The variable number of nodes and the interelement compatibility make the graded element
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Figure 4.9: Example of linear subdomains in grading.

extremely eÆcient in mesh grading algorithms. The mesh grading algorithm developed
automatically identi�es mid-edge and mid-face locations and adds the necessary node to the
de�nition of the graded elements.

4.6 Thermal Modelling and Simulation

In this section thermal modelling and simulation are considered with the emphasis on heat
source modelling, and simulation results for �llet welding are presented. Before introducing
the heat source models, the general physics of arc welding is shortly described to illustrate
the complex processes in this localised region.

4.6.1 Physics of Arc Welding

Electric arc is the most common heat source in welding. The general process is described
by an electric �eld between the positive anode and the negative cathode surrounded by an
ionisation gas. On the metal there is a thin layer of surface electrons which are accelerated
in the electric �eld towards the anode. These electrons collide with the atoms in the gas,
causing impact ionisation where the atoms are decomposed into electrons and positive ions
which cause further ionisation. The current of electrically charged particles in the arc and
the temperature are interrelated as high temperatures increase ionisation and the increased
ionisation causes the temperature rise due to the released energy. To obtain welding condi-
tions the temperature or the current must initially be brought up to a certain level, which
is done by igniting the arc. Arc ignition is accomplished by e.g. the short-circuit current
which occurs as the anode and the cathode are brought into brief contact. The short-circuit
current shortly increases the temperature and the current and subsequently the arc can be
maintained in the electric �eld existing under normal welding conditions. The arc is sur-
rounded by a magnetic �eld directing the charged particles towards the centre of the arc,
causing the arc to localise in spots on the anode and the cathode. When the electrically
charged particles impact on the anode and the cathode, the anode and cathode spots are
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heated to high temperatures (approx. 3000-4000oC) whereby both the electrode and the
workpiece melt. Due to several forces as e.g. the suction force of the plasma ow, droplets
of the electrode material are deposited on the workpiece.

The base metal is fused almost instantaneously at the arc spot and a weld pool is formed
as the fusion zone expands. The plasma pressure forms a crater in the fused material which
ows towards the rear of the weld pool where it solidi�es. As some of the fused material is
pushed upwards a weld bead is formed. Arc welding is commonly classi�ed in surfacing arc
and immersing arc according to the penetration depth of the fusion zone. For a given heat
input the characteristic shape of the fusion zone is dependent on the ratio between amperage
and voltage. As the amperage ratio is increased the plasma pressure becomes larger causing
increased penetration depth and decreased width of the fusion zone. The heat transport
in the weld pool is mainly convective due to the uid motion. The ow characteristics in
the weld pool depend on several phenomena as e.g. plasma pressure, electromagnetic forces
and buoyancy forces. The temperature-dependent surface tension force is, however, usually
decisive for the ow characteristics in the weld pool. By using di�erent additives as e.g.
Sulphur, the surface tension can be altered to give a high vertical uid motion which further
enhances deep penetration welds.

A thorough description of welding processes is found in the book by Radaj [49].

4.6.2 Heat Source Modelling

As it is indicated above accurate modelling of the weld pool dynamics is an extremely
complex and yet unsolved task, which involves numerous physical e�ects and couplings.
Fortunately, the complexity of weld pool modelling is no hindrance of modelling the macro-
scopic e�ects of welding. Generally, the multiphysics of the weld pool is decoupled from the
mechanics of welding, either by prescription of the isotherm at the liquidus boundary or the
power density distribution in the region of the weld pool. The general problem is therefore
to estimate the shape of the weld pool and to choose a heat source description enabling the
general aspects of the heat source to be captured.

As the shape of the weld pool is believed to be the dominant factor for e.g. angular defor-
mations in welding, distinction between heat source models should be made with respect to
their capability to model correctly the shape of the weld pool. Several methods are avail-
able for heat source modelling varying from the classical analytical solution by Rosenthal
[52] to direct prescription of the liquidus boundary obtained by experiments [27]. The heat
source description used in the present work is the double ellipsoidal power density distri-
bution presented by Goldak et al. [25]. The 'double ellipsoid' sketched in Figure 4.10 is a
volumetric heat source, which is well suited for modelling weld pools where heat distribution
is dominated by uid ow.
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Figure 4.10: The double ellipsoidal power density distribution.

The arrangement of the two ellipsoids, approximately of the shape and the size of the weld
pool, allows for di�erent gradients in the heat ux in the front and the rear of the source.
The ellipsoids are described by the semi-axes a1, a2, b and c and the following equations:

qf (x; y; z; t) =
6
p
3ffQ

a1bc�
p
�

e�3y
2=b2e�3z

2=c2e�3[x+v(��t)]
2=a2

1 (4.10)

qr(x; y; z; t) =
6
p
3frQ

a2bc�
p
�

e�3y
2=b2e�3z

2=c2e�3[x+v(��t)]
2=a2

2 (4.11)

ff + fr = 2 (4.12)

Q = �UI (4.13)

where

qf ; qr : power density in front and rear ellipsoids

ff ; fr : fractions of heat deposited in the front and the rear

v; t; � : welding speed, time and heat source x-position at t=0

Q : e�ective energy input rate

�; U; I : heat source eÆciency, voltage and amperage

Variation of the semi-axes and the heat deposit fractions allows the 'double ellipsoid' to be
�tted to a given heat source.



40 Chapter 4. Modelling and Simulation of Welding

Figure 4.11: X-section of �llet weld.

From the polished X-section shown in Figure 4.11 the boundary of the fusion zone (FZ)
and the heat a�ected zone (HAZ) can be estimated, which allows respectively the liquidus
isotherm (� 1530 oC) and the isotherm at the outer HAZ (� 800 oC) to be identi�ed.
The heat source eÆciency can be estimated from literature and the net energy rate can
be calculated by Eq. (4.13). Thus, the information available for �tting the heat source
parameters is the estimated isotherms in the plane transverse to the welding direction and
the net heat input. By the use of a �nite element model for temperature calculation the
semi-axes are adjusted so that the calculated isotherms becomes similar to those obtained
by evaluation of the X-section. In the FE code the volumetric heat ux is applied as nodal
values, and the Gaussian distribution is discretised according to the variation allowed by the
thermal �nite element employed. If a coarse mesh and elements with linear shape functions
are used, a considerable error might be introduced in the discretisation, which should be
accounted for when the heat input is adjusted.

The above procedure has proved to be suÆciently accurate for most applications, but ad-
ditional information about isotherms in and around the weld pool may be estimated from
experiments using infrared temperature measurements and thermocouples. Such experi-
ments combined with a more exible power density distribution [24] may be necessary for
accurate metallurgical analysis.

In the following an example of application is given. A �llet weld was performed by use of a
covered electrode mounted in a guiding device. The speci�cations are listed in Table 4.4.
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Plate thickness 10 mm
Material mild steel (0.14%C)
A-measure 5 mm
Welding speed 5 mm/s
Heat source eÆciency 0.80
Voltage 34 V
Amperage 265 A
Electrode ESAB OK FEMAX 33.81

Table 4.4: Welding parameter speci�cation.

Based on the polished X-section shown in Figure 4.11 a microstructural evaluation was
carried out (see Section 7.1) and the extent of the fusion zone and the HAZ was estimated.
By means of 3-D FE model for iterative solutions, the liquidus and the outer HAZ isotherms
shown in Figure 4.12 were �tted to those observed in the microstructure. The descriptive
heat source parameters are given in Table 4.5.
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Figure 4.12: Calculated solidus and outer HAZ isotherm.

a1 = 0.0040 m a2 = 0.025 m
b = 0.0625 m c = 0.050 m
ff = 0.2 fr = 1.8

Table 4.5: Descriptive parameters for heat source.

In the thermal model the pressure-dependent thermal contact between the base plate and
the web is not modelled, which causes the discontinuity over the boundary to be slightly
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larger than the true one (see Figure 4.12). Still, the exibility of the double ellipsoid has
proved suÆcient for the present application since it allows a reasonable �t of the calculated
isotherms to those observed. The longitudinal extent of the weld pool is diÆcult to eval-
uate without experimental veri�cation but the calculated length of approx. 26 mm seems,
however, reasonable.

4.6.3 Thermal Model

By application of the thermal solids and the grading by constraint equation as discussed
in Section 4.5 a basic model for analysis is established. The model for single-sided welding
shown in Figure 4.13 has the dimensions given in Table 4.6.

X

Y

Z

Figure 4.13: 3-D thermal FE model (single sided welding).

Length Width Height Thickness A-measure
Base plate 200 100 - 10 -
Web 200 - 45 10 -
Fillets 200 - - - 5
Tacks 20 - - - 5

Table 4.6: Dimensions of basis model [mm].

The number of DOFs for the single sided welding model is 12720 whereas the number for
the double-sided adds up to 20794. Two tack welds are positioned at the ends behind the
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web and are the only connection between the web and the base plate at the start of the
simulation. The weld deposit is modelled by activation of elements immediately behind the
centre of the heat source. When activated, an element adopts the nodal temperatures from
surrounding elements already active. The front nodes do not share nodes with activated
elements and are therefore set to ambient temperature. Elements activated at the start of a
time increment have consequently been given an amount of energy before the volumetric heat
ux becomes e�ective within the element. This error and the error caused by the inactive
�llet elements in the front ellipsoid are accounted for by adjusting the net heat input. The
use of the front ellipsoid is desirable for smoothening of the thermal gradients in the web and
the base plate in front of the heat source. Furthermore, it enables tack welds to be properly
heated as the heat source passes without element activation.

The thin elements positioned at the outer edges of the thermal model are in�nite boundary
elements, which represent the heat conduction across the boundary to an exterior domain
not included in the model. If these elements are not included, the cooling time to ambient
temperature will be unrealistic long. A description of the in�nite boundary element can be
found in ANSYS User's Manual [2].

Additional boundary conditions included in the thermal modelling are convection and radi-
ation. Convection and radiation are combined into the following heat transfer coeÆcient:

~h =
"em�bol

�
(T + 273)4 � (Tamb + 273)4

�
T

+ hcon (4.14)

where

~h : combined heat transfer coeÆcient

hcon : convective heat transfer coeÆcient

"em : emissivity

�bol : Stefan-Boltzmann constant

Tamb : ambient temperature

The temperature-dependent emissivity and the convective heat transfer coeÆcient are adopted
from Brown and Song [9]. In practice, however, the thermal conductivity is strongly domi-
nant and radiation and convection can be omitted from the analysis without signi�cant loss
of accuracy.

An example of calculated isotherms is given in Figure 4.14 where the heat source approaches
the end of the weld line. The peak temperature is calculated to be just above 1900oC.
The thermal gradients are seen to be very steep in front of the heat source as the torch
travels faster than the heat propagates. Further down the weld line, the distance between
the isotherms is increased as the cooling rate decreases. The primary results from the
thermal model are the isotherms for evaluation of the descriptive heat source parameters
(Section 4.6.2) and the general temperature �eld for loading of the mechanical model. Fur-
thermore, the cooling time �t8=5 must be evaluated for use in material modelling. In Fig-
ure 4.15 temperature has been plotted against time and distance. The distance is measured
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Temperature 
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Figure 4.14: 3-D thermal FE model.

from the centre of the �llet at an xy-cross-section and vertically down into the base plate
(see Figure 4.14). The contours for 500oC and 800oC have been plotted on the base, which
allows �t8=5 to be evaluated. The assumption of a constant �t8=5 in the fusion zone and the
HAZ is reasonable as only limited variation with the distance from the �llet centre is seen.
A value of 11 secs. has been chosen as an approximation of �t8=5 for the entire region.
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Figure 4.15: Temperature versus time and distance from �llet centre.
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4.7 Mechanical Modelling and Simulation

Based on the graded element, a mechanical model with a topology equivalent to that of
the thermal model has been established. Considerable e�ort has been placed to allow for
movement of the web relative to the base plate. The technique employed to capture this
phenomenon and its e�ect on the deformation pattern are described below. Furthermore,
results of stresses and deformations obtained from the basic model are presented.

4.7.1 Dynamic Coupling and Contact Modelling

The web and the base plate are allowed to move relatively to each other in welding, restrained
at the beginning only by contact and tack welds. As the �ller elements are activated, the
parts are locked relatively to each other in the distorted con�guration. The modelling of this
phenomenon involves the dynamic activation of �llet elements, dynamic coupling of parts
and modelling of contact and gap.

The dynamic activation of �llet elements in the mechanical model is based on average ele-
ment temperature. Fillet elements behind the xy-plane containing the maximum nodal tem-
perature are activated at temperatures below Tsolidus. The temperature-dependent element
activation enhances numerical stability as the number of 'soft' high-temperature elements is
reduced.

Temperature 
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     1142   
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     1713   

Figure 4.16: Temperature-dependent activation of structural �llet elements.

Elements are activated stress and strain free. An incremental thermal strain formulation has
been applied, which allows the thermal strain to be zeroed by simply deleting the thermal
strain accumulated. Resetting of the remaining strain components requires special attention
in a small deformation analysis. As the total strain is obtained from nodal displacements
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relative to the original undistorted con�guration, resetting can only be done by introducing
a strain component which holds the strain accumulated in the element while it is dead.
The total strain is calculated by subtracting the accumulated dead strain, which yields a
corrected total strain from which trial strain, plastic strain and elastic strain are calculated.
The use of an updated Lagrangian large strain formulation would more correctly solve this
problem as the element would be completely rede�ned in its new distorted con�guration by
deleting all accumulated strains. The error introduced by the present approach is, however,
believed to be small.

A small gap between the web and the base plate has been included in the model to make
it possible for the web and the base plate to move independently. Laying the �rst �llet
the web will bend out towards the heat source due to the thermal gradient through the
thickness. The �ller material will dynamically couple the web and the base plate in the
distorted geometrical con�guration. The coupling is obtained through constraint equations,
applied and updated incrementally at the end of each time step. Nodes of inactive �llet
elements are restrained relatively to the web. In the activation, nodal positions of the �llet
elements are found by interpolation between the updated nodal positions of surrounding
nodes at the web and the base plate. Subsequently, constraint equations are computed and
applied solving the inter-element incompatibility. Thus, through activation of �llet elements
and constraint equations, the web and the base plate are �xed relatively to each other in the
distorted con�guration. Considerable improvement of numerical stability is found by using
constraint equations to control the free nodes at the front of the �llet. These elements are
numerically soft and even a small residual force tends to cause highly distorted elements.

Thermal expansion will set up contact forces between web and base plate. Contact problems
are highly non-linear and solving them requires signi�cant computer resources. In addition,
the transient regions of contact are generally unknown, which makes it diÆcult to reduce
the number of contact elements needed in the analysis.

The contact problem is solved by ANSYS surface-to-surface contact modelling. A contact
pair consists of two surfaces made of contact and target elements, respectively. The gap
between web and base plate allows the contact and target elements to be positioned without
initial contact. The 4-noded contact and target elements deform with the underlying solid
elements whereby the contact is modelled as exible-to-exible. The contact elements are
constrained against penetration into the target surface at the Gaussian points, which are used
as penetration detection points. Contact is de�ned by a normal contact sti�ness factor and a
penetration range allowing the contact force to be increased gradually with penetration. The
algorithm used for contact is the augmented Lagrangian method where an iterative series of
penalty updates is used to �nd the Lagrange multipliers.

The modelling of friction constitutes a problem as the temperature-dependent friction co-
eÆcient is practically unknown. The assumption of frictionless contact was compared to a
temperature-independent friction coeÆcient of 0.3. The only signi�cant di�erence observed
was a considerably longer computation time in the case of friction. In consequence fric-
tionless contact has been assumed for the present application so that the parts are free to
slide.
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Figure 4.17: Contact pressure.

Figure 4.17 illustrates the contact pressure of the contact elements at the bottom of the web,
plotted from the heat source and approx. 120 mm in the direction opposite to welding. The
high pressures are found just outside the high-temperature/soft-material region located a
little behind the heat source. Further behind the heat source, the contact region is shifted to
the opposite side of the web, partly due to the moment induced by the high-pressure region
and partly due to the high-temperature/soft-material region close to the �llet. Both the
pressure regions are travelling in a transient manner at some distance of the heat source.

The contact elements are not suited for grading and the incompatibility causes the contact
pressure to be wrongly distributed to nodes at element faces containing mid-edge nodes. As
mid-edge nodes only attain forces from two of the three surrounding contact elements, these
tend to penetrate a little more than intended, which causes small contact pressure peaks
in these positions. The inuence on the computed results is, however, insigni�cant which
was found by comparing calculated element stresses to modelling results where the contact
surfaces had been re�ned to obtain regular non-graded elements.

For a given web height, the curvature of the web is primarily a result of the thermal strain
gradient through the thickness. Thus, the amplitude of the deformation becomes highly
dependent on the distance between tack welds, allowing the maximum amplitude to be
estimated as a function of the free length between tack welds.

The displacements are illustrated by x-displacements in Figure 4.18(a). At �rst, the relative
displacement between the web and the base plate appears to be relatively small but, nev-
ertheless, it has signi�cant inuence on the qualitative deformation pattern. This inuence
is evaluated in Figure 4.18, in which the model including dynamic coupling and contact
is compared to a model where the web has been �xed to the base plate, by coupling the
interface nodes in the initial position. In the latter model the web is seen to be a�ected
by the unphysical restraint as the qualitative deformation is changed merely to angular de-
formation, which increases continuously towards the end of the weld line. Clearly, this is
not physically correct and in consequence, modelling of dynamic coupling and contact is
necessary to predict the qualitative deformation patterns.
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X-disp[mm]
     -.208   
     -.148   
     -.868   
     -.260   
      .035    
      .096    
      .156    
      .217    
      .278    
      .339    

X

Y

Z

(a) Contact and dynamic coupling included
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(b) Fixed web

Figure 4.18: x-displacements.

4.7.2 Simulation Results

Dynamic coupling and contact modelling have been included in the basic model. As the
process of tack welding is not simulated, tack welds are initially assumed to be stress-free
and undeformed. The model, tack welds and structural boundary conditions are shown in
Figure 4.19.
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Z

Figure 4.19: Structural boundary conditions and tack welds (note display rotation).
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Figure 4.20: Simulation results.
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The simulation results are presented in Figure 4.20 as deformations in the x-, y- and z-
directions. Stresses are given as longitudinal stress and stress transverse to the welding
direction. The direction of transverse stress has been aligned with the free face of the �llet
in the xy-plane.

The deformations of the web and the base plate appear to be rather small measured in
absolute terms, but the present angular deformation of the base plate will in fact cause a
y-displacement of more than 20 mm per metre, i.e. approx. two times the plate thickness.
When the results are evaluated, it should, however, be kept in mind that the structural
sti�ness of the present T-pro�le is relatively low compared to common assemblies and hence
the predicted deformations will lie in the high range.

A general characteristic of the stresses is that they tend to reach a steady state at some
distance of the tack welds. This is best seen in Figure 4.20(d) which shows the longitudinal
stress. Little variation is found in the longitudinal stresses in the fusion zone and the inner
HAZ. The stress state in this particular region is, however, very sensitive to the material
model applied. In Chapter 7, other and more sophisticated material models will be presented
which are seen to produce compression stresses in the fusion zone and high tensile stresses
in the inner HAZ. Hence, a detailed discussion of stresses in this region is postponed to
Chapter 7.

The model for single-sided welding simulation consists of 38160 DOFs and the computational
e�ort required to solve the problem is approx. 23 hrs1. In general the computation time is not
easily estimated from the model size. For a direct solver the computation time is roughly
proportional to the bandwidth squared times the number of DOFs, times the number of
time steps. As the bandwidth does not only depend on model size but also on the transient
state of contact, the bandwidth is not a readily applicable measure for computation time.
The computation time needed for simulation of even small welding applications, such as
double-sided welding of a 500 mm long T-pro�le, will, however, be unacceptable and the
simulation of large industrial welding applications by the above technique seems therefore
to be far-fetched.

The main issues of the present chapter are in summary: A basic model has been established.
Di�erent physical phenomena have been evaluated by computation or through literature and
those believed to be important to a qualitative prediction of welding deformations have been
included with plausible results. Dynamic activation of �llet elements, dynamic coupling of
parts, contact modelling and tack weld positioning were identi�ed as prime factors with
regard to the qualitative deformation �eld. Experimental veri�cation is, however, needed
to give a quantitative evaluation of the predicted distortions. Finally, it is recognised that
the basic model is of limited practical value in terms of distortion prediction due to its
geometrical size and the computational e�ort required.

1HP J5000 workstation, 2GB RAM



Chapter 5

Dynamic Meshing

The objective of the present chapter is to increase the computational eÆciency in welding
simulation. The graded element introduced in the previous chapter has already attributed
to increased eÆciency and its superior mesh grading characteristics establish the basis for
the dynamic meshing algorithms to be described below. In dynamic meshing it is utilised
that the thermal and mechanical activities are localised in the region around the heat source,
and the basic task is therefore to provide a dense mesh only where needed and thus reduce
the number of DOFs.

5.1 Computational EÆciency

As previously mentioned, the computational demands of 3-D welding simulation have forced
researchers to focus on detailed investigation of welding phenomena in the local weld region,
usually employing a 2-D model. The �rst 3-D model was presented in the late 80s by
Lindgren and Karlsson [38] based on shell elements. 3-D simulations has since appeared
frequently in the literature but it should be noted that these are seldom concerned with
geometries more complex than edge heating, bead-on-plate or butt welding. To the author's
knowledge the basic model, presented in the previous chapter, is the �rst physically realistic
model for simulation of �llet welding and in this context it is hardly `basic'.

The main obstacle in 3-D welding analysis is the computation time. The development in this
research �eld can mainly be attributed to the rapid evolution of computer power but also to
the computational methods developed to increase eÆciency. Such methods involve automatic
FEA, substructuring, dynamic meshing, adaptive meshing and code parallelisation.

Automatic FEA regards problem analysis based on user input supplied at higher level of
abstraction than that generally required for problem description in FEA. Automatic FEA

51
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includes in the present work model generation, dynamic remeshing and the actual computa-
tion using process and geometry based input. The degree of automation is, however, limited
to analysis with prede�ned heat sources, materials and geometry types.

The basic idea of dynamic and adaptive meshing is to re�ne the mesh only where needed to
obtain a suÆcient solution accuracy with the least possible computational e�ort. Welding
simulation is the ideal application for dynamic and adaptive meshing due to the localised
load travelling with time in a large and only slightly changing domain.

Dynamic and adaptive meshing involves in the mechanical context dynamic rede�nition of
the mesh topology in quasistatic non-linear �nite element with history-dependent materials.
Dynamic meshing and adaptive meshing are only distinct in the way the mesh re�nement
is decided upon. In dynamic meshing a prede�ned mesh re�nement scheme is used whereas
mesh re�nement in adaptive meshing in general relies on error estimators.

Rezoning was �rst applied in welding in 1993 by Brown and Song [10] in a 2-D edge-heating
application. Later in 1997 Lindgren et al. [37] applied dynamic meshing for a corresponding
3-D simulation. The latest contribution known by the author is Runnemalm and Hyun [54]
who applied an adaptive mesh scheme for 3-D bead-on-plate simulation.

In adaptive meshing the general objective is to obtain a mesh which yields a solution with an
equidistributed error below a predescribed limit compared to the exact solution. As the exact
solution is commonly unknown, di�erent methods exist to obtain an error estimate. The
most common error estimator is presumably the posteriori Zienkiewicz-Zu error estimator, in
which a post-processed higher-order solution, usually obtained by least square approximation
over the global domain, is used instead of the exact solution [39, 71]. By dividing the local
element error with the global error a relative error norm is established and can be used for
determining which elements to re�ne or coarsen in an adaptive scheme for mesh re�nement.
Runnemalm and Hyun [54] compared adaptive meshing based on the thermal ux to that
based on e�ective stress. As the results were very di�erent, they concluded that a combined
error norm based on the maximum of the two should be applied. However, this approach
is likely to result in a dense mesh all along the path behind the heat source due to residual
stress gradients. In consequence, the computational cost increases signi�cantly as the heat
source travels with time.

The above adaptive approach is not suitable for the present work. The scope is prediction
of the overall displacement �eld, and if this can be maintained in coarsening along with
a reasonable representation of the elastic sti�ness, compromises can be made with regard
to the stress and strain description in low-temperature regions. Hence, the Zienkiewicz-
Zu error estimators based on mechanical �eld derivatives are not suitable for the present
purpose and will cause a mesh too dense in the lower temperature range. Instead a dynamic
meshing scheme was decided upon, combined with a coarsening procedure which emphasises
the retaining of nodal displacements.

Dynamic meshing involves managing of mesh topology, interelement compatibility, data
structures relating new and old meshes and data mapping of �eld variables.
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5.2 Mesh Re�nement Scheme

The dynamic meshing capability developed for the �llet welding application is based on the
position of the heat source and the prede�ned weld path. In consequence the mesh topology
is predetermined and in contrast to adaptive meshing, the mesh needs therefore not to be
updated in each increment but can be re�ned in advance to accommodate a given length
of the weld path. Both the mesh updating and the extra DOFs needed to accommodate
additional weld length are time-consuming in simulation. Thus, computational eÆciency
can be further enhanced by choosing a reasonable relation between mesh updating and
included weld length.

The mesh re�nement scheme is based on a normalised geometrical parameter. The basic
norm applied to an element i is adopted from McDill et al. [42]:

E(i) = nint
� log(h=r

&
)

log(2)

�
(5.1)

In the present implementation r is the distance between the element centroid and a prede�ned
path, h is the longest diagonal of the element, & is a scaling parameter for the degree of
re�nement and nint is the nearest integer function. Thus, the norm is simply based on the
ratio between the 'size' of the element and its distance from a re�nement path. A negative
value of E(i) indicates the need for coarsening, a positive the need for re�nement whereas
zero leaves the element unchanged.

A rule-based mesh management algorithm has been developed for the �llet welding ap-
plication. Initially, the dimensions of �llet, web and base plate are de�ned along with the
approximate dimensions of the largest element allowed. On this basis, a coarse and ungraded
root mesh is established. In the mesh management algorithm the distance r has been taken
to be the perpendicular distance between element centroid and a re�nement path, which is
basically a line representing the region which is desired to have a high mesh density. By use
of re�nement paths related to each re�nement level, exibility is added to the mesh de�ni-
tion as e.g. the `tail' of re�ned elements behind the heat source can be controlled for each
level. Starting at the initial mesh, i.e. at re�nement level 0, only procedures for re�nement
need to be considered. A lower bound of element size is de�ned by choosing the maximum
re�nement level allowed. Looping through the mesh, elements with a positive re�nement
norm are re�ned one level. This procedure is repeated until the maximum re�nement level
is reached. Binary grading has been used as a mesh grading restriction and as a result, an
element can as a maximum join 4 elements at a face and is re�ned if this number is exceeded.

In the de�nition of a new and updated mesh, rule-based re�nement and coarsening proce-
dures can be applied to the preceding mesh as proposed by McDill et al. [42]. Alternatively,
the root mesh can be used as re�nement basis each time the mesh topology is changed so
that only a re�nement procedure is required to coarsen and re�ne the mesh. This technique
has been applied here as it o�ers a simpler implementation and a gain in computational
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Figure 5.1: Examples of meshes in dynamic meshing.

eÆciency. In Figure 5.1, three out of twelve meshes used for a simulation are shown, repre-
senting start, intermediate and �nal calculation. As the mesh is coarsened at some distance
behind the heat source it is not allowed to coarsen to the maximum degree in the weld
region. This restriction was implemented to provide the exibility necessary to capture the
deformations resulting from the welding.

Once the topology of a mesh has been de�ned, redundant nodes must be eliminated. In the
thermal model constraint equations must be derived to obtain interelement compatibility.
As regards the mechanical model, the elements to be graded must be identi�ed and the
proper nodes added to their de�nition. To speed up the process spatially addressable search
trees has been de�ned for node search.

A consistent data structure is essential to relate a new and updated mesh to a preceding
mesh. A data array structure in two planes is used for mesh re�nement data. One plane
is used for current mesh data whereas the other holds data for the preceding mesh. When
a new element �rst enters the model it is assigned a unique element number, which is used
as key in the data array. The information saved in the mesh data array comprises the level
of re�nement, parent number, graded face key, children and geometrical part aÆliation.
When the mesh is updated, the history of each element is easily recovered by comparison
of the information of the preceding and the current mesh re�nement data. The use of data
structures allows for eÆcient mapping of history-dependent �eld variables between the old
and the new mesh.
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5.3 Data Mapping

As the mesh topology is changed, the positions and the numbers of nodes and Gaussian
integration points are altered. In history-dependent problems, the �eld variables must be
mapped from the old to the new mesh in order to establish the initial condition for the next
iteration. Di�erent problems must be addressed dependent on whether the quantities are
nodal values or Gauss point values and whether the mesh is re�ned or coarsened. Further, the
replacement of a graded with a non-graded element and vice versa, corresponds to coarsening
and re�nement, respectively.

Data mapping must be considered carefully as errors accumulated in mesh updating sig-
ni�cantly may a�ect the �nal results. In the following, �eld variables of the old mesh are
denoted by �? and those of the new by �. Both interpolation and least square projection
(LSP) techniques are applied in data mapping.

Data mapping by interpolation is used to �nd the quantity of a point from nodal values. A
point quantity of the new mesh is found by interpolation of the nodal quantities of the old
mesh. The element in the old mesh containing the point is located and its shape functions
are used as interpolation functions. The shape functions Nj must be calculated on the basis
of the normalised coordinates of the point with respect to the element. The normalised
coordinates (�; �; �) are unknown and must be calculated from the cartesian coordinates by
inverse isoparametric mapping. In the case of e.g. non-rectangular �llet elements Eq. (5.2)
de�nes a non-linear system of equations which is solved using an iterative numerical solution
technique. In the case of rectangular elements, Eq. (5.2) de�nes a linear system of equations
which can be solved directly.

t =
nX

j=1

Nj(�; �; �) t
?
j ; t = x; y; z (5.2)

Once the normalised coordinates and the shape functions are calculated, the nodal quantity
of the new mesh is easily found by Eq. (5.2) substituting t and t? with the �eld quantities �
and �?.

The mapping of Gaussian integration point values is somewhat more complex. The mapping
is carried out using a least square method for projecting the integration point values of the
old mesh to the nodal positions. From these `arti�cial' nodal values the values of the new
Gauss points are subsequently calculated by interpolation. Standard least square collocation
has been applied, yielding the following matrix equation to be solved:

[Q]T [Q]f�ng = [Q]Tf�gg (5.3)

�n represents the `arti�cial' nodal values to be estimated, �g represents �eld variables at the
Gauss points of the old mesh and component Qij of [Q] is the shape function for node j,
evaluated at the isoparametric coordinates of the Gauss point i.
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In the thermal analysis initial nodal temperatures must be prescribed for the new mesh. In
mesh re�nement, temperatures of added nodes are obtained by interpolation in the temper-
atures of the old mesh. In coarsening, the temperatures of the common nodes are copied
whereas the redundant nodal values of the old mesh are simply dropped. The mapping of
temperatures is not subjected to any signi�cant inaccuracy as re�nement and coarsening
generally occurs in domains with small thermal gradients.

Data mapping of the mechanical quantities are, however, not so simple. The data needed to
establish the initial conditions for the �rst iteration using the updated mesh comprises:

� Displacements

� Peak temperature

� Dilatational strain

� Plastic strain

� Yield surface shift strain

� Accumulated ine�ective strain

In mesh re�nement the added nodal quantities are obtained by interpolation in the nodes of
the old mesh. The mapping of Gauss points quantities in mesh re�nement is a little more
complex. The number of Gauss points in the old element to be coarsened varies between
8 and 64 depending on the number of linear subdomains, whereas the number of nodes
in the old element lies in the range 8 to 20 as at least three faces are non-graded. The
LSP technique is used to minimise the error in projecting the Gauss point quantities to the
nodes. As this is done in the old mesh the establishment of [Q] is straightforward as the
isoparametric coordinates are ready at hand. Inverse isoparametric mapping is, however,
needed as the Gauss point values of the new mesh are calculated by interpolation in the
`arti�cial' nodal values of the old mesh.

A good accuracy is usually obtained in re�nement as the increased number of node and
integration points easily represents the variation of �eld variables in the domain. The main
source of inaccuracy in re�nement is related to the changed sti�ness of the cluster of elements
replacing the elements to be re�ned. Coarsening is subjected to somewhat larger errors. Not
only is the sti�ness of the domain altered but the �eld variables need also to be represented
by a reduced number of variables.

Mapping of Gauss point data in coarsening is managed by the LSP method. All values of
the integration points belonging to the cluster of elements to be replaced are projected onto
the nodes of the new large element. Hence, inverse isoparametric mapping is required to
establish the [Q]-matrix. Subsequently, the Gauss point data is found by interpolation of
the `arti�cial' nodal values.
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The mapping of nodal values in coarsening can be carried out by di�erent techniques. If
the LSP method is applied, the domain must include both the element to be coarsened
and the surrounding elements, as shared nodes must be assigned equivalent values [41].
Alternatively, the values of nodes common to the old and the new mesh can be retained
and the values of redundant nodes can be dropped. Errors are introduced by either of the
techniques, primarily due to the di�erent techniques used to obtain the nodal values and
the integration point values. As previously discussed, the Gauss point values are obtained
by the LSP method, taking into account the integration points of the cluster of elements
to be replaced. If the method used to obtain the nodal values is not based on the values
of the same domain a mismatch is created. This mismatch is most signi�cant if values of
redundant nodes are simply dropped but it is, however, also present if a larger domain is
included. In the present work the node dropping technique has been applied in combination
with a corrective technique which emphasises the preservation of nodal displacements. The
elastic strain is de�ned as

�elij = �totij � �thij � �pij � �acij (5.4)

where

�elij : elastic strain

�totij : total strain

�thij : thermal strain

�pij : plastic strain

�acij : accumulated ine�ective strain while inactive

�acij was introduced in Section 4.7.1 and represents the ine�ective strain accumulated in an
element while dead. In the �rst iteration using the new mesh, the total strain is calculated
from the nodal displacements and the trial strain is calculated in equivalence to the elastic
strain in Eq. (5.4). The mapping error becomes visible in the calculation of the trial strain
as the total strain has been obtained by the node dropping technique, whereas the other
strain components have been obtained by the LSP technique. The method for correction
exploits that the total strain is a part of the element saved base variables, so that it can be
found by the LSP technique and compared to the total strain derived from nodal displace-
ments. By subtraction of the di�erently derived total strain components, a corrective strain
is established which is included in �acij . The resulting gain is that the nodal displacements
have been preserved and that the trial strain calculated in the �rst increment is found from
values based on the LSP technique representing the coarsened domain. What has not been
accounted for is the sti�ness change attributed to the replacement of a cluster of elements
by a larger less exible element, which results in a slight change in the element load vector.

Figure 5.2 compares the von Mises stresses before and after mesh updating for equivalent
load steps. It should be noted that the displayed stresses are integration point values copied
to the nodes by a heuristic method. Furthermore, the postprocessor does not include mid-
edge and mid-face values in the plotting which causes a discrepancy in these positions as
only values for the small elements at a 2:1 joint are included in the plot averaging.
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Von Mises [MPa]
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(a) Before coarsening (b) After coarsening

Figure 5.2: Von Mises stress before and after mesh updating.

However, if the plot errors are disregarded very good agreement is obtained between stress
�elds. This is further supported by the L2-norm used for convergence checking, which is
small in the calculation used for mesh updating. However, if the contact surface is rede�ned
in areas of primary contact, the contact pressure may be altered and cause a somewhat
higher convergence norm in the �rst iteration. This is, however, not visible if the resulting
values of the �eld variables are compared.

The data structure previously discussed relates the old mesh to the new and provides the
information necessary for eÆcient data mapping between meshes. However, in some cases
this data structure is not available for data mapping. In simulation of double-sided �llet
welding, it is desirable to `reset' the mesh data after the �rst �llet has been laid and de�ne
an altered root mesh for simulation of the second. Elements as those of the second �llet,
which did not exist in the �rst model, are de�ned as inactive elements which do not need
any initial data. Before data transfer is initiated, the relationship between the new and old
mesh must be established as it e.g. is of relevance to know the clusters of elements which
have been merged by the coarsening. This relation is established by �nding the elements in
the old mesh which contains the new nodes and integration points. For this purpose, the
method used in Brown and Song [10] has been adopted to locate a spatial point in a mesh.

The above technique for data mapping is far more general than the mapping method based
on mesh history but requires a considerably larger computational e�ort.

5.4 Mesh Density in Dynamic Meshing

The mesh density required in welding simulation is decisive for the computational eÆciency
and was shortly addressed in the discussion of adaptive meshing versus dynamic meshing.
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Mesh density requirements in dynamic meshing are investigated by evaluation of the �eld
variables in both the thermal and the mechanical model. It is, however, clear that a com-
promise between resolution and computation time must be made and that the mesh density
for the present work have been chosen with the emphasis on computational eÆciency.

The �rst issue to consider is the basic dimensions of the �nest elements and the size of time
increments. A series of computations was made to �nd a set of dimensions where further
re�nement did not cause considerable changes in the �eld variables in the region surrounding
the �llet. Speci�cally large gradients occur at start and stop and in the regions around tack
welds. Observed from a co-moving frame an approximate steady state is reached between
tack welds. In this `steady state' region the requirements to discretisation in the welding
direction are reduced and the length of the elements can be extended. The models presented
so far employ elements of constant length along the weld line but in the models to be
introduced, the element length in the intermediate region grows towards the double length
of those in the start and the stop region. Thus, the computational eÆciency is signi�cantly
increased for long models with few tack welds. As regards the time stepping procedure, it
is common practice to use the element length divided by the weld speed as time increment.
This reduces the dependency between heat source position and mesh topology as the discrete
values of power density obtained by the double elliptic heat source do not change seen from
a co-moving frame.

The next issue to consider is the level of mesh re�nement needed in the di�erent parts of
the model. Temperatures and thermal gradients change rapidly in the immediate vicinity of
the heat source but the gradients diminish quickly with distance as previously illustrated in
Figure 4.15. As regards the mechanical �eld, the large thermal gradients produce correspond-
ing mechanical changes in heating but at high temperatures and in cooling, the similarity
between the thermal and the mechanical �elds disappears for two reasons. At high tempera-
tures the material sti�ness is reduced signi�cantly and the gradients in the mechanical �eld
variables disappear. In cooling, the thermal gradients diminish quickly, whereas volumetric
expansion and rapid change in mechanical properties follow from the phase transformation.

The mesh density in front of the heat source has been decided upon by evaluating the
mechanical gradients as these impose higher demands than the thermal gradients. The
largest gradients occur in the HAZ region as illustrated by Figure 5.3, which shows the
equivalent plastic strain in the plane transverse to the welding direction. In a similar fashion,
the von Mises stress increases rapidly from almost zero to approx. 200 MPa in the region.
The mesh density has simply been chosen to accommodate this region of high gradients,
either by the �nest elements or by the graded elements facing the �nely meshed region.

The mechanical e�ects in cooling strongly inuence the mesh density needed in the region
travelling behind the heat source. Two phenomena in cooling are important to describe the
mechanical activity. First, the material regains its strength as the temperature is decreased.
Secondly, volumetric expansion and rapid change in material properties follow from the phase
transformation. Basically, mesh coarsening can be conducted with little loss of accuracy if
the domain has similar mechanical properties and small gradients in �eld variables. If the
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Figure 5.3: Equivalent plastic strain in the plane transverse to the welding direction.

�eld gradients do not develop in time, coarsening can be argued only to result in a less
good representation of stresses and strains and in a slight sti�ness alteration, whereas nodal
displacements can be retained with reasonable accuracy. Further mesh coarsening is therefore
restricted by the transient change in mechanical gradients occurring in the domain behind
the heat source, which is related primarily to the occurrence of phase transformation and
thus to the phase transformation temperature range. A reasonable basis for determination of
the length of the densely meshed `tail' travelling behind the heat source would therefore be
the A3-temperature which represents the lower temperature bound of phase transformation.
Presently, the minimum A3 is 400oC but later, in Chapter 7, other material models will
be investigated with A3 as low as 255oC. As the cooling rates decrease signi�cantly when
the temperature drops, a low A3-temperature will result in a long tail of �ne elements
travelling behind the heat source. This is apparent analysing the temperature range shown
in Figure 5.4.

The above approach o�ers a reasonable increase in computational eÆciency based on the
current material model because of the relatively high value of A3. However, the gain is
not signi�cant and if a lower A3-temperature is considered, the gain quickly turns into zero
for the 280 mm long T-pro�le shown in Figure 5.4. Therefore, it is highly interesting to
investigate the loss of accuracy associated with a shortening of the tail of the most re�ned
elements. The applied material model uses the peak temperature of a material point as the
decisive parameter for the temperature range of phase transformation. Decreasing the tail
length to increase the computational eÆciency will cause an averaging of peak temperature
and consequently an averaging of transformation strain. This will mainly a�ect the HAZ
elements adjacent to the �llet, since this particular region experiences the largest di�erences
in peak temperatures. In Figure 5.4, the highest level of re�ned elements is coarsened one
level at about 525oC and further one level at approx. 450oC with the exception of the HAZ
elements which are maintained. In consequence, coarsening is carried out before the A3-
temperature of 400oC is reached. The loss of accuracy has been evaluated in a comparison
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Figure 5.4: Slow cooling in the lower temperature range.

of the dynamically meshed model to a model with fully re�ned elements along the weld
line. To further evaluate the dependency on mesh density, a coarse model has been included
in the evaluation for comparison. The coarse model is identical to the full model but the
maximum element re�nement has been decreased one level. The stress and displacement
�elds are shown in Figures 5.5 and 5.6 for evaluation.
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Figure 5.5: Von Mises stress [MPa].
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Figure 5.6: Displacements [mm].
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The �nely meshed dynamic model shown in Figure 5.5 yields stress values within 10% of
those of the full model. This is satisfactory as the applied coarsening procedure emphasises
the retainment of displacements on account of accurate stress mapping. As a general problem
it should also be noted that the stress values are Gauss point values and that the displayed
values in di�erently meshed regions are therefore related to di�erent locations.

Based on visual inspection of the displacement �elds it can be concluded that dynamic
meshing provides a very good approximation to the deformations predicted by the full model.
Hence, it is validated that coarsening can be carried out before the phase transformation
has �nished without the introduction of signi�cant displacement errors.

As regards the coarsely meshed model quite di�erent displacement and stress �elds are pre-
dicted. The deviations in x-displacements are the most signi�cant as the web is seen to
go into a di�erent deformation mode with maximum displacements at the top of the web.
This deviation is independent of the structural sti�ness of the surrounding structure as the
characteristic deformations are preserved for both the full and the coarse model when the
geometrical dimensions are increased. Three other issues may, however, be related to the
deviation. First, the heat source modelling deviates due to the di�erence in mesh discreti-
sation and in the coarse model the net heat input must be corrected by the discretisation
error. Secondly, the thermal gradient through the web is essential to the bending moment
introduced. Since the temperature is averaged on element basis, four elements through the
thickness result in a rather poor representation of the thermal strain. Thirdly, especially
the bending sti�ness of a coarsely meshed structure is larger than that of a �nely meshed.
All three factors cause deviations but proper discretisation of the region surrounding the
heat source seems to be most essential. This is indicated as the dynamically re�ned model
predicts the displacements with good accuracy in spite of a sti�ness only slightly di�erent
from the coarsely meshed model.

The conclusion of the above analysis is highly interesting with respect to computational
eÆciency. Without the capability of dynamic mesh re�nement it is necessary to employ a
computationally demanding model with a dense mesh along the weld path. This is required
as a coarser but faster model fails to predict even the correct qualitative deformation pat-
tern. The dynamic model allows both the quantitative and qualitative deformations to be
calculated with good accuracy and signi�cantly reduced computational e�ort.

The next problem to be analysed is the degree of mesh re�nement needed in dynamic meshing
in order to obtain a reasonable prediction of the distortions. Compared to the �rst mesh
re�nement scheme the extent of the �nely meshed region is reduced to decrease the number
of DOFs and, hence, increase the computational eÆciency. A series of calculations was made
to �nd a mesh re�nement allowing the distortions to be calculated quickly with reasonable
accuracy. The mesh shown in Figure 5.7 provides a suitable compromise between accuracy
and speed. An additional step towards increased eÆciency was made in the time stepping
procedure. An increment corresponding to the length of an element is common practice but
the use of double sized calculation steps had almost no visible impact on the results, even
in the centre region with long elements. The actions taken and the assumptions made so
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Figure 5.7: Mesh used for computationally demanding applications.

far to increase the computational eÆciency are considerable and should supposedly inuence
the displacement and stress �elds signi�cantly. Comparing the calculated displacement and
stress �elds shown in Figure 5.8 to those of the full model, it is, however, concluded that
this has been accomplished without seriously a�ecting the accuracy of the results.

It is, however, important to recognise that the above approach does not o�er detailed mod-
elling of the plastic straining which may occur, if the yield stress is exceeded towards the
end of the thermal cycle or if plastic straining occurs outside the regions exposed to high
thermal loads. Increased mesh density in such regions may be included by use of adaptive
meshing but, again, the computational demands will increase dramatically.

No matter whether dynamic or adaptive meshing is applied, the e�ect of mesh density
on structural sti�ness (especially bending sti�ness) and thus displacements is diÆcult to
evaluate. Normally, a repetitive mesh re�nement is used until asymptotic displacement
convergence is seen and based on this, the mesh density is decided upon. Two problems arise
by the use of this approach for the present application. First, the computational capacity
does not allow the problem to be re�ned suÆciently. Secondly, the changing mesh density
constantly rede�nes the problem to be investigated. In the models presented, two linear solid
elements are used through the thickness as a minimum in the far �eld region. This results
without any discussion in a structure which is too sti� in bending and must be described
as an absolute minimum if dominant parasitic shear should be avoided. As further mesh
re�nement is undesirable in respect to computational eÆciency, the application of bubble
functions to the graded element should be considered to improve the bending behaviour.

5.5 Double-Sided Fillet Welding

Simulation of double-sided �llet welding has become computationally attainable by the use
of dynamic meshing. The requirements to mesh density are increased as the residual stresses
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(d) Von Mises stress [MPa]

Figure 5.8: Results predicted by dynamic model with reduced re�nement.

and deformations from the �rst �llet are included as initial conditions. The elements in the
region of the �rst �llet are not coarsened to the lowest re�nement level as a higher density is
required to capture properly the residual stress and deformation. Further, the temperature in
this region rises suÆciently to cause considerable stress relaxation. All together the number
of elements is increased considerably.

In the simulation of the second �llet the web has already been locked to the base plate by
the constraint equations of the �rst �llet, and the relative displacement between the parts
remains therefore unchanged in simulation of the second. The �ller elements are `born'
as the thermal expansion is at its maximum and locking the second �llet in this position
models properly the restraint which follows upon cooling. The mesh used for simulation is
based on the mesh re�nement scheme of the dynamic model initially introduced. Figure 5.9
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shows von Mises stresses and mesh topology viewed from the side of the second �llet and
the �rst �llet, respectively. The stress state which follows upon welding of the �rst �llet
was shown previously in Figure 5.5(b), and Figure 5.9(b) therefore illustrates a considerable
stress relaxation in the �rst �llet caused by the welding of the second.
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(a) View of second �llet
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(b) View of �rst �llet (stress relaxation)

Figure 5.9: Von Mises stress in simulation of second �llet [MPa].
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Figure 5.10: Displacements in simulation of second �llet [mm].

Figure 5.10 shows the �nal displacements for the T-pro�le. The e�ect of laying the second
�llet can be evaluated on comparison of the above results to those of the dynamic model in
Figure 5.6.
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5.6 Obtained Simulation EÆciency

At this point the simulation eÆciency has been increased signi�cantly compared to the basic
model initially investigated. The eÆciency obtained through graded elements and dynamic
meshing has the drawback of a decrease in simulation accuracy, which, however, appears to
be quite acceptable with regard to distortion prediction. Besides the decrease in computation
time, the increased eÆciency also allows for simulation of welding applications previously
unattainable.

The developed mesh re�nement and data mapping algorithms are quite eÆcient. The tasks
involved in the procedure are shortly listed:

� Extract Gauss point data and nodal data from model

� Save model and results

� Generate a new and updated model

� Map data onto model

� Initialise elements in the new model

The time needed for the above procedure depends on the model size. For the model shown
in Figure 5.1 the time elapsed before solving is continued in the updated model is less than
90 secs.

The computational saving obtained by dynamic meshing is not pronounced for small models
but the saving increases dramatically as the length of the model is extended. In contrast,
the computational requirements becomes extensive as a fully re�ned model is extended in
the longitudinal direction and as a result rather limited models, measured in welding length,
can be dealt with. In consequence the comparison between a dynamically meshed and a
fully re�ned model is not straightforward since direct comparison in computation time can
only be made for small models where the advantage of dynamic remeshing has not yet been
fully put into e�ect.

In general the increase in eÆciency is not easily quanti�ed. As previously mentioned, the use
of a direct solver gives a computation time roughly proportional to the bandwidth squared
times the number of DOFs, times the number of time steps. In dynamic meshing the
bandwidth changes in a transient manner due to the constantly changing contact and the
varying number of DOFs. In consequence a detail like a di�erently positioned tack weld may
inuence the state of contact and alter the computation time considerably.

In order to provide a quanti�cation of the obtained computational eÆciency a few examples
of computation time will be given. The workstation available was an HP J5000 with 2Gb
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RAM. The computation time needed for each of the four models used in the investigation
of dynamic modelling is listed in Table 5.1.

Model DOFs Computation time

Fully re�ned along weld path 37593 32 hrs.

Dynamic 10236-21723 13 hrs.

Dynamic (reduced re�nement zone) 8667-14442 3 hrs.

Coarse mesh 14931 3 hrs.

Table 5.1: Computation time for 280 mm T-pro�le, one-sided welding.

In the comparison it should be noted that the time stepping was changed for the dynamic
model with reduced re�nement zone. Further, this model is seen to have fewer DOFs than
the coarsely meshed model, which is due to the reduced re�nement at all re�nement levels.
The computation time includes both the thermal and the mechanical analyses of one-sided
welding.

For industrial applications a weld path of 280mm is of little practical value. To study the
computational capability of the dynamic model with reduced re�nement zone a considerably
larger application was investigated. Double-sided welding of a 1690mmT-pro�le, tack welded
in �ve positions, was simulated. The total length of the weld path was 3380mm, which
surpasses most industrial welding applications, except those commonly found at a shipyard.
Figure 5.6 shows the deformed geometry by the use of a scaling factor of 30.

The computation time used for the above model is given in Table 5.2.

Model Computation time

Thermal, �rst side 10 hrs.

Mechanical, �rst side 31 hrs.

Thermal, second side 15 hrs.

Mechanical, second side 64 hrs.

Total 120 hrs.

Table 5.2: Computation time for 1690 mm T-pro�le, double-sided welding.

Comparing the computation time with the capability of the workstation and considering
the length of the simulated weld path, the above example clearly illustrates that numerical
simulation can be applied to the investigation of welding applications in industry.
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Figure 5.11: Deformed geometry of large model (scaling factor 30).
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5.7 E�ect of Tack Weld Positioning

The positioning of tack welds inuences signi�cantly the deformation pattern. This is illus-
trated by the large T-pro�le presented in the previous section and the change of tack weld
positions.

(1)

(2)

(3)

(4)

(5)

(a)

(1)

(2)

(3)

(4)

(5)

(b)

Figure 5.12: Deformation mode depending on tack weld positions (scaling factor 30).

Altogether 5 tack welds were applied to each T-pro�le, positioned at the weld line as indicated
by the numbers in Figure 5.12. In welding, the �rst �llet is laid on the right side of the web,
starting at the far end.

It is interesting to note that the deformation mode of especially the web is highly dependent
on the tack weld positioning. In fact, the modes are directly the opposite of each other
whereby it corresponds to the di�erence in tack weld positioning. In the simulation it was
found that the positions of the �rst few tacks were decisive for the deformation mode as the
inuence of the tack welds is not suÆcient to cause large alterations once the mode has been
initiated.
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5.8 Experimental Evaluation

A rough quantitative evaluation of the predicted deformations will be presented in this sec-
tion. Experimental evaluation of the simple T-pro�le shown in Figure 5.13 was carried out by
Birk-S�rensen [7]. The hatched edge was restrained between to rigid plates, bolted together
to form a cramp device. This boundary condition is not well suited for FEA as it involves
restraint based on unspeci�ed contact. It has, however, been modelled on the assumption
of fully restrained out-of-plane displacements and unrestrained in-plane displacements. The

Figure 5.13: Simple T-pro�le, plate thickness: 12mm.

welding parameters for the present speci�cation are somewhat di�erent from those of the
target application outlined in Section 3.2. The dimensions of the T-pro�le are given in Fig-
ure 5.13 and the WPS in Table 5.3. The longitudinal and the transverse deformations were

Plate thickness 12 mm
Material mild steel
Speci�ed A-measure 3.5 mm
Welding speed 7 mm/s
Voltage 28 V
Amperage 280 A
Process MAG FCW

Table 5.3: Welding parameter speci�cation

measured by a large micrometre screw gauge between the locations A-B and C-D, respec-
tively, as indicated in Figure 5.13. The out-of-plane deection was measured by the use of a
dial indicator at location E. The measured values are presented in Table 5.4. Even though
the utility value is compromised by the small number of experiments, a good estimate of
the magnitude are provided by the investigation. The mean values are used for evaluation
of the numerical model.
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Specimen Fillet no. Longitudinal Transverse Deection

1 1st 0.17 -0.05 1.80
2nd 0.02 -0.16 3.80

2 1st - - 2.16
2nd 0.12 -0.10 4.90

3 1st - - -
2nd 0.24 -0.30 5.50

4 1st 0.29 -0.16 2.36
2nd 0.22 -0.18 5.03

5 1st 0.26 -0.23 2.04
2nd 0.10 -0.36 4.40

6 1st 0.22 0.06 2.73
2nd 0.10 -0.15 5.03

Average 1st 0.24 -0.10 2.22
2nd 0.13 -0.21 4.78

Std. variation 1st 0.05 0.13 0.35
2nd 0.08 0.10 0.59

Table 5.4: Measured deformations [mm] (Birk-S�rensen [7]).

The numerical model was established by changing the dimensions and welding parameters
in the input �le. Further, a series of iterative thermal simulations was carried out to esti-
mate the descriptive heat source parameters based on a polished x-section. The dynamic
updating was carried out every 8th time step resulting in 13 models for each �llet weld.
The y-displacements resulting from simulation of the �rst and the second �llet are shown in
Figure 5.14.

 Y-disp.[mm]
     -0.086 
     -0.223 
      0.411 
      1.045 
      1.679 
      2.314 
      2.948 
      3.582 
      4.216 
      4.850 

X

Y

Z

(a) First �llet (b) Second �llet

Figure 5.14: Y-displacements
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The longitudinal and the transverse displacements are strongly dependent on the exact
location of measuring points. Depending on the y-coordinate of the measuring points, the
transverse displacement varies from -0.11 to 0.07 mm in the case of the �rst �llet. Likewise
the longitudinal displacement varies from -0.02 to 0.17 mm from the base plate to the web.
In consequence, neither good nor bad agreement between the numerical and the measured
values can be concluded from the experiments available.

The measuring of deection is, however, better de�ned and less dependent on the exact
position of the measuring point. The predicted deections are 2.44 mm for the �rst �llet
and 4.65 mm for the second. Comparing these values to the average deection values listed
in Table 5.4, the deviations are less than 10% and 3%, respectively.

The above evaluation shows good agreement for the deections. Further, the order of mag-
nitude was veri�ed for all the predicted distortions. The longitudinal and the transverse
strains could unfortunately not be evaluated and proper veri�cation will require experiments
designed speci�cally for the application.

5.9 Summary of Chapter 5

In the present chapter the computational eÆciency of welding simulation has been increased
considerably. Based on the mesh grading characteristics of the graded element, a dynamic
mesh re�nement scheme has been developed with the emphasis on displacements in the data
mapping algorithms. By investigation of the mesh density required in dynamic meshing, it
was found that good predictions of the qualitative distortion pattern could be obtained, even
if the mesh re�nement was decreased considerably to increase the computational eÆciency.

By application of dynamic mesh re�nement, the welding of the second �llet was shown to
cause considerable stress relaxation in the �llet already laid. Further, the e�ect of tack
weld positions was seen to be signi�cant as a change in positioning resulted in very di�erent
distortion modes of the web.

The use of dynamic mesh re�nement allows simulation of welding applications which was
previously far beyond the computational capability. The welding simulation of a T-pro�le
containing more than 3.3 metres of welding illustrates clearly that numerical simulation may
be applied to large industrial problems.
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Chapter 6

The Local/Global Template

The eÆciency obtained by graded elements and moving mesh algorithms is inadequate when
the objective is simulation of welding in large structures such as ship sections. The essential
problem of moving mesh re�nement is that the structure should be discretised at least
to the level where geometry, stresses and deformation can be represented with adequate
accuracy at ambient temperature. More precisely, unwelded regions should be discretised to
represent geometry and restraints properly. The welded regions should also hold the stresses
and deformations accumulated in welding and, hence, further discretisation is required. As a
result the number of DOFs necessary to represent a given structure at the coarsest re�nement
level very quickly increases beyond what is computationally attainable as the size of the
structure grows.

In the present context a template is de�ned by a bundle of techniques, combined to enable
welding simulation in large structures. Several templates of varying complexity have been
proposed in literature. Most templates are based on heuristic or idealised models for calcu-
lation of the welding response locally at the weld, which are subsequently mapped on to the
global structure. Recent examples can be found in the papers by Tsai et al. [66] and Seo
and Jang [55], who employed an experimentally based inherent strain method and a highly
idealised analytical method, respectively. The work carried out by Brown and Song [10], who
applied dynamic meshing and dynamic substructuring to a 2-D edge heating application, is
more interesting.

Generally, templates are always based on further approximations compared to the full simu-
lation. The essence is how these approximations are chosen and how they a�ect the accuracy
of the prediction. To predict the qualitative distortions of an assembly rather extensive re-
quirements are imposed on the template to be developed. The requirements previously
identi�ed for the 3-D �llet welding application are still relevant, but in addition it is now
necessary to include the boundary conditions formed by the surrounding structure and to
include the stress and deformation caused by preceding welding at the assembly. These
factors are essential to a design tool capable of predicting the welding response as a result of

75
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welding sequence. A template denoted the local/global template (L/G template) has been
developed for the purpose.

6.1 Concept of the Local/Global Template

The target application introduced in Section 3.2 is chosen for analysis. The subassembly
is a part of a transverse web frame in a container vessel and is particulary interesting as it
has caused signi�cant problems in production due to welding deformations. A global model
representing the subassembly is purely composed by linear elastic shell elements. Compared
to solids, the use of shell elements signi�cantly reduces the number of DOFs and improves the
bending behaviour. The element applied is a 4 noded quadrilateral 3-D shell of the discrete
Kirchho� type without shear deection capability [2, 15]. The global model is illustrated in
Figure 6.1.

X

Y

Z

Figure 6.1: The global model.

As the global shell model is not suited for welding simulation, a local solid model is built for
each weld line using the dynamic models with reduced re�nement introduced in Section 5.4.
The idea behind the L/G template is to link the local models to the global model and thus
enable a proper representation of both the boundary conditions for the local models and
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the accumulated distortions in the global model. Moreover, it is exploited that a large part
of the structure can be modelled by substructures due to its linear elastic response at low
temperatures. Figure 6.2 shows the �rst few steps in the L/G template.

(a) (b)

(c) (d)

(e)

Figure 6.2: Steps in L/G template.
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The steps illustrated can be described as follows:

(a) The global shell model, also shown in Figure 6.1, and the local solid model of the �rst
weld line are generated.

(b) The shell elements represented by the local model are removed and the boundary nodes
are identi�ed. Substructures are generated to represent the structure of the global
model and these are coupled to the local model.

(c) Stress and displacement �elds are found by welding simulation.

(d) Nodal positions in the centre plane of the local model are used to update the displace-
ments in the global model.

(e) The next local model and the surrounding substructures are generated. Based on the
displacements found in (d), the loads acting on the boundary of the local model are
calculated and included in the formulation of the substructures.

(-) Stress and deformation are calculated as in (c) and the cycle (c)!(e) is continued until
all weld lines have been included.

The tasks de�ning the L/G template are therefore:

� Generation of geometrically consistent local and global models

� Substructure generation including thermal and structural loading

� Coupling of shell and solid elements

� Method for updating accumulated distortions in global model

� Extraction of boundary conditions from the global to the local model

The local models are not been included in the above list as they have already been attended
to in the previous chapters.

The above discussion concerns only the mechanical modelling as it is far more complex than
the thermal. For smaller assemblies it is suÆciently eÆcient to skip the thermal substructure
generation and include all shell elements of the far �eld domain in the local thermal analysis.
As the material at a weld line is assumed to cool to ambient temperature before the next
�llet is laid, there is no interaction between the thermal models. Due to the simplicity of the
thermal modelling, the point of focus of the subsequent discussion will be the mechanical
aspects of the modelling.
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6.1.1 Model Geometry

To facilitate the exchange of data between the local solid models and the global shell model,
consistent geometry must be ensured. The shells in the global model corresponding to the
local solid models are from now on denoted the equivalent shells. These are based on the
centre planes of the local models and have a mesh density corresponding to the coarsest
re�nement level of the solids.

The sti�ness of the structure increases as the structure in welding is gradually changed from
being attached only by tack welds to being fully joined at the weld lines. The change in
sti�ness is included in the global model and thus also in the substructures by modelling the
tack welds as well as the joints after welding. The gap occurring in the global shell model
between the centre planes of the web and the base plate, causes a problem when the parts
must be joined. The gap is unphysical as it is only related to the modelling of plate thickness
by shell elements. A connecting shell element is applied to join the web and the base plate
and the properties of the shells constituting the joint are modi�ed. A T-joint, �llet welded on
both sides, is very rigid in bending transversely to the weld line, whereas the axial sti�ness
is only changed by the added sti�ness of the �llets. This can be approximated by decreasing
the elastic modulus and increasing the thickness, which leaves the axial sti�ness unchanged
whereas the bending sti�ness is increased. A series of FE analyses was made to �nd a set
of properties for the shell joint, providing a reasonable approximation to the behaviour of a
joint modelled by solid elements.

6.1.2 Combining Solids and Shells

The mixing of solids and shells is advantageous in welding simulation. Shells are superior
to solids in the far �eld region as they improve the bending behaviour and as there are no
restraints on the aspect ratio, whereby the number of elements can be dramatically reduced.
However, in the non-linear region with large gradients through the thickness, solids are
required to obtain an adequate resolution.

The shell and solid elements have di�erent node arrangements and di�erent degrees of free-
dom and in order to combine them, the compatibility problem must be solved. Figure 6.3(a)
illustrates the DOFs to be coupled in the combination of solids and shells. The nodes in
position 1-3 belong to the solid elements and have only translational DOFs. The node in
position 4 belongs to the shell and has 3 rotational DOFs in addition to the translational
DOF.

Generally, constraint equations are used to relate the DOFs of the shell to those of the solids.
However, the use of constraint equations does not allow the solids to expand thermally in the
through-thickness direction, which cause spurious stresses. Secondly, it is computationally
more eÆcient to include the solid-shell transition arrangements in the substructures to be
generated from the shells, so that de�nition and computation only need to be performed
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Figure 6.3: Connecting solids to shells

once. This is not possible by use of constraint equations as all relevant nodes must be
present at the time of generation.

A di�erent approach based on beam elements has been applied to solve the above problems.
As shown in Figure 6.3(b), two beam elements are connected perpendicularly to the node
of the shell in position 4. The beams are used to obtain large bending sti�ness and low
axial sti�ness, which is achieved by de�ning a large moment of inertia and a small elastic
modulus. The beams, having 6 DOFs at each node, will rotate and translate with the nodes
of the shells. The connection to the solids is now established coupling the translational
DOFs of nodes located in equivalent positions. The low axial sti�ness of the beams allows
the solids to expand thermally in the through-thickness direction and the bending sti�ness
allows rotation about the in-plane axes to be transferred. The only restraint imposed on the
solids is the con�nement of shear deformation as the beams force the nodes of the solids to
remain perpendicular to the centre plane in bending. Further, the in-plane rotational DOFs
of the shells are not speci�ed in the transition.

The use of beams facilitates the coupling between solids and substructures made of shells.
The beams are simply included in the substructuring and only the translational DOFs are
de�ned as independent master DOFs.

6.1.3 Utilisation of Substructures

Substructuring is a technique of matrix reduction used to reduce the system matrices to a
smaller set of independent variables. Thus, a substructure is simply a collection of elements
acting as one element de�ned by a reduced set of DOFs. Below, the reduced set of DOFs is
denoted m for master DOFs and those to be eliminated are denoted by s for slave DOFs.
The standard system of equations

[K]fqg = fQg (6.1)
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is rearranged into�
[Kmm] [Kms]
[Ksm] [Kss]

��fqmg
fqsg

�
=

�fQmg
fQsg

�
(6.2)

Solving for fqsg
fqsg = [Kss]

�1fQsg� [Kss]
�1[Ksm]fqmg (6.3)

and substituting into the �rst equation of (6.2) yield
�
[Kmm]� [Kms][Kss]

�1[Ksm]
� fqmg = fQmg�[Kms][Kss]

�1fQsg (6.4)

where the large square bracket term is the substructure sti�ness matrix and the right hand
term is the equivalent force vector.

The entire far �eld region clear of the non-linear weld line regions is in general suited for
substructuring. If the thermally a�ected part of the far �eld region is substructured in the
thermal analysis it should later be expanded to provide the thermal load on the equivalent
structural substructure.

Due to the matrix reduction all elements are required to have constant linear elastic prop-
erties. Loads acting on slave DOFs must be applied at the time of substructure generation
and are transformed into the equivalent load vector acting on the master DOFs.

When the global shell model has been substructured the bandwidth of the sti�ness matrix
should be considered. After the global system of equations are set up, the bandwidth of the
problem is reduced by renumbering the nodes based on nodal connectivity through elements.
If the local model is encircled by a single substructure a large bandwidth may be caused
by inappropriate connectivity. Dividing the global model into a number of substructures
may signi�cantly reduce the bandwidth and thus the computation time. The use of multiple
substructures is illustrated in Figure 6.2(e).

The subassembly must be spatially �xed for FE analysis by de�nition of boundary conditions
preventing rigid body translation and rotation. As the local models change for simulation
of each weld line the boundary conditions are de�ned on the global shell model and hence
included in the substructuring. For the present analysis the subassembly was �xed at the
bottom of the base plate at the crossing of the webs. This later turned out to be impractical
for comparison of deformations between di�erently welded assemblies as even small rotations
at the �x point cause considerable rotation of the entire subassembly. Hence, restraints at
the outer boundaries were applied in the comparison.

6.1.4 Updating of the Global Model

To �nd the welding response of the global structure and to generate updated substructures
for the next local analysis, the global shell model must be updated by using the displacement
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�elds calculated in the local solid models. As the local solid models are not included in the
global model the updating procedure is considerably complicated. The task is to apply the
calculated displacements to the global shell model by a procedure which will subsequently
allow the deformed global model to respond linear elastically in loading.

The centre plane deformations of the solid model are extracted and imposed on the equivalent
shells in the global model as shown in Figure 6.4.

(a) Local solid model (b) Equivalent shells

Figure 6.4: Updating displacements of equivalent shells in the global model.

When the displacement �eld is imposed by displacement restraints, an inelastic deformation
�eld can be obtained by updating the geometrical con�guration of the equivalent shells. This
will yield the global displacement �eld, but as the displacement restraints are removed an
elastic spring back will occur. The elastic spring back is signi�cant and must be accounted
for in the updating, which can be done in either the local or the global model. Both methods
have drawbacks being estimations in comparison with inclusion of the local solid model in
the global model, which, however, is computationally infeasible.

The adjustment of nodal displacements to account for the spring back can be done in the
local solid model by disregarding the boundary conditions supplied by the substructure and
performing an equilibrium calculation. This procedure requires the sti�ness of the local shells
to be equivalent to that of the solids in order to yield the same spring back. This cannot be
obtained for several reasons. Two solid elements through the thickness in the outer region
of the local solid model make the region too sti� in bending. The shell elements are better
in bending but are on the other hand incapable of shear deection. Even if bubble functions
were included in the graded elements and shell elements with shear deection capability were
applied, the di�erent bending and deection behaviour would not allow the sti�ness of the
local solid model to be properly represented by the equivalent shells.

To overcome the problem of non-equivalent sti�ness, the spring back may be accounted for in
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the global model by application of nodal spring back forces on the boundary of the equivalent
shells. The procedure may be described by the following steps:

Step 1 Extract displacements from the centre planes of the local model and apply them to
the equivalent shells by translational displacement restraints. Perform equilibrium
calculation to �nd global deformation �eld.

Step 2 All DOFs (rotational + translational) at the boundary of the equivalent shells are
locked in the just calculated positions. The equivalent shells are killed and an equi-
librium calculation is performed to make them stress-free in the updated geometrical
con�guration. The nodal reaction forces at the boundary of the equivalent shells
are extracted.

Step 3 Reactivate the equivalent shells and apply nodal forces corresponding to the reaction
forces at the boundary. Perform an equilibrium calculation to obtain the updated
global shell model.

If additional weld lines have been simulated, the above procedure is repeated based on the
deformed geometry of the global model. This implies of course that the deformed global
model has been used to obtain the boundary conditions for the local models. Thus, the
outlined approach allows the accumulated distortions to be calculated. Information on the
stress state is, however, not available but may be extracted from the local solid models if
relevant.

Non-linear geometrical e�ects were included in the updating to test the inuence. However,
no signi�cant e�ect was registered.

6.1.5 Extraction of Boundary Conditions

For simulation of the �rst weld line, the global model is only used to generate the substruc-
tures representing the sti�ness of the surrounding geometry. For the subsequent weld lines
it is, however, necessary to take pre-stressing and pre-distortion into account. After the ge-
ometry of the global model has been updated, the boundary nodes for the next local model
are identi�ed. By use of restraints, the translational and rotational DOFs for these nodes
are prescribed to zero in order to match the boundary of the undistorted local model to be
used for simulation. An equilibrium calculation is performed, and the nodal reaction forces
at the restrained boundary are obtained. The nodal forces, corresponding to reaction forces,
are subsequently applied as initial loads in the substructure generation. The pre-distortion
and pre-stressing of the local solid model are thus produced by the loading included in the
attached substructure. The pre-distortion of the local model has been tested against the
distortions of the equivalent shells in the global model taken after the last update. The
displacements were in very good agreement, which is seen by comparing the y-displacements
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Figure 6.5: Comparison of y-displacements between equivalent shells and local solid model.

of the equivalent shells to those of the local solid model in Figure 6.5. As regards the stress
state, only small deviations are seen near the �llets which are caused by the di�erences in
geometry. It is consequently concluded that the di�erent structural sti�nesses of the local
solid model and the equivalent shells do not cause signi�cant errors in the pre-loading of
local models. This is presumably due to the homogeneous stress and displacement �eld
characterising the domains not yet welded.

6.1.6 Capability of the L/G Template

The L/G template provides a method for simulation of welding in large assemblies. It is
utilised that the weld lines already welded and cooled may be represented by a linear elastic
domain on which displacements and reaction forces are imposed. Further, shells and solids
have been combined and applied in the domains where they each have the best characteristics.

Combining the methods for substructuring, updating and extraction of boundary conditions
into a template, dramatically increases the computational eÆciency as the alternative is a
model comprising solid modelling of all weld lines combined by shells.

The solid models described in Chapter 5 ful�l the requirements previously identi�ed for
welding simulations. These comprise computational eÆciency, full thermo-elasto-plastic 3-D
modelling, dynamic adding of �ller material, contact and relative displacements between
parts as well as the e�ect of tack welds and their positioning. Combined with the template,
the structural sti�ness of the subassembly and the accumulated distortion and stress are also
accounted for. In conclusion, it should now be possible to predict the welding deformations
which arises from di�erent welding sequences.
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There are, however, also drawbacks related to the L/G template. First, it is presupposed
that the welds are cooled to ambient temperature before the next weld is initiated. Secondly,
stresses cannot be represented in the weld line regions by the global models as these elements
have been made stress free in the updating procedure. Thirdly, and possibly most important,
the modelling complexity related to the implementation of the template is rather large. The
development of dedicated subroutines did, however, facilitate the use of the template and
made it relatively easy to modify e.g. the welding sequence. But these disadvantages are
insigni�cant compared to the capability o�ered by the template, especially as there is no
alternative available which enables welding simulation in large assemblies.

6.2 Distortion Prediction in Large Assemblies

The L/G template has been applied to predict the welding distortions from two arbitrary
welding sequences, which are shown in Figure 6.6.

(a) Sequence 1 (b) Sequence 2

Figure 6.6: Welding sequences investigated.

The boundary conditions were changed to facilitate displacement comparison between mod-
els, using the locations A, B and C for restraining. All three points were �xed in the
out-of-plane direction. In addition, B was �xed in the z-direction and A was fully clamped.

It was chosen to weld the two sides of a web immediately after each other as the number
of updates in the simulation thereby is reduced. Figures 6.7 to 6.8 show the out-of-plane
displacements for weld sequence 1 as a result of weld lines completed. The �gures explain
by example the necessity of representing the variation of structural sti�ness along the weld
lines as it clearly inuences the angular deformation. The deformed shapes are shown with
a scaling factor of 15.
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(a) Weld lines 1-2
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(b) Weld lines 1-4

Figure 6.7: y-displacements as a result of weld lines 1-4 (scaling factor 15).
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Figure 6.8: y-displacements as a result of weld lines 1-8 (scaling factor 15).
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Figure 6.9: Final x- and z-displacements using weld sequence 1 (scaling factor 60.)

Figure 6.9 illustrates the in-plane deformations of the base plate. The deformed shape is
shown with a scaling factor of 60. The subassembly is seen to contract along the weld lines
causing the ends of the L-shaped panel to move towards each other. In-plane deformations
as those predicted, are diÆcult to correct due to the relatively large in-plane sti�ness of
the subassembly compared to the out-of-plane sti�ness. This will cause the subassembly
to distort in the out-of-plane direction when in-plane correction forces are applied. Hence,
in-plane distortions are critical when the subassembly is subsequently to be assembled with
other parts.
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The e�ect of welding sequence is illustrated by a comparison of the �nal y-displacements
of weld sequence 1 to those resulting from weld sequence 2 as shown in Figure 6.10. The
di�erences observed are not only related to magnitude but also to the qualitative deformation
pattern and it may be concluded that weld sequence 2 results in less deformation.

A skilled welder may presumably pick out a weld sequence close to the optimal sequence
in terms of distortions. The signi�cant issue, however, is to combine practical experience
with numerical prediction as it allows detailed analysis of numerous e�ects which cannot be
grasped from practical experience only.

The above results illustrate that the L/G template can account for variations in structural
sti�ness and, more important, for the welding sequence in a real size subassembly. Thus,
the basic capability needed for the welding response prediction tool outlined in Chapter 3
has been established. Unfortunately, no experiments were made to validate the results. It
is, however, safe to conclude that the predicted level of magnitude is the same as the level
observed for the application in production.

As regards the computational eÆciency the L/G template takes advantage of numerous
techniques:

� Graded elements

� Dynamic meshing

� Increased element length in 'steady state' regions

� Combination of solids and shells

� Substructuring of far �eld domains

� Substructuring of welded regions

A signi�cant increase is obtained by the above techniques but seen in relation to the target
application, holding more than 8 m of welding, it is still a time-consuming task to compute
the welding distortions. The time used for e.g. weld sequence 2 adds up to approximately
290 hrs. on an HP J5000 workstation. This includes thermal and mechanical computation,
generation of substructures, computation of substructure loads, global model updating, ex-
traction of boundary conditions as well as model preparation time. From a simulation point
of view this is eÆcient considering the size of the subassembly and, especially, if the capabil-
ity of the workstation is taken into consideration. Even a low-cost multi processor PC and
the use of code parallisation will make it possible to reduce the computation time to less
than 150 hrs. and the use of powerful workstations will therefore reduce computation time
considerably.
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Figure 6.10: Final y-displacements resulting from weld sequences 2 and 1.
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Computational eÆciency was a requirement initially de�ned for the welding response predic-
tion tool outlined in Chapter 3. From an industrial point of view, 150 hrs. may be acceptable
for the investigation of a single well de�ned weld sequence. It is, however, necessary to em-
ploy an iterative procedure for the investigation of optimal welding sequence and powerful
workstations are therefore required.

The subassembly investigated is extremely small in a shipbuilding context. To investigate
e.g. the e�ect of increased structural sti�ness at subassembly level on the distortions accu-
mulated, much larger assemblies must be investigated. This is not feasible considering the
time required by the L/G template.

Fortunately, other industries do not impose the same requirements as shipbuilding. Heavy
vehicle construction or chassis construction for trains and trucks o�ers the ideal application
for the L/G template. If e.g. a front frame of a wheel loader is considered, it contains
approximately 10 m of welding in heavy steel plates and is manufactured in large series.
The size of the frame is computationally manageable and the large number of frames to be
produced legitimise the time required by the L/G template to provide detailed information
for use in e.g. the design of �xtures.
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Chapter 7

Improved Material Modelling

The objective of the present chapter is to improve material modelling and to evaluate the
material model applied in the preceding chapters.

Prior to the discussion of material models, an experimental investigation of microstructure
is performed to enable some veri�cation of the phase constituents predicted by the material
models. Further, the investigation nicely presents the large microstructural changes in the
HAZ and the fusion zone.

Material modelling was discussed previously in Section 4.3. The temperature-dependent
material model used an indirect approach to account for the microstructural evolution, which
strongly inuences the material properties. In the present chapter a similar model is based
on a di�erent set of material data, which improves the modelling of microstructural evolution
during phase transformation.

Another but quite di�erent material model is subsequently presented. This model deviates
from the previous model, as all parameters are obtained through CCT diagrams, cooling
curves and material data for each phase constituent.

The implementation and the e�ect of transformation induced plasticity (TRIP) are also
described. TRIP is a phenomenon which may signi�cantly inuence the mechanical e�ect
of the solid-solid phase transformation. Transformation plasticity is an irreversible strain
occurring in phase transformation, which acts to relieve the macroscopic deviatoric stress
during phase transformation.

After the discussion of microstructure, the material models and the implementation of TRIP
are described. Finally, the inuence of material modelling is evaluated and compared to the
initial material model, denoted material model 1.

93
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7.1 Microstructure

The discussion of microstructural evolution in the HAZ and the FZ is based on �llet welding
performed with the welding parameters previously given in Table 4.4. The steel is a carbon-
maganese steel with a chemical composition of 0.14% C, 0.37% Si and 1.42% Mn. The
composition of the �ller material is 0.08% C, 0.5% Si and 0.8% Mn.

The weld region is commonly subdivided as shown in Figure 7.1. The outer region is de-
scribed by a tempered zone where the temperature is too low for austenisation. The partly
austenitised zone with some retained ferrite comes next and is followed by a �ne-grained
zone in which the austenitic decomposition is controlled by di�usion processes, which results
mainly in ferritic and pearlitic microstructure. The next zone is called the coarse-grained or
the underbead zone, characterised by austenitic grain growth yielding bainite and marten-
site. A partly fused zone is seen between the HAZ and the fusion zone, which contains a
mix of the base and the �ller material.

Figure 7.1: Zones of the HAZ.

By means of an electron microscope a series of photos in scale 1x200 was taken through the
HAZ. The followed path starts beneath the HAZ in the horizontal base plate and continues
vertically upwards into the FZ as shown in Figure 7.2. The microstuctural evolution is
illustrated in Figure 7.3, which should be read left-right.
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Figure 7.2: Polished X-section of �llet weld.
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Figure 7.3: Microstructure through the HAZ (1x200).
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The annotation A- to E in Figure 7.3 are used to explain the evolution of microstructure in
the HAZ. (A) designates the tempered base material, which is a matrix of primary ferrite
and pearlite. The region between (B) and (C) is the partly austenitised zone, characterised
by temperatures between A1 and A3. At A1 the pearlite starts to austenitise, whereas the
ferrite grains are left unchanged. As the temperature rises the carbide starts to di�use into
the adjacent ferrite grains causing these to transform into austenite. In cooling the formed
austenite is transformed into a �ne grained structure of ferrite and pearlite between the non-
austenitised ferrite grains. In the region from (C) to (D) the ferrite-pearlite matrix has been
fully austenitised, resulting in a �ne grained ferrite-pearlite microstructure upon cooling. In
the region (D) to (E) the temperature exceeds the critical grain growth temperature Tcg of
approx. 1200oC. The transformation of austenite into ferrite and pearlite is controlled by
di�usion and nucleation processes, which primarily start at the austenite grain boundaries
and moves inwards. As the austenitic grains become larger, the cooling time is not adequate
for the di�usion controlled transformation to reach the centre of the austenite grains and
bainite and eventually martensite starts to form. At the end of the zone the microstructure is
seen to be fully bainitic-martensitic and at (E) the structure changes abruptly going through
the mixed zone into the fusion zone.

The cooling gradients in the fusion zone are similar to those of the coarse-grained HAZ but
the resulting microstructure is di�erent. This is partly due to the lower carbon content in the
�ller material but can mainly be attributed to the presence of ferrite oxidic inclusion, which
serves as nucleation site for ferrite. Thus, in contrast to the HAZ, ferrite forms not only at the
grain boundaries of the austenite but also within the austenite grains and, consequently the
ferrite transformation is promoted and can occur at higher cooling rates. The microstructure
of the FZ contains a variety of ferritic/pearlitic microstructures, e.g. allotriomorphic ferrite,
Widmannst�atten ferrite and accicular ferrite. A discussion of the transformation mechanics
can be found in the book by Hriv�n�ak [30] and in the paper by Bhadeshia [5].

By the present experimental evaluation of microstructure it is not possible to estimate the
amount of each phase constituent in a certain location. The presence of bainite and marten-
site was, however, veri�ed and further the microstructure was seen to change almost abruptly
going from the coarse-grained HAZ into the fusion zone. This is not remarkable in a mi-
crostructural context, but in welding simulation the di�erentiation is rarely seen, as the
mechanical properties of the fusion zone are commonly assumed to be identical to those of
the outer HAZ. In steels containing more than 1-2% of carbon, the mechanical properties for
bainite and martensite in the coarse-grained HAZ will deviate considerably from the ferritic
microstructure of the fusion zone and a considerable error might be introduced.

The above evaluation of microstruture provides in addition estimations of the isotherms
experienced in the HAZ. These isotherms have been used for �tting of the descriptive heat
source parameters.
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7.2 Material Model 2

Material model M2 is basically the same as M1 with the exception of the material data on
which it is based and the modelling of yield stress. The primary reason for introducing a
second material model is to improve the modelling of phase transformation during cooling.

Phase transformation is accompanied by a transformation strain and large changes in the me-
chanical properties. The mechanical e�ect of phase transformation is increased as the phase
transition temperature is lowered and as the temperature range in which the transformation
occurs is reduced. At low temperatures the material has regained its structural sti�ness
and the mechanical e�ect of the volume expansion is accordingly much larger compared to
that of the austenite ! ferite/pearlite transformation occurring at a higher temperature.
Moreover, the transformation strain is counteracted by the thermal contraction and a nar-
row phase transition temperature range therefore causes a larger dilatational strain during
transformation.

The phase transition temperature range and the austenitic decomposition products depend
on the chemical content of the steel, the cooling rate and the austenitising temperature. This
can be seen from CCT diagrams of e.g. Sey�arth [56], which show that even small changes
in these parameters may result in quite di�erent material properties. In the temperature
range A1�A3 austenite is formed in heating. In cooling the austenite is decomposed into the
phase constituents ferrite, pearlite, bainite and martensite. A high cooling rate enhances the
formation of bainite and martesite with mechanical properties which deviate considerably
from those of ferrite and pearlite. In consequence, the increased material sti�ness will add
to the e�ect of phase transformation at low temperatures.

In the search for mechanical material properties, good agreement between experimental and
modelling conditions with regard to the above parameters should therefore be strived for.
As previously described, the e�ect of microstructure is modelled in a simpli�ed manner by
use of the austenitising peak temperature Tpeak and the cooling time �t8=5. In Section 4.6.3
it was shown that �t8=5 may be assumed to be constant. The peak temperature varies,
however, considerably and determines the grain size of the austenite, which signi�cantly
a�ects the relation between phase transformation and cooling time [68]. The microstructural
dependency on these parameters allows therefore the phase transition temperatures and the
resulting phase constituents to be indirectly included, if the description of material properties
is representative for �t8=5 and the actual Tpeak.

The mechanical material properties for M2 have been adopted from Karlsson and Josefson
[34], who gathered experimental data from several sources. The cooling rate in simulation
was stated to be �t8=5 = 6� 9 secs. and the material composition reported here is similar to
that of the �llet welds in the target application. The gathering of data from several sources
does not support consistency between data types, but it should be noted that the important
dilatational strain was gathered from one source whereby valuable information about phase
transformation temperature ranges was obtained as a function of austenisation temperature.
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This information appears to have been combined with yield stress values to establish the
relation between yield stress, temperature and austenisation temperature.

Poisson's ratio � and Young's modulus E are shown as functions of temperature in Figure 7.4.

0

50

100

150

200

250

0 200 400 600 800 1000
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Y
ou

ng
s 

M
od

ul
us

, E
   

[G
Pa

]

Po
is

so
ns

 R
at

io
, ν

Temperature [oC]

E
ν

Figure 7.4: Young's modulus and Poisson's ratio versus temperature.

The thermal dilatation including phase transformation strain is shown in Figure 7.5 and the
yield stress in Figure 7.6. In both cases the curve shown for Tpeak = 810oC is followed in
heating, whereas the curve followed upon cooling depends on the peak temperature reached.
For peak temperatures di�erent from the listed, linear interpolation is used.
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Figure 7.6: Yield stress as a function of temperature and peak temperature.

Karlsson and Josefson [34] assume ideal plasticity and hence no dependency on the de-
formation history. In the present work kinematic hardening is applied and the hardening
modulus shown in Figure 7.7 has been adopted from Andersson [1], who investigates a simi-
lar structural steel. The dislocation hardening is, however, reduced in phase transformation
and at high temperatures by thermal restitution. This is accounted for by resetting of the
deformation history in the temperature range 900oC!1300oC.
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Figure 7.7: Hardening modulus, H.

Based on the thermal model discussed in Section 4.6.3, �t8=5 was approximated to 11 secs.
for the �llets of the target application. In M1 the cooling rate was twice as small since
�t8=5 was speci�ed to 22 secs. for the thermal dilatation. In M2 �t8=5 was approx. 6 - 9
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secs. and o�ers therefore a better resemblance with the calculated cooling rate. The high
cooling rate will result in large fractions of bainite and martensite, which is supported by
the experimental evaluation of microstructure. As peak temperature-dependent yield stress
is also included in M2, it is reasonable to conclude that M2 o�ers improved accuracy in the
modelling of phase transformation and cooling e�ects.

7.3 Material Model 3

In the present section an alternative material model is established. In contrast to the previous
models, the present is based on microstructural evaluation, calculated cooling rates, CCT
diagrams and material parameters for the individual phase constituents.

The most signi�cant changes of material properties in the HAZ are found in the �ne- and
the coarse-grained zones. These zones are distinguished by the occurrence of austenitic grain
growth, which retards the  ! � transformation and consequently lowers the critical cooling
rates for martensite and bainite formation. Prediction of the resulting microstructure in these
regions therefore requires CCT diagrams obtained at di�erent austenisation temperatures.
The CCT diagrams shown in Figures 7.8 and 7.9 are obtained for a carbon-manganese
steel with a chemical composition of 0.17% C, 0.51% Si and 1.39% Mn which is slightly
di�erent to that of the specimen used for microstructural investigation. The austenitising
temperatures are 900oC and 1300oC, respectively, and the e�ect of austenitic grain growth
is clearly illustrated.

Figure 7.8: CCT diagram [18] (austenitised at 900 oC).
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Figure 7.9: CCT diagram [18] (austenitised at 1300 oC).

The shown CCT diagrams are based on the cooling time from 850 to 500oC. A cooling curve
for the coarse grained zone has been calculated by thermal FEA and is plotted in the CCT
diagram in Figure 7.9. Similarly, a cooling curve for a material point experiencing a peak
temperature of 900oC has been plotted in Figure 7.8. The cooling curves are very similar
and con�rm the assumption of a common �t8=5 for the HAZ. As implied by the name,
CCT diagrams are based on continuous cooling and the formed phase fraction indicated
at the end of each domain is strictly not valid. The cooling pro�les are, however, similar
to those of continuous cooling and the fractions indicated can be taken to be very good
approximations. On the basis of this assumption, the decomposition products and the phase
transition temperatures have been estimated and listed in Table 7.1. A1 has been taken as
Mf;90%, de�ned as the temperature where 90% of the martensite has been formed.

Tpeak Ferrite Pearlite Bainite Martensite A3 A1

1300 oC - - 60% 40% 560oC 330 oC

900 oC 51% 2% 28% 19% 703oC 330 oC

< 800 oC 80% 20% - - 800oC 750 oC

Table 7.1: Estimated phase fractions and phase transition temperatures.

The phase transformation kinetics in the fusion zone is characterised by ferrite oxidic inclu-
sions promoting the formation of ferrite at high cooling rates. The resulting microstructure
of the fusion zone is a variety of ferrite-pearlite microstructures which di�er considerably
from the bainite-martensite in the coarse-grained HAZ in terms of mechanical properties.
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The CCT diagrams shown in Figures 7.8 and 7.9 are therefore only representative of the
HAZ as they do not account for the ferrite oxidic inclusions, which shifts the ferrite trans-
formation curve to the left. As no data was found in the literature to support the choice of
transformation temperature range or material properties for the weld metal, a transforma-
tion range similar to that of the coarse-grained HAZ is assumed and material data similar to
that of ferrite/pearlite is chosen. The properties of the transition zone between the FZ and
the HAZ will be a mixture of the respective microstructures and a temperature transition
range between 1450 and 1600oC is assumed.

Final phase fractions and transition temperatures can now be estimated for a given peak
temperature by linear interpolation between the values given in Table 7.1. As the tempera-
ture is assumed constant within each linear subdomain in an element, the material properties
are likewise assumed to be constant. In the estimation of the material properties at a given
temperature T , it is initially checked whether or not transformation occurs. During trans-
formations the present phase fractions should be estimated. Along any constant cooling rate
curve the volume fraction of austenite transformed can be assumed to follow the Avrami
equation [62]:

ftr = 1� exp(�T  t�c ) (7.1)

where ftr is the fraction, tc the cooling time and  and � are constants depending on
the cooling rate only. By means of the parameters obtained from the CCT diagrams, the
constants  and � can be calculated and Eq. (7.1) can subsequently be used for calculation of
the austenite fraction which has been transformed. This approach models the transformation
kinetics more convincingly as the transformation starts slowly in the beginning of the phase
transitions temperature range, picks up speed in the medium range and �nishes slowly
towards the end.

When the austenite fraction has been calculated, the fractions of the remaining phase con-
stituents must be evaluated. The austenite transformation tends to start by formation of
ferrite, then pearlite is formed, which is followed by bainite and �nally martensite. As the
�nal fractions are known, these fractions are added in the above sequence until the fraction
of decomposed austenite is reached. In consequence, martensite will, as an example, not
appear until the three preceding phase constituents have been formed.

From the phase fractions, it is now possible to estimate the mechanical properties. The
properties for the individual phase constituents shown in Figures 7.10 to 7.12 are simply
multiplied by the phase fractions to yield the average values. This is an approximation as
plastic ow will start in the weaker phase below the yield stress predicted by the linear mix-
ture rule, whereas fully plastic ow will occur at stress values above. The linear mixture rule
has, however, proved to be a good �rst approximation [63]. The yield stress for bainite and
martensite has been adopted from Sj�ostr�om [63], who speci�es the properties as a function
of carbon content. The remaining properties are adopted from B�orjesson [8], who extends
Sj�ostr�om's material properties to a wider temperature range and modi�es the hardening
moduli.
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The purpose of the above material model is primarily to illustrate an alternative concept for
material modelling and thus describe additional aspects of the material behaviour. Direct
application would require further knowledge of several aspects. The assumptions made
about the �ller material concerning phase transformation temperature range and material
properties are quite uncertain. Final phase fractions and phase transformation temperature
ranges for the base material are based on only two CCT diagrams. Moreover, the material
properties for each phase constituent are associated with large uncertainty as e.g. bainite and
martensite become highly unstable at elevated temperatures and tend to harden excessively
in deformation, which complicates the experimental assessment of properties. Altogether,
use of material model 2 is preferable as it is based on experimentally obtained values and
fewer assumptions are accordingly made.

7.4 Transformation Induced Plasticity

Transformation-induced plasticity (TRIP) is a phenomenon which may cause additional
plastic deformation of a multiphase material during the time of solid phase transformation.
Transformation plasticity is an irreversible strain occurring in the weaker phase constituent
at macroscopic stress levels far less than the yield stress. The phenomenon can be attributed
to two mechanisms denoted the Greenwood-Johnson mechanism and the Magee mechanism,
respectively.

The Greenwood-Johnson mechanism is related to the volume change in phase transformation
and to the fact that phase transformation occurs heterogeneously. When a small volume of
material transforms and changes volume, the restraint of the surrounding region causes
stresses large enough for local plastic deformation. Due to their random distribution, these
plastic micro-strains do not cause macroscopic plastic straining and only the volume change
is observed at the macroscopic level. A macroscopic deviatoric stress will, however, align
the microscopic plastic strains and consequently cause a macroscopic plastic strain in the
weaker phase constituents, i.e. a transformation-induced plastic strain.

The Magee mechanism is related to shape change in the martensitic formation. The forma-
tion of martensite occurs in speci�c crystallographic orientations which tend to be random,
observed at the macroscopic level. The presence of a macroscopic stress will favour some
directions over others as these result in reduced internal energy of the material. Thus, an
additional plastic strain may be produced in the formation of martensite.

Several models for transformation plasticity have been proposed, which vary from arti�cial
lowering of the yield stress to extensive models working at the subgrain level. Leblond et al.
[35] showed that the plastic strain could be decomposed into the classical plastic strain and
the transformation-induced plastic strain, yielding a total strain composed as

�totij = �elij+ �thij + �plij+ �trpij (7.2)
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The model applied here to estimation of �trp is that of Greenwood and Johnson [28] combined
with a scaling factor for partial transformation as used by e.g. Oddy et al. [47]. The used
equation is on incremental form written as

��trpij =
5

4

�V

V

1

Y
sij (2�2�n���)�� (7.3)

�V
V

is the speci�c volume change, Y is the yield stress of the weaker phase, sij is the deviatoric
stress, �� is the transforming fraction and �n is the fraction already transformed. Eq. (7.3)
shows that transformation plasticity causes a strain which acts to relieve the macroscopic
deviatoric stress during phase transformation. In the incremental formulation the deviatoric
stress is assumed to be constant during the increment. This tends to overpredict the TRIP
strain if the increments are too large since the rate of �trp in reality will decrease during the
increment when the deviatoric stress is relieved. Good approximations to integration of the
strain over the increment is, however, easily achieved by subincrementation. The decrease
in temperature during an increment is used to determine the number of subincrements.

Depending on the degree of structural restraint and the phase transition temperature range,
the inuence of TRIP may be signi�cant. The e�ect is illustrated by a Satoh test with a peak
temperature of 1300oC. A Satoh test is simply a bar restrained in the longitudinal direction
being exposed to a thermal cycle. Based on the material model 2, the stress development
with and without transformation plasticity has been computed and is shown in Figure 7.13.
The e�ect of TRIP is stress reduction during phase transformation, resulting in higher �nal
stresses. For decreasing peak temperatures the e�ect declines as the phase transformation
temperature range shifts towards higher temperatures, where the lower yield stress decreases
the e�ect of phase change and thus the e�ect of TRIP. If the material goes into yielding at
the end of the thermal cycle, the e�ect will furthermore be decreased by the upper stress
bound. The Satoh test serves well as an illustration of the e�ect of TRIP but the complexity
is signi�cantly increased in welding simulation where adjacent material with varying thermal
history interact.

To the author's knowledge the inuence of TRIP on welding deformations has not been
discussed in the literature. The e�ect of outer restraints is straightforward as rigid restraining
yields less deformation and higher stresses so that transformation plasticity is increased.
In addition to outer restraining, a material volume going through phase transformation is
restrained and stressed by the surrounding material. The e�ect of TRIP becomes to some
extent self-regulating as TRIP reduces stress behind the phase transition front, whereby the
e�ect of transformation plasticity is reduced in subsequent transformation.

The present model is a rather simple approximation to the e�ect of TRIP and far more
comprehensive models can be found. The present implementation is, however, believed to
be a signi�cant improvement in the general material modelling.
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Figure 7.13: E�ect of TRIP on stress in simulation of Satoh test (Tpeak=1300oC).

7.5 Inuence of Material Models and TRIP

The most extensive problem related to welding simulation is the lack of experimental material
data. Reliable experimental evaluation of material properties is a diÆcult, comprehensive
and very expensive task. It is therefore rarely done and published even more rarely. Material
data is therefore often reused and combined from several sources to suit the purpose of the
investigation, which to some extent invalidates the consistency of the data set. In the fol-
lowing it should be kept in mind that the models presented at best are good approximations
to the material behaviour.

Below, the di�erent material models and the e�ect of TRIP are evaluated in terms of stress
and deformation. The material models are denoted M1, M2, M3 and a T is appended if the
e�ect of TRIP has been accounted for.

The di�erence between the material models is shortly summarised. M1 and M2 are essen-
tially based on the same principles but M2 represents the high cooling rates of the target
application better than M1 and in addition M2 includes the yield stress dependency on
austenisation temperature. M3 was an attempt to establish a material model based on al-
ternative material data. It became, however, apparent that material data was lacking for
the �ller material and that the general assumptions to be made were based on rather few
data and therefore associated with large uncertainties. As regards the e�ect of TRIP, it is a
well known physical phenomenon and should therefore be included in the modelling. As a
result, the preferable material model appears to be M2T, which should be compared to M1
as the latter was applied in all the previous chapters.

The �nal stress state is strongly dependent on the material model applied and to a slighter
degree on the inclusion of TRIP. To illustrate the dependency all models have been applied.
The inuence of material modelling is most distinct in the comparison of longitudinal stress.
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This is seen in Figure 7.14 where the longitudinal stress is shown in the centre cross-section
of a 3-D model with fully re�ned weld path.

In the comparison of the stresses resulting from M1 with those of M2, extremely large
deviations are seen in the HAZ and the FZ. In some locations the di�erence is more than 600
MPa as the stress is altered from high-tensile stresses to high-compressive. This di�erence is
mainly related to the modelling of phase transformation, as the transformation temperature
range (A3!1) and its dependency on austenisation temperature varies signi�cantly between
M1 and M2. In M2 A3!1 goes from 806-747oC to 388-253oC as the peak temperature is
increased. The lower range in M1 is 560-460oC and hence it follows that large di�erences
in material modelling are experienced in the HAZ where all peak temperatures are present.
By use of M2, the high levels of compressive stress in the HAZ and the fusion zone therefore
arise as the surrounding material has regained most of its structural sti�ness, when the
material of the FZ and the HAZ expands in transformation. The e�ect of expansion is,
however, overestimated by M2 as the e�ect of TRIP has not been accounted for. TRIP
has been included in M2T and is seen to reduce the compressive stresses to more moderate
levels in the HAZ and the fusion zone whereas the stress state outside the HAZ is basically
una�ected. In the comparison of the results of M1 with those of M2T it is interesting to
notice that the stress state at some distance of the HAZ becomes quite similar and that the
deviation to some extent may be regarded as a local phenomenon.

Due to lack of experimental data, the mechanical properties and A3!1 were approximated in
M3 for the weld metal. If the stress state resulting from M3 is considered, an abrupt change
is observed from the HAZ into the FZ. Small changes in the approximated data are found
to inuence the stress state signi�cantly in this particular region and M3 should therefore
not be employed on the basis of the material data currently available. The experienced
sensitivity further emphasises the importance of proper material data estimation.
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Figure 7.14: Longitudinal stress dependency on material model and TRIP
.
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As regards the transverse stresses, similar but more moderate deviations are experienced
when the material models are compared.

As prediction of welding distortions is the stated objective of the present work it is even
more interesting to evaluate the e�ect of material modelling with regard to deformations.
The distortions resulting from application of M1 and M2T are shown in Figure 7.15. The
x-displacements of the web are seen to change considerably as M2T is applied instead of M1.
The relative displacement between the bottom of the web and the base plate is essentially
the same for both models (see also Figure 7.16). Thus, the deviation is mainly related to an
increased angular deformation, causing the web to tilt. Otherwise a reasonable agreement
between the displacements is observed, especially if those of the base plate are compared.

The inuence of TRIP on displacements mainly concerns magnitude as the displacements
in general are reduced approx. 10% when TRIP is accounted for. This means that the
deviation between material model 1 and 2 is reduced by the inclusion of TRIP.

From the above evaluation and comparison of material models it may be concluded that
the stresses in the HAZ and the fusion zone depend signi�cantly on the material model
applied. This calls for experimental veri�cation which, however, is a signi�cant problem.
Unlike deformation stress is a quantity which can only be measured indirectly and accord-
ingly uninterpreted reference values do not exist. In the HAZ, where the microstructure
varies signi�cantly, it is not yet possible to establish reliable reference values and accord-
ingly veri�cation of the numerical models is not possible.

For the purpose of the present work it is, however, essential that distortions are far less
dependent on material modelling, which enhances successful prediction of welding distortions
by numerical simulation. Still, the di�erence between M1 and M2T is too signi�cant as the
increased angular deformation of the web not only causes a quantitative but also a qualitative
change in the deformation pattern of the web. All simulations should consequently be redone
using M2T in order to obtain an improved prediction. Fortunately, the application of M2T
does not pose any problems and is straightforward. It must, however, be emphasised that the
material modelling is associated with large uncertainties and that experimental veri�cation
of the predicted displacement �elds is highly recommendable.
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Figure 7.15: Comparison of displacements of M1 to M2T
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Figure 7.16: Comparison of x-displacements of M1 to M2T at centre cross section.



Chapter 8

Conclusions and Recommendations
for Part II

8.1 Conclusions

The objective of the present part of the thesis was to enable welding response prediction in
large-scale industrial applications. This objective has been achieved as summarised below.

Based on the commercial software ANSYS, considerable alterations and extensions have been
made to enable physically realistic simulation of large-scale welding. Most of the work has
been implemented as Fortran routines facilitating speed and exibility. Some of the main
alterations and extensions are

� Databases, data structures and data exchange

� Torch modelling

� Graded element

� Material modelling

� Plasticity formulation (TRIP)

� Automatic FEA (geometry- and process-based input)

� Dynamic Meshing:

{ Meshing algorithms

{ Mapping algorithms

{ Dynamic coupling
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{ Dynamic activation

� Local/Global template:

{ Meshing routines

{ Data exchange between local solids and and equivalent shells

{ Shell updating procedure

The use of a commercial software as platform for the software development has been of
fundamental importance to the present work as a lot of functionality such as postprocessors
and solvers was hereby ready at hand. By the extensions and alterations, a dedicated
welding simulation package has been developed, providing the functionality necessary for
welding distortion prediction in relatively large plate structures.

A basic model was established, allowing the essential welding mechanics to be modelled.
Dynamic activation of �llet elements, dynamic coupling of parts, contact modelling and tack
weld positioning were identi�ed as essential factors as regards the qualitative distortion �eld.

To extend the functionality of the basic models, the computational eÆciency was subse-
quently increased. Based on the mesh grading characteristics of the graded element, an
eÆcient dynamic mesh re�nement scheme was developed with the emphasis on displace-
ments in the data mapping algorithms. In the investigation of the mesh density required in
dynamic meshing, it was found that good predictions of the qualitative distortion pattern
could be obtained, even if the mesh re�nement was decreased considerably, to increase the
computational eÆciency. The obtained increase in eÆciency was considerable and allowed
not only models to be computed within shorter time, it also allowed for simulation of welding
applications that previously were far beyond the computational capability. The investigation
of tack weld positioning using a T-pro�le containing more than 3.3 metres of welding clearly
illustrates that numerical simulation may be applied to relatively large industrial problems.

An investigation of material modelling revealed that stresses in the region around the HAZ
and the fusion zone were highly dependent on the material data applied. Fortunately, dis-
tortions were far less dependent on the material data which enhances successful prediction of
welding distortions by numerical simulation. Still, material data dedicated to the application
being investigated is necessary for successful prediction.

As the computational eÆciency obtained by dynamic meshing did not allow the speci�ed
target application to be analysed, a template combining several techniques such as dynamic
meshing and substructuring was developed. The combination of local solid models and a
global shell model allowed the boundary conditions for the weld region to be properly repre-
sented and the distortions in a real-size subassembly to be calculated by taking into account
variations in structural sti�ness, weld sequence, tack weld positioning, welding parameters
etc. Thus, the basic capability needed for the welding response prediction tool outlined in
Chapter 3 has been established.
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8.2 Recommendations for Future Work

To verify properly the welding response predicted in the presented work, it will be neces-
sary to perform dedicated measurements of welding distortions with a rather high accuracy.
Further, material data obtained for the speci�c application to be analysed would enable an
improved evaluation of the modelling accuracy as it is not possible at present to estimate
the inaccuracy related to the material data and that related to the modelling.

As regards the numerical simulation, quite a few improvements and analyses may be carried
out. The maximum plastic strain experienced in a common welding simulation is approx-
imately 6%, which calls for a large strain formulation. It would therefore be highly inter-
esting to implement a large strain formulation in order to evaluate the error introduced by
the current small strain formulation. This may be done by implementation of a �nite strain
algorithm based on Green-Naghdi stress and centred strain.

The solid elements applied in the local models tend to be too sti� in bending. The inclusion
of bubble functions in the element formulation is straightforward and would improve the
bending capability.

A solid graded shell element developed by McDill et al. [43] is well suited for application in the
global model. Implementation of this element would solve nicely the incompatibility problem
related to the solid-shell transition, which is currently solved by use of beam elements. The
problem of di�erent sti�nesses of the local solid models and equivalent shells is also related
to the combination of solids and shells. As they are interchanged in the L/G template an
error is introduced. In the current implementation the error is reduced by the choice of
updating procedure but further investigation to obtain an improved sti�ness resemblance
would be bene�cial.

Computational eÆciency may be increased further in several ways. Code parallelisation
and faster computers are to be expected but as regards modelling techniques the author
has few suggestions. The numerous factors inuencing welding distortions and the complex
deformation modes produced do not support the use of templates in an attempt to expand
the results from small models to large and complex structures without actually simulating
the major part of the weld length. An extension to the L/G template would be the ability
to divide a weld path into short coupled models, still allowing the welding to be performed
in one continuous run. The author has tested several concepts to solve the weld line division
problem with little success. A template o�ering a simple solution to the problem would
increase considerably the computational eÆciency.
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Chapter 9

Residual Stress in Steel Plates

The problems caused by process-related geometrical distortions in shipbuilding were de-
scribed in Section 2.3. Distortions accumulate throughout the process chain, so that com-
pensation rework is needed in order to maintain an acceptable distortion level. Geometrical
distortions are primarily caused by thermomechanical processing and poor set-up of assem-
blies prior to welding. An additional source of distortion may be initial residual stress in the
unprocessed steel plates. Residual stress in the steel plates is a result of the plate manufac-
turing process, which involves numerous processes depending on the product type and the
steel manufacturer. In investigation of the problems related to residual stress in steel plates,
three main issues have been addressed:

1. Does residual stress a�ect geometrical distortions in heavy steel construction

2. How can residual stress be evaluated

3. Can the residual stress state in steel plates be categorised for general use

The above list is a three-step ladder: If there is no potential e�ect of residual stress, there is
no reason for investigation and if residual stresses cannot be measured, there is no general
way to evaluate and categorise the steel products.

9.1 Inuence of Residual Stress

The e�ect of residual stress in processing is diÆcult to evaluate as it is indirect. A steel
plate containing high levels of residual stress is in self-equilibrium and causes no distortion
related problems until the state of equilibrium is disturbed by processing, such as cutting
and welding. If the process itself causes geometrical distortions, it is diÆcult to quantify
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the deformations which may be attributed to the residual stress alone. Several phenomena
experienced in production indicate, however, that residual stress is a factor to be accounted
for. An example is the cutting of plates into strips by laser. The distortions resulting from
identical processing of plates with similar dimensions and material composition may vary
signi�cantly depending on the steel manufacturer. This indicates that the manufacturing
history inuences the cutting distortions.

Hence, based on production experience, residual stress is known to inuence geometrical
distortions and accordingly an investigation is needed. This leads to the next issue concerning
residual stress evaluation, where either a numerical or an experimental approach can be
adopted.

9.2 General Approaches to Residual Stress Evaluation

The numerical approach o�ers a signi�cant advantage as it allows the entire stress �eld
of the steel plate to be estimated whereas experimental measurement is con�ned to stress
evaluation in discrete locations. To take advantage of this it is, however, required that
numerical simulation enables the residual stress to be predicted with suÆcient accuracy.
This issue is addressed below where the possible sources of residual stress are �rst identi�ed.
The discussion is con�ned to hot rolled steel plates as these constitute the majority of the
steel plates used in shipbuilding.

Processes commonly available at the steelworks for manufacturing of hot rolled steel plates
are listed in Table 9.1.

Slab heating

Descaling

Hot rolling

Hot levelling?

Cooling (forced or air)

Normalising?

Cold levelling?

Edge cutting?

Table 9.1: Plate manufacturing processes.

Whether or not the processes marked by an asterisk are applied in the plate manufacturing
process, is highly dependent on material, product type and steel manufacturer. Likewise,
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the application of each process type varies signi�cantly depending on common practice and
the production equipment available. As a result it will be necessary to choose one product
type from one steelworks for numerical simulation.

The next problem is to single out the processes a�ecting the �nal residual stress state. It is
important to distinguish between stresses and deformations as plastic deformation and high
temperatures do not provide a unique relation between stress and strain. Below some of the
manufacturing processes are described with respect to residual stress and deformation.

Slab heating furnace: The slabs are heated to approx. 1200 oC. Uneven heating of the slab
combined with low yield stress may cause plastic deformation. Stresses and deforma-
tions at this stage are, however, insigni�cant seen in relation to the extensive material
deformation occurring in the subsequent rolling. The uneven temperature distribution
in the slab will, however, inuence the rolling.

Hot rolling: Rolling is a pronounced dynamic process involving extensive plastic deforma-
tion at high strain rates and high temperatures. Many factors a�ect the plate atness
in rolling. Plate atness and transverse roll gap variation (crown) are interrelated.
Zero crown is preferable in regard to atness but a small positive crown (thicker at
the centre) is necessary to keep the plates on track. Constant crown is diÆcult to
obtain as the rolling conditions vary heavily during and between passes. Generally, the
crown setting is based on experience but due to variations in temperature, material
parameters and plate dimensions the crown might not be appropriate. Long-edge or
long-centre shaped plates are consequently manufactured and if the length mismatch
between centre and edge is suÆciently high, buckling may occur. In addition to edge
and centre waves, other deformation patterns such as longitudinal and transverse waves
may occur in rolling. These may be attributed to roll friction e�ects, irregular cooling
etc. Hence, a considerable number of parameters inuence the plate atness although
the overall manufacturing conditions appear to be constant.

The residual stress level after the last pass has proved diÆcult to predict by simulation.
Edberg and Mantyla [17] showed that the residual stress state was highly dependent
on the material model applied and concluded that considerable improvement of the
material modelling was necessary for reliable prediction. Further, it will be necessary
to account for microstructural e�ects during rolling.

Hot rolling is carried out at temperatures above recrystallisation temperature. If high
levels of residual stresses are present after the last pass, these will to some degree be
relaxed by recrystallisation and recovery. The level of stress relaxation is, however,
diÆcult to predict, especially the relaxation during phase transformation.

Cooling: The material temperature subsequent to rolling or normalisation is commonly
above phase transformation temperature. Thermal strain gradients and phase trans-
formation are the primary factors inuencing residual stress and deformation produced
in cooling. Temperature variations may result in thermal strain gradients large enough
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to yield plastic deformation. The e�ect of phase transformation is related to the vol-
umetric expansion of the transformed austenite. If the transformation occurs inhomo-
geneously in the plate, the expansion will cause plastic deformation and consequently
residual stress. Although stress inuences the initiation of phase transformation the
e�ect is secondary compared to temperature. Hence, thermal gradients are the prime
factor in analyses of both thermal strain gradients and phase transformation e�ects.

The heterogeneous temperature state is a direct consequence of surface cooling. The
size of the thermal gradients are, however, dependent on the cooling media used as e.g.
forced water cooling produce gradients far higher than those resulting from cooling in
air at ambient temperature. Additional irregularities in temperature may be attributed
to variation in convection and in air cooling also to variation in radiation and to local
heat transfer at the cooling bed supports.

Normalising: In normalisation the steel plates are commonly reheated in a 'walking beam'
furnace to above the reaustenitisation temperature (� 930oC) in order to achieve a
�ne-grained austenite. All stresses are assumed to be relaxed in the austenitisation
process whereas deformations remain unchanged or might even be increased in the
transport by the 'walking beams' through the furnace.

Cold and hot levelling: A leveller consists of a series of vertically overlapping rolls through
which the plate is drawn and hence plastically deformed in alternating bending. The
absolute bending diminishes from entry to exit and the �nal bending is adjusted so
that the plate becomes at after the elastic spring back. The symmetrical stress state
resulting from bending is superimposed on the pre-existing stresses. In alternating
bending, pre-tensiled material will exhibit larger plastic deformation in tension and
less plastic deformation in compression compared to non-stressed material. Thus, al-
ternating bending results in elongation of a pre-tensiled material. By the same principle
pre-compressed material is shortened in the process and the overall result is improved
atness.

At the leveller entry the deformed plate is forced into plane whereby the corresponding
stresses are superimposed on the residual stress state which yields the above stress
state denoted the pre-existing stresses.

Above, the e�ect of each process was discussed with respect to stress and deformation.
To single out the primary processes in terms of �nal residual stress and deformation it
is, however, required that the e�ect is traced all the way down to the �nal state of the
product. The conclusion drawn with regard to distortions is that residual deformations are
a result of all processes from slab heating to cold levelling. As an example, a cold spot in
a heated slab may result in poor atness in rolling which a�ect the deformation �eld in all
subsequent processes. As regards residual stress, a conclusion is not easily drawn. Residual
stress appears mainly to be a result of cooling and cold levelling. It is, however, not evident
to what degree stresses produced in hot rolling and hot levelling are retained during phase
transformation and cooling, especially as hot levelling in some cases is performed when phase
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transformation has already begun. Yet, if normalisation is applied, all stresses are relaxed
during the austenisation and cooling and cold levelling may be singled out for analysis.
With respect to residual stress and residual deformation it should, however, be noted that
stress and deformation are recoupled in the levelling process as the plate is forced into plane.
Thus, if cold levelling was applied in the plate manufacturing process, the task of numerical
simulation would be tremendously complex as all processes should be included.

The above discussion does not provide an adequate basis for proper evaluation of the pos-
sibilities o�ered by numerical calculation with regard to residual stress prediction. It is,
however, evident that products to which cold levelling has been applied impose excessive de-
mands on simulation. For all other products, the cooling process appears to be the rational
process to be singled out for simulation.

The alternative to numerical calculation is experimental evaluation. Techniques which can be
applied to experimental stress evaluation comprise di�raction techniques, mechanical stress
relaxation techniques, ultra sonic techniques etc. None of the available techniques provide,
however, a cheap and reliable method for residual stress measurement through the thickness
of a steel plate. The choice of the experimental approach therefore involves development of
aa experimental technique for the purpose.

The accuracy in residual stress prediction by the experimental and the numerical methods
is diÆcult to evaluate. Stress is unlike deformation a quantity which can only be measured
indirectly and accordingly uninterpreted reference values do not exist. In general large varia-
tions are expected in the stress predicted by numerical simulation. The results depend on the
material model applied, the e�ects included and the material data available. As an example,
the exact modelling of transformation induced plasticity (TRIP) will signi�cantly a�ect the
outcome. The inaccuracy in experimental evaluation concerns primarily the assumptions
made as the stress is related to a measurable quantity and to the uncertainty in measuring
which, however, can be approximated by stress calculation error analysis.

Compared to the numerical method, the experimental approach does not o�er detailed in-
formation on the residual stress �eld but only information on the stresses in a small volume
of material. On the other hand an experimental method has the advantage of being com-
pletely independent of the plate manufacturing history as it can be applied to any plate in
the production. This is essential for the choice of approach. The main issue of categorisation
of steel plates with respect to residual stress is evaluation of di�erences in residual stress
between plates manufactured under similar conditions. This is only possible by an experi-
mental method as the e�ect of all factors, including the unknown ones, is directly included.
Subsequently, if residual stress similarity is supported by the experimental investigation and
the stresses are of a signi�cant magnitude, numerical analysis would serve to provide addi-
tional information on the residual stress distribution. This is, however, beyond the present
scope and accordingly only the experimental approach has been chosen for stress evaluation.
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9.3 Categorisation of Steel Plates

Previously, the manufacturing processes were discussed in relation to residual stress and
deformation. On this basis, the possibility of categorising steel plates according to their
residual stress may be discussed. Deformations and stresses introduced in the initial pro-
cesses will only slightly or not at all contribute to the �nal residual stress state. Residual
stress and deformation are, however, recoupled if cold levelling is applied at the end of the
manufacturing process. Production experience shows that deformations in rolling are inu-
enced by many factors and that deformations may occur in a so far unpredictable pattern
under manufacturing conditions which appear to be identical. Hence, as unpredictable de-
formations are transformed into residual stress by cold levelling, it is very unlikely that cold
levelled steel plates can be categorised according to residual stress.

In general, the cold levelling process is only applied if waves or other deformations are
experienced in the production. This occurs primarily in the rolling of thin to medium thick
plates and in practice the majority of steel plates are not cold levelled. For the purpose
of categorisation, it is therefore essential to know whether or not cold levelling has been
applied.

Thus, for the majority of steel plates, the cooling process is believed to be the prime factor
inuencing the �nal residual stress state. For a steel plate of a given type and from a
given steel manufacturer, rather small deviations are expected in the cooling process, which
supports the possibility of categorisation. In the categorisation it is, however, essential to
verify that the deviations in residual stress are small for a given product.

9.4 Objective

The present objective is limited to the development of an experimental method for estimation
of residual stress in medium thick steel plates. The method must provide suÆcient informa-
tion on the residual stress state to allow the e�ect on cutting and welding distortions to be
evaluated. This evaluation is, however, beyond the present scope just as the categorisation
of steel plates with respect to residual stress.



Chapter 10

Selection of Method for Modi�cation

The requirements for the experimental method to be developed are speci�ed in the following.
Existing methods for residual stress measurement are discussed with regard to the formulated
requirements and a method is chosen for modi�cation.

10.1 Requirements

The level of detail required in the residual stress description depends on the application. The
present objective is to provide suÆcient information on the residual stresses for evaluation
of the e�ect on cutting and welding distortions and the requirements are speci�ed on this
background.

Welding and cutting deformations are inuenced by residual stress in di�erent ways. Residual
stresses are released in thermal processing but also mechanically in cutting at the free edges
which are formed. The size and the shape of the thermally a�ected zone, in which the
residual stresses are released, depend on several factors such as welding technique, type of
weld, material and plate thickness. For thermal as well as mechanical cutting, a description
of the mean in-plane stress variation is in general suÆcient. The stress variation through
the plate thickness will only result in local deformations at the edges, whereas the overall
distortion is determined by the mean stress. This is, however, not adequate in the case
of �llet welding. Here, residual stresses are inhomogeneously released through the plate
thickness due to the large temperature gradients and may result in angular deformation.
The level of detail required for general welding applications is therefore both the in-plane
and the through-thickness stress variation. The plane stress condition is in general a good
assumption for the steel plates to be investigated and the through-thickness variation may
accordingly be described by the variation of in-plane stresses with depth.
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Besides the requirements to the residual stress description, the measuring method should
facilitate

� Residual stress measuring through the thickness of steel plates more than 8 mm thick

� Residual stress measuring in steel plates as large as 4 m wide and 16 m long

� Cheap and reliable residual stress measuring

To the author's knowledge no existing method complies with the above requirements.

10.2 Selection of Experimental Method

Residual stresses are de�ned as the stresses existing in a body at homogeneous temperature
and with no external loads acting on the body. In the plate manufacturing process residual
stresses arise due to inhomogeneous plastic deformation of the material during the process.
According to their nature residual stresses can be determined as follows:

� From macroscopic elastic strains released while material is removed from parts loaded
by residual stresses. This is the principle behind mechanical methods.

� From lattice strain distribution. This is the basis of di�raction methods.

� From their e�ect on physical properties. This is the basis of magnetic and ultrasonic
methods.

The mechanical methods are all of destructive character, whereas the others are generally
non-destructive. The most widely applied methods are at present the mechanical strain
gauge methods and the di�raction methods.

Mechanical methods: A large variety of mechanical methods is available but few are
capable of measuring stresses in the interior of the material. The methods for incremental
hole-drilling and sectioning are of interest to the present application. Incremental hole-
drilling has been investigated by several authors [22, 46, 50, 57] but has until now been
dedicated to stress measurements at small depths only. However, the method seems to have
the potential to resolve stresses at larger depths.

Among several sectioning techniques, Ueda [67] has successfully employed the 'inherent strain
method', which requires laboratory conditions and highly specialised mechanical cutting
devices designed for low heat generation in the cutting process. The sectioning techniques
have proved valuable but costly and extremely time consuming.

The problem of material removal without introducing machining stresses is common to all
mechanical methods. Several advanced material removal techniques have been developed for
this purpose [11, 21].
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Di�raction techniques: The two di�raction methods available are X-ray and neutron
di�raction. X-rays penetrate typically less than 20 �m into the material and the method
is therefore restricted to determination of residual stresses at the immediate surface of the
specimen. Neutron di�raction o�ers excellent possibilities of determining residual stress
components in the interior of a material. However, the technique requires a thermal neu-
tron reactor whereby the experimental expenditure becomes extremely high. Secondly, the
specimen size is restricted whereby stress measurement in large steel plates is only possible
by combination of the neutron di�raction with a sectioning method. Di�raction techniques
measure the lattice strain distribution resulting from both the microscopic and macroscopic
residual stresses. As regards geometrical distortions in the production only macroscopic
residual stresses are of interest and the microscopic stresses need to be �ltered out in the in-
terpretation, which has proved diÆcult in many applications. As neutron di�raction requires
a relatively large material volume for measuring, it becomes less sensitive to the inuence of
microstresses but heavily texturised material may still cause problems.

Magnetic and ultrasonic methods: Magnetic methods are based on the coherence be-
tween residual stresses and the electromagnetic signal generated when a ferromagnetic ma-
terial is subjected to a magnetic �eld. Ultrasonic measurements involve measurement of the
speed of sound in the material which is related to residual stress. Both methods are promis-
ing but literature documenting the capability in terms of stress resolution and accuracy is
still scarce.

The method chosen for further investigation is the incremental hole-drilling method. The
arguments are

� Low experimental expenses

� Applicable to steel plates of large dimensions

� On site measuring possible

� Promising potential for adequate stress resolution in the interior of the material

� Promising potential for suÆcient stress calculation accuracy

Before the introduction of incremental hole-drilling, basic hole-drilling is briey described.

10.3 Basic Hole-Drilling

The basic principle of hole-drilling is measurement of elastic strain relaxation while stressed
material is removed. A new and unique stress state is reached and by inverse calculation,
the stresses present before drilling can be calculated. Standard hole-drilling is a well known
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method, frequently used for measuring local surface stresses in various isotropic elastic mate-
rials. A general description of the standard method is given in the ASTM E 837-95 standard
[4] and in general a lot of literature is found on the subject. In the ASTM standard hole
drilling is briey described as

The hole-drilling strain-gauge method measures residual stresses near the surface
of a material. It involves attaching strain gauges to the surface, drilling a hole
in the vicinity of the gauges and measuring the relieved strain. The measured
strains are then related to relieved principal stresses through a series of equations.

Standard strain gauge rosettes have been developed for the purpose of hole-drilling and as
there is a general desire to minimise the damage to the specimen tested, the rosettes are
relatively small. A typical 0o/45o/90o rosette is shown in Figure 10.1.

Figure 10.1: Standard 0o/45o/90o hole-drilling rosette

Counter-clockwise (CCW) numbering of the gauges is chosen as standard in the present work.
The gauges are radially orientated, placed equidistantly from the centre. The directions of
the gauges 1 and 3 are mutually perpendicular and gauge 2 is placed at one of the bisectors.
Other con�gurations of the rosette can be used, but the 0o/45o/90o con�guration above
simpli�es the equations for residual stress calculation.

In principle the experimental procedure is simple. The rosette is cemented onto the test
specimen, a hole is drilled in the centre of the rosette, either through the plate or to a depth
exceeding approx. 40% of the mean diameter of the strain gauge circle, as the surface strains
are assumed to be fully released at this depth. Finally, readings of relaxed strains are made.

The theoretical solution of radial strain relaxation is derived as follows. Consider the princi-
pal stresses in the plane parallel to the surface, the relieved radial surface strains are related
to the principal stresses as
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�r(�) = K(�)�max +K(� + 90o)�min (10.1)

where

K(�) are calibration constants

�max, �min are maximum and minimum principal stresses, respectively

� is the angle measured CCW from the direction of �max to �r

The constant K(� ) is an even function and can be represented by

K(�) =
X
n

An cos 2n� (10.2)

As a good approximation only the �rst two terms are retained [50]:

K(�) = A+B cos 2� (10.3)

and subsequently the radial surface strain is written as

�r = (�max + �min)A+ (�max � �min)B cos 2� (10.4)

The constants A and B still need to be determined. For a hole through an in�nite plate an
analytical solution for the stress state was obtained by G. Kirsch in 1898 and A and B are
easily calculated [51]. For a blind hole, not passing through the entire thickness, no closed
form analytical solution is available and the constants are either obtained experimentally or
by numerical methods [4, 29].

After determination of the calibration constants three unknowns remain, namely �max, �min

and �. The angle � is measured CCW from gauge 1 to the direction of the maximum principal
stress and determines the reference direction of � (see Figure 10.1). The three equations
necessary are obtained by measuring the relieved radial surface strains �1, �2 and �3 at the
equally numbered gauges. The following solution is obtained by using the 0o/45o/90o rosette:

�max; �min =
�3 + �1
4A

�
p
(�1 � �3)2 + (2�2 � �1 � �3)2

4B
(10.5)
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� =
1

2
arctan

�
2�2 � �1 � �3

�1 � �3

�
(10.6)

where � should be positioned in the correct quadrant. The calibration constants A and B
depend on the material properties but are approximately made independent by application
of the constants

a =
2E

1 + �
A; b = 2EB (10.7)

yielding

�r =
1 + �

E
a

�
�max + �min

2

�
+

1

E
b

�
�max � �min

2

�
cos 2� (10.8)

The correlation coeÆcients a and b relate respectively the mean biaxial stress and the shear
stress to the released radial strain at the gauge.

The standard hole-drillingmethod is con�ned to measurement of surface stresses and is based
on important assumptions which must be evaluated on application [4, 29]. The assumption
about residual stresses being uniform with depth, measured from the specimen surface, is
most important. Strain measurement errors can be minimised by use of strain averaging,
described in references [29, 60] and at the same time the uniformity of stresses may be
evaluated.

10.4 Incremental Hole-Drilling

By application of incremental hole-drilling it is possible to obtain the residual stresses as a
function of depth measured from the specimen surface. Plane stress condition is assumed and
the residual stress variation is therefore described by the variation of the in-plane stresses
through depth. The calibration constants are derived by numerical methods, whereby sig-
ni�cant exibility is obtained as any geometrical shape of a specimen can be investigated.

The experimental procedure in incremental hole-drilling is similar to the procedure for tra-
ditional hole-drilling. However, the hole is drilled in predetermined depth increments and
readings of released strain are logged at each increment.

Di�erent stress calculation procedures for incremental hole-drilling have been developed.
However, only the integral method [6, 22, 46, 57] and the power series method take the
geometrical e�ect, explained in the following, into account.
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The relaxed strain, measured at the surface subsequent to the drilling of an increment, is
partly due to the stresses released in the increment and partly due to the previously released
stresses which yields a modi�ed response as the geometry is changed. The two contributions
are illustrated in Figure 10.2.

Figure 10.2: Geometrical contribution to relieved strain in drilling of the second increment.

The power series method and the integral method are briey discussed below.

The power series method: In the power series method proposed by Shajer [57] it is
assumed that the residual stress variation can be expressed by power series. An arbitrary
stress �eld can be divided into an equibiaxial and a pure shear stress component. Consider
the equibiaxial component given as

�b(h) = b0 + b1h+ b2h
2 + : : : (10.9)

in which h is the hole depth and the b-coeÆcients are the unknown constants. The surface
strain response at hole depth h is approximated by

�b(h) = b0�0(h) + b1�1(h) + b2�2(h) + : : : (10.10)

where �i(h) is the strain response at the surface which results from a unit stress �eld cor-
responding to the i'th term in the power series stress polynomial. The �i(h) constants are
calculated by application of �nite elements. By use of the equibiaxial part of the incremen-
tally released strain and Eq. (10.10), the b-coeÆcients can be determined by a least square
analysis and subsequently the equibiaxial component of the residual stress variation can be
calculated by Eq. (10.9). By a similar calculation of the shear stress component the arbitrary
stress �eld can be determined. Unfortunately, only the �rst two terms of the polynomial have
proven applicable, as the third order term causes signi�cant stress calculation inaccuracy.
When only the constant and the linear term are included, the method becomes very stable
as the strain data is �ltered in the least square analysis but only linearly varying stress �elds
are adequately described by the method.

As there is no indication that residual stresses in hot rolled steel plates are well represented
by a linear variation through the thickness, the power series method is rejected for further
analysis. Later, in Chapter 13, it will in fact become apparent that the residual stress
variation in hot rolled, normalised and cold levelled steel plates does not vary linearly.
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The integral method: The integral method, which is discussed in detail in the following
chapter, is well suited for description of non-linear variations in stress �elds. However, the
stress calculation inaccuracy increases quickly with the number of hole depth increments
used in the calculation. Therefore, �ne spatial stress resolution through the depth causes
poor stress calculation accuracy and a compromise must be made.

The integral method has been chosen in the present work as it o�ers exibility as regards
the stress variation and as it has potential for improvement.



Chapter 11

The Integral Method

The �rst steps of developments of the integral method were made by Bijak-Zochowski [6]
followed by several other authors, e.g. Shajer [57], Flamman and Manning [22] and Niku-
Lari [46]. In the following the integral method is described.

Figure 11.1: De�nition of hole depth h and stress depth z.

As a hole is drilled to a certain depth h, the residual stresses released at every intermediate
depth z, between the surface and the depth h, contribute to the relaxed strain measured at
the surface. The relaxed strain contribution from the residual stress released at the depth
z depends on the actual hole depth h. This was previously described as the geometrical
e�ect (Figure 10.2) and is taken into account by the integral method. As an arbitrary stress
distribution can be decomposed into an equibiaxial and a pure shear stress component, the
relation between radial strain and released residual stress can be written as

�r(h) =
1 + �

2E

Z h

0

a(z; h) �eq(z) dz +
1

2E

Z h

0

b(z; h) �sh(z) cos 2�(z) dz (11.1)

where

�eq(z) = �max(z) + �min(z)

�sh(z) = �max(z)� �min(z)
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The function a(z; h) is the radial strain response at the gauge, corresponding to a unit
equibiaxial stress acting at the depth z in a hole of depth h. Similarly, b(z; h) is the radial
strain at � = 0, corresponding to a unit pure shear stress, acting at the depth z in a hole of
depth h. As the angle � is measured CCW from the direction of �max, which is dependent
on z, � itself becomes a function of z.

The derivation of a(z; h) and b(z; h) is cumbersome but can be done numerically by e.g. FE
analysis. However, in order to determine �max(z); �min(z) and �(z), simultaneous solution of
the integral Eq. (11.1) in three unique angular positions is required. Moreover, the released
strain �r(h) cannot be logged continuously due to temporary stresses in the drilling process.

The above stress calculation procedure is extremely diÆcult and Eq. (11.1) is therefore
discretised to facilitate drilling of the hole in n successive increments:

(�r)i =
1 + �

2E

j=iX
j=1

aij (�max + �min)j (11.2)

+
1

2E

j=iX
j=1

bij (�max � �min)j cos 2�j ; 1 � j � i � n

It should be noted that index i refers to the number of increments drilled, whereas j refers
to the increment in which the stress is acting. In matrix notation Eq. (11.2) becomes

f�rg = 1 + �

2E
[a]
�
�max + �min

	
+

1

2E
[b]
�
(�max � �min) cos 2�

	
(11.3)

The principal stresses �max;j and �min;j are the uniformly distributed stresses acting within
increment j, which are equivalent to the stress actually present in terms of released strain
at the gauge. Hence, the discrete form given by Eq. (11.3) is an approximation as uniform
stress is assumed in each increment.

The correlation matrices [a] and [b] are lower triangular matrices containing the components
aij and bij, respectively. The correlation constant aij relates an equibiaxial stress acting in
increment j, in a hole i increments deep, to the strain response at the gauge. Figure 11.2
illustrates the load cases used for derivation of aij components in a hole three increments
deep.
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Figure 11.2: Application of unit stress loads for derivation of aij

The bij components are similarly the correlation coeÆcients between pure shear stress and
the strain response at the gauge. Hence, [a] represents the axisymmetric and [b] the non-
axisymmetric part of the loading.

The equivalent uniform stresses within the depth increments can be calculated by solving
Eq. (11.3) on the basis of three readings of released strain in unique angular positions for each
increment. However, as the equation is non-linear, solution can be facilitated by linearisation.
The following method is based on a 0o/45o/90o CCW positioning of the strain gauges as
shown in Figure 10.1.

By de�nition of the following set of strain and stress variables it is possible to decoupled the
equations which must otherwise be solved simultaneously. The strain variables are

p(h) = (�1(h) + �3(h))=2

q(h) = (�1(h)� �3(h))=2 (11.4)

t(h) = (2�2(h)� �1(h)� �3(h))=2

and the stress variables are

P (z) = (�1(z) + �3(z))=2

Q(z) = (�1(z)� �3(z))=2 (11.5)

T (z) = �13(z)
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where

z is the current depth from surface

h is the hole depth

P is the equi-biaxial normal stress component

Q and T are the max. normal and shear stress component in pure shear stress state

p; q and t are the strain components corresponding to P;Q and T

�1 and �3 are the normal stress in the directions de�ned by the gauges (see Figure 10.1)

�13 is the shear stress component

�# is the strain measured at gauge #

By use of these strain and stress variables, Eq. (11.3) can be written as

1 + �

E
[a]fPg = fpg (11.6)

1

E
[b]fQg = fqg (11.7)

1

E
[b]fTg = ftg (11.8)

where

fPg; fQg and fTg contain the stress variables Pj; Qj and Tj for each increment

fpg; fqg and ftg contain the strain variables pi; qi and ti for a hole i increments deep

The cartesian stress components for each increment can be retrieved as

�1(z) = P (z) +Q(z)

�3(z) = P (z)�Q(z) (11.9)

�13(z) = T (z)

and the principal stresses and the angle � de�ning the maximum principal stress direction
(Figure 10.1) are given as

�max(z); �min(z) = P (z)�
p
Q(z)2 + T (z)2 (11.10)

�(z) = 1=2 arctan(
T (z)

Q(z)
) (11.11)

The angle � is positioned in the correct quadrant by the following scheme, in which the

calculated arctan value is denoted  = arctan
h
2�2��1��3

�1��3

i
:
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Numerator n Denominator �1 � �3 > 0 �1 � �3 < 0

2�2 � �1 � �3 > 0 � = 1=2 � = 1=2(180o � )

2�2 � �1 � �3 < 0 � = 1=2(360o � ) � = 1=2(180o + )

Table 11.1: Corrected value of �.

To solve the decoupled Eqs. (11.6) to (11.8), it is necessary �rst to obtain the correlation
matrices [a] and [b]. In Section 12.2 a method using �nite elements for derivation of the
correlation constants is described.

The number of stress calculation increments should be chosen on the basis of the stress
calculation accuracy obtainable in the last increment. Considering the matrix Eq. (11.6), a
relative error in fpg may cause a signi�cantly greater relative error in fPg. The maximum
relative error is described by the condition number N of the matrix, which is calculated
as the norm relative to the determinant. For a lower triangular matrix like [a] and [b],
the determinant is the product of the diagonal elements, whereby a small diagonal element
increases N and thus decreases the stress calculation accuracy. With evenly spaced incre-
ments, the size of the diagonal elements will decrease with depth due to increased distance
between released residual stress and the strain gauge. Moreover, an increasing number of
increments will reduce the size of the diagonal elements as less residual stress is released
in each increment. Consequently, the number of increments should be limited to maintain
good stress calculation accuracy. A commonly applied number is 3 to 5 increments from
the surface to maximum stress calculation depth. Stress calculation errors are discussed in
detail in Section 12.7.
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Chapter 12

Modi�ed Hole-Drilling Technique

Until now mainly the work of other authors has been discussed. In the following a modi�ed
incremental hole-drilling technique for plates of �nite thickness will be introduced, allowing
the residual stresses to be measured through the thickness of the plate. Further, additional
advantages compared to "conventional" incremental hole-drilling will be presented.

12.1 Investigation of Hole-Drilling Con�guration

St. Venant's principle can be used to show that the e�ect of a local self-equilibrating load will
decrease quickly with distance. Accordingly, the hole-drilling method is in general not well
adapted for measuring of stress acting remote from the surface as the correlation between
released surface strain and relaxed residual stress will decrease signi�cantly with depth. If
released surface strain is plotted against hole depth, it will increase quickly, reach a maximum
and then start to decrease. The hole depth at which the maximum is reached is denoted the
maximum strain release depth or the maximum stress resolution depth.

As the application of interest involves residual stress measurement at relatively large depths,
it is relevant to minimise the problem of decreasing strain sensitivity. To this end, the
hole-drilling con�guration is analysed in detail for plates of �nite thickness.

12.1.1 Characteristics of Conventional Incremental Hole-Drilling

Authors investigating incremental hole-drilling have so far limited their research to hole-
drilling con�gurations based on small hole radii Ra and small mean gauge circle radii Rm.
Investigated values of Ra and Rm are usually less than 2 mm and 3 mm, respectively, and
even though non-dimensional scaling is possible, the bene�ts resulting from larger dimensions
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have not been examined. There are several reasons for the choice of small dimensions. The
smaller radius, the more local measurements, which is necessary when stresses are measured
in specimens with large in-plane stress gradients, e.g. in measurements of welding stresses.
Moreover, the smaller radius, the less specimen damage.

In conventional hole-drilling con�gurations, the specimen dimensions are considered to be
in�nite compared to the hole. On this assumption the following characteristics of hole-drilling
can be summarised from the work done by several authors, notably Shajer [57{59].

The maximum theoretical stress resolution depth is approx. 0:5 Rm, as the released equib-
iaxial strain component at this depth has zero tangent, which results in a singularity [59].
The practical stress resolution depth is, however, only 30 to 40 percent of Rm as the strain
relaxation gradient hereafter becomes very small. Using the conventional Rm values of 2-3
mm, the maximum resolution depth is approx. 1 mm, which does not ful�l the speci�ed
requirements of the current application.

The maximum strain release depth depends on the mean gauge radius Rm, whereas the hole
radius Ra inuences the magnitude of the released strain. Hence, the shape of the 'relaxed
strain - hole depth' curve is qualitatively determined by Rm and quantitatively by Ra.
Moreover, the principle of dimensional similitude can be applied due to the linearity of the
problem. That is when all dimensions in the hole-drilling con�guration are scaled uniformly,
the released strain plotted against non-dimensional hole-depth will remain constant.

As it will be shown below, these characteristics are highly dependent on the assumption of
in�nite specimen dimensions.

12.1.2 Hole-Drilling Con�guration for Plates of Finite Thickness

In measurements of residual stresses in steel plates, large in-plane stress gradients are not
to be expected. This allows for larger dimensions in the hole-drilling con�gurations, which
will prove advantageous to maximum stress resolution depth, stress calculation accuracy and
usable milling methods.

In Section 12.1.1 above, it was indicated that stress calculation depth is simply increased
by increasing Rm. The inuence of hole-drilling dimensions on the assumption of in�nite
dimensions needs, however, not to be valid as concerns plates of �nite thickness and hence
an analysis is carried out.

The analysis is performed by calculating relaxed surface strain as a function of hole depth
by axisymmetric FE, using an equibiaxial loading of 1 MPa. As only linear elastic strains
are involved, the principle of dimensional similitude is valid and the results are made non-
dimensional by the plate thickness Tpl.

Figure 12.1 shows the e�ect of increasing Rm, if a constant Ra=Rm ratio and a constant plate
thickness are maintained. The maximum stress resolution depth obtained by increasing Rm
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Figure 12.1: Qualitative change in �r by varying Rm.

is approximately 75% of the plate thickness Tpl, as the strain relaxation gradient becomes
zero at this depth. Thus, the �nite thickness limits the maximum stress calculation depth.

The gradient of released strain with hole depth is important as a small gradient near the
maximum strain release depth decreases the stress calculation accuracy in the last incre-
ments. As Rm is increased the shape of the 'strain-depth' curve goes towards a `limiting
shape', which provides the best overall stress calculation accuracy as well as the maximum
stress resolution depth. It should be noted that the 'limiting shape' of the stress-strain
relation provides an improved accuracy for hole depths larger than approximately 50% of
the plate thickness. To determine the Rm range, facilitating good overall stress calculation
accuracy and stress resolution depth, a maximum stress resolution depth not less than 70%
of Tpl has been de�ned as a criterion. In Figure 12.2 the maximum stress resolution depth
has been plotted against Rm and by using the chosen criterion, Rm should ful�l Rm=Tpl > 1:2
to ensure high stress resolution depth and good accuracy.
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Figure 12.2: Max. stress resolution depth versus Rm.
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In the above calculation of max. resolution depth versus Rm, a very small hole radius Ra was
employed as the correlation between Ra and Rm thus is suppressed. The e�ect of increasing
Ra and keeping Rm constant is, however, shown in Figure 12.3. In the lower range of
Ra=Rm, a qualitative resemblance between the curves is apparent by visual inspection. The
resemblance is con�rmed by Figure 12.4, where �r of Figure 12.3 has been multiplied by a
factor chosen to be (Rm=Ra)

2.
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Figure 12.3: Strain relaxation versus hole depth by varying Ra.
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As only limited variation of �r(Ra=Rm)
2 is seen in the lower range of Ra=Rm, �r may here

be approximated by

�r(
h

Tpl
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Tpl
;
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Tpl
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E
f(

h

Tpl
;
Rm

Tpl
)

�
Ra

Rm

�2

(12.1)

where

�nom is the nominal equibiaxial stress

f is a function representing the qualitative variation

A deviation is seen in Figure 12.4 as Ra=Rm goes towards unity. This e�ect is denoted the
'near edge' e�ect as it occurs when the strain gauge is located near the edge of the hole. The
'near edge' e�ect results in an undesirable qualitative change of �r, characterised by large
strain release at small hole depths and small or negative strain release as the depth is further
increased. To evaluate the 'near edge' e�ect the function f is analysed by comparison of
�r(Rm=Ra)

2 with a reference chosen to be �r(Rm=Ra)
2 at Ra=Rm = 0:3. If the deviations

are larger than 10% the 'near edge' e�ect is de�ned as dominant. For the analysis, �r has
been calculated by variation of Ra in discrete steps for selected values of Rm and Tpl. Using
the chosen criteria, the critical, maximum hole radii Ra;cr may be estimated. The results are
given as critical clearance between the strain gauge centre and the hole edge, (Rm�Ra;cr)=Tpl,
and are shown in Figure 12.5.
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Figure 12.5: Ra;cr given as (Rm � Ra;cr)=Tpl versus Rm=Tpl.

Again, the �nite plate thickness is clearly observed to inuence the results. The critical
clearance becomes constant at Rm=Tpl � 1:2, which is the same value providing a stress
resolution depth of 70% (Figure 12.2). For Rm=Tpl < 1:2 the critical clearance increases
linearly resulting in an almost constant critical Ra=Rm ratio. For Rm=Tpl > 1:2 the critical
clearance becomes constant, which allows the Ra=Rm ratio to be increased with increasing
Rm. This facilitates the stress calculation accuracy as the amplitude of the released strain
thus is increased without impairing the qualitative shape of the 'released strain - hole depth'
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curve. Hence, for Rm=Tpl > 1:2, the constant critical clearance of (Rm � Ra)=Tpl � 1=2
makes it possible to approximate the released strain as

�r � �nom
E

f(
h

Tpl
)

�
Ra

Rm

�2

;
Rm

Tpl
> 1:2 ^ Ra

Rm
< 1� Tpl

2Rm
(12.2)

where a polynomial form of f(h=Tpl) may be obtained by using e.g. a least square method.

12.1.3 Summary of Investigation

The analysis of hole-drilling con�gurations for plates of �nite thickness subjected to equibi-
axial stress can be summarised as

� Qualitatively, the 'strain release - hole depth' relation is inuenced by �nite plate
thickness and a 'near edge' e�ect.

� The �nite plate thickness Tpl limits the maximum theoretical stress calculation depth
to approximately 75 % of Tpl. A near to optimal qualitative shape of �r as concerns
stress calculation accuracy is reached for Rm

Tpl
> 1:2.

� The 'near edge' e�ect is prevented by choosing Ra

Rm
< 1� Tpl

2Rm
for Rm=Tpl > 1:2.

� The above restrictions makes it possible to approximate the 'released strain - hole
depth' relation by Eq. (12.2).

According to Eq. (12.2), Ra=Rm should be chosen to be as large as possible within the above
limits to increase further the stress calculation accuracy. Using the incremental hole-drilling
method the in-plane stress is, however, assumed to be uniform across the diameter of the
hole, which must be taken into account when Rm is chosen. After Rm has been determined,
Ra should be chosen to ful�l Ra < Rm � Tpl=2, in which the length of the strain gauges
must be taken into account. As local surface stresses will be introduced in the milling of
the hole, some distance between the hole edge and the strain gauge is desirable to minimise
their inuence.

Using the above guidelines, an optimised 'released strain - hole depth' relation is bene�tted
from, so that the stress calculation accuracy is increased for �nal hole depths larger than
approximately 50% of the plate thickness. The analysis reveals, however, that the hole-
drilling technique investigated is incapable of measuring stresses through the thickness of a
plate. Section 12.3 details a method to address this issue.

The validity of dimensional similitude adds a generic aspect to the modi�ed hole-drilling
method, as the above analysis is valid for any uniform scaling of the hole-drilling con�gura-
tion.
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12.1.4 Proposed Hole-Drilling Con�guration

The above analysis is used to determine a hole-drilling con�guration for the derivation of
calibration constants which will later be employed in experimental investigation. As the
con�guration analysis only yields lower bounds for Rm, hole-drilling dimensions are only
limited by the assumption of uniform in-plane stresses in the material to be removed. Not
to violate this assumption, dimensions have been chosen just large enough to provide a
reasonable clearance between the hole edge and the strain gauge to minimise the e�ect of
milling stress.

Hole-drilling con�guration
Plate thickness, Tpl 10mm
Mean gauge circle radius, Rm 22mm
Hole radius, Ra 15mm
Ra=Rm 0.68
Max. hole depth 5.0 mm
Stress calculation increments 4
Gauge type HBM LY11
Gauge length, Lg 3 mm

Table 12.1: Con�guration for experimental investigation.

The con�guration in Table 12.1 provides a drilling clearance of 5.5 mm (Rm � Ra � Lg=2),
which is believed to be suÆcient to exclude the inuence of milling stresses. The problem of
milling stresses is discussed in Section 12.5.

A hole depth of half the plate thickness has been chosen for reasons which will become
apparent in Section 12.3.

12.2 Calculation of Correlation Constants

Below, the procedures used to derive the correlation constants are described. Consider the
decoupled Eqs. (11.6) - (11.8):

1 + �

E
[a]fPg = fpg

1

E
[b]fQg = fqg
1

E
[b]fTg = ftg
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In order solve these equations, it is necessary to derive the correlation matrices [a] and [b],
which are 4� 4 lower triangular matrices, as four stress calculation increments are used in
the chosen hole-drilling con�guration:

[a] =

2
664
a11 0 0 0
a21 a22 0 0
a31 a32 a33 0
a41 a42 a43 a44

3
775 ; [b] =

2
664
b11 0 0 0
b21 b22 0 0
b31 b32 b33 0
b41 b42 b43 b44

3
775 (12.3)

The matrix component aij relates an equibiaxial stress acting in increment j in a hole i
increments deep to the relaxation strain at the gauge. Similarly, bij relates a pure shear
stress to the relaxation strain. Bijak-Zochowski [6] determined the correlation constants
by experimental investigation whereas Shajer [57] was the �rst to apply FE analysis to the
derivation. In the present paper the correlation constants are derived by FEM.

12.2.1 Finite Element Model

By numerical calculation of the correlation constants signi�cant exibility is added to the
hole-drilling method as any specimen can be investigated without restrictions on geometrical
shape.

Residual stresses can be considered to be elastically 'locked-in' stresses, formed by inhomo-
geneous plastic deformation in the case of hot rolled steel plates. Hence, relaxation strains
will be elastic strains only and the correlation constants can be calculated by using linear
elastic axisymmetric �nite elements. In Figure 12.6 the principle of superposition is applied
to illustration of the loading used to calculate the correlation between relaxation strain and
residual stress.

A B C

Figure 12.6: Relaxation strains can be derived by loading of inner circumference.

The stress state prior to drilling (A) is superpositioned to the redistribution stresses (B) in
order to obtain the resulting stress state after drilling (C). It is seen that the redistribution
stresses (B) can be calculated by loading the inner circumference of the drilled hole by
stresses equivalent but opposite to those present before drilling. Hence, by loading the inner
circumference of the hole, the correlation between residual stress and strain relaxed due to
the hole can be calculated.



12.2 Calculation of Correlation Constants 147

The �nite elements used for calculation of the correlation constants are semi-analytical axi-
symmetric solids to which non-axisymmetric loading is applied [2]. The nodal displacements
are given as Fourier series.

ux(x; z; �) =
NP
n=0

uxn(x; z) cos(n�) (12.4)

uz(x; z; �) =
NP
n=0

uzn(x; z) cos(n�) (12.5)

u�(x; z; �) =
NP
n=0

u�n(x; z) sin(n�) (12.6)

The nodal circumferential forces are also expanded into Fourier series with the same harmonic
variation. It is assumed that the residual stresses are acting in a plane parallel to the surface.
As previously described, any plane stress state can be decomposed into an equibiaxial and
a pure shear stress �eld. The equibiaxial stress �eld corresponding to aij is given as

Fx(x; z; �) = Fx0(x; z) (12.7)

whereas the pure shear stress corresponding to bij is given as

Fx(x; z; �) = Fx2(x; z) cos(2�) (12.8)

F�(x; z; �) = F�2(x; z) sin(2�) (12.9)

(a) Radial variation (b) Tangential variation

Figure 12.7: Harmonic loads super-positioned for pure shear stress.

Due to the orthogonality of the harmonic functions, displacements can be calculated individ-
ually for each load component. The resulting displacements are calculated by superposition.
Hence, aij components are calculated as the average strain in the gauge area when Fx0,
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corresponding to a unit stress, is applied to the j'th increment in a hole i increments deep.
The calculation of bij components is similar, but the nodal circle forces Fx2(x; z) cos(2�)
and F�2(x; z) sin(2�), each corresponding to a unit stress, are applied individually and bij is
therefore given as the sum of relaxed strain.

In Figure 12.8 a detail of the FE model used for calculation is shown.

X

Z

Y

Figure 12.8: Detail of FE model. Nodal loads for calculation of a32 are applied.

Variation in hole depth is modelled by assigning a very small elastic modulus to the elements
to be removed. The elements used are quadrilateral linear revolution solids. No further im-
provements in calculation accuracy were obtained by use of �ner mesh or quadratic elements.

12.2.2 Strain Integration over Strain Gauge

As the strain gauge is assumed to be linear, the measured strain is the average strain in
the area covered by the gauge. Furthermore, it is assumed that the gauge has no transverse
sensitivity and consequently only longitudinal strain is measured.

When the correlation constants aij and bij are calculated, the end point displacements of
the strain gauge are used for calculation of the average strain released in the strain gauge
area. This is an approximation, as the strain is assumed to vary linearly over the length of
the strain gauge.

Axisymmetric �nite elements are used in the calculation of correlation constants. In equibi-
axial loading the strain is independent of the circumferential co-ordinate. However, in pure
shear loading the radial and the tangential displacements vary with cos(2�) and sin(2�),
respectively. Figure 12.9 shows the gauge geometry and de�nes the geometrical parameters
used in the following. The parameter hg denotes the half width of the strain gauge.
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Figure 12.9: Strain gauge geometry.

The calculated longitudinal displacement is written as

ux1 = ur1 cos(�1)� u�1 sin(�1) (12.10)

ux2 = ur2 cos(�2)� u�2 sin(�2) (12.11)

and the average longitudinal strain as

�x =

Z hg

0

ux2 � ux1
Lg

dy (12.12)

Correlation constants aij : In the calculation of aij the loading is equibiaxial.

ur(r; �) = ur(r) (12.13)

u�(r; �) = 0 (12.14)

The radial displacement is approximated by a polynomial:

ur(r) � cnr
n + cn�1r

n�1 + : : :+ c1r + c0 (12.15)
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which is found by least square analysis of discrete values of radial displacements between
the radii ra and rb. The polynomial approximation is good for even low values of n (n � 4).
The radii r1(�1) and r2(�2) are expressed as

r1(�1) =
ra

cos(�1)
(12.16)

r2(�2) =
rb

cos(�2)
(12.17)

By insertion of the above in Eq. (12.15), the longitudinal displacements of the strain gauge
end points can be written as

ux1 � ur
� ra
cos(�1)

�
cos(�1) (12.18)

ux2 � ur
� rb
cos(�2)

�
cos(�2) (12.19)

The average longitudinal strain for equibiaxial stress on the basis of end point displacements
is now obtained as

�x �
Z hg

0

ux2 � ux1
Lg

dy

� 1

hg Lg

� atan(
hg
rb
)Z

0

ur
� rb
cos(�2)

� rb
cos(�2)

d�2 �
atan(

hg

ra
)Z

0

ur
� ra
cos(�1)

� ra
cos(�1)

d�1

�
(12.20)

Correlation constants bij : In the calculation of bij the loading is pure shear loading:

ur(r; �) = ur(r) cos(2�) (12.21)

u�(r; �) = u�(r) sin(2�) (12.22)

The radial and the tangential displacements are approximated by polynomials:

ur(r) � dnr
n + dn�1r

n�1 + : : :+ d1r + d0 (12.23)

u�(r) � fnr
n + fn�1r

n�1 + : : :+ f1r + f0 (12.24)

which are found by least square analysis of calculated displacements between ra and rb at
� = 0o and 45oC, respectively. Good approximations are again obtained for low values of n
(n > 4).
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The longitudinal end point displacements then become

ux1 � ur
� ra
cos(�1)

�
cos(�1) cos(2�1) � u�

� ra
cos(�1)

�
sin(�1) sin(2�1) (12.25)

ux2 � ur
� rb
cos(�2)

�
cos(�2) cos(2�2) � u�

� rb
cos(�2)

�
sin(�2) sin(2�2) (12.26)

After some rearrangement the average longitudinal strain due to a pure shear stress can be
found as

�x �
Z hg

0

ux2 � ux1
Lg

dy

� 1

hg Lg

� atan(
hg
rb
)Z

0

ur
� rb
cos(�2)

� rb
cos(�2)

cos(2�2) d�2

�
atan(

hg
rb
)Z

0

2 u�
� rb
cos(�2)

�
rb sin(�2) tan(�2) d�2

�
atan(

hg
ra

)Z
0

ur
� ra
cos(�1)

� ra
cos(�1)

cos(2�1) d�1

+

atan(
hg
ra

)Z
0

2 u�
� ra
cos(�1)

�
ra sin(�1) tan(�1) d�1

�
(12.27)

Using the FE model and the above strain integration method, the correlation matrices have
been derived for the chosen hole-drilling con�guration:

[a] =

2
664
�0:129 0:000 0:000 0:000
�0:169 �0:120 0:000 0:000
�0:198 �0:149 �0:095 0:000
�0:212 �0:162 �0:110 �0:063

3
775 (12.28)

[b] =

2
664
�0:178 0:000 0:000 0:000
�0:234 �0:171 0:000 0:000
�0:272 �0:215 �0:140 0:000
�0:297 �0:242 �0:173 �0:103

3
775 (12.29)

These correlation matrices apply to any hole-drilling con�guration ful�lling the requirements
for dimensional similitude.
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In general improved strain integration accuracy may be obtained by the following alternative
method. Strain components are calculated by �nite elements in several discrete locations in
the gauge area and the longitudinal strain components are found by transformation. In a
least square analysis a 'best' surface is �tted through the data points by polynomial functions.
The average strain is calculated by integration of the polynomial function over the gauge
divided by the area. In the chosen hole-drilling con�guration, insigni�cant improvement in
calculation accuracy is, however, obtained as the strain variation is small in the gauge area.
This is due to the small gauge dimensions compared to the dimensions of Ra and Rm.

If standard hole-drilling rosettes are considered, the relative size of the gauges compared to
Ra and Rm is in general large. In Figure 12.10 the variation in longitudinal strain relaxation
is shown in the gauge area for a unit shear stress (b33). The relaxation strain is given as the
vertical distance between the plotted surface and the zero strain plane.

  2.0
  2.5

  3.0 mm 
-0.5

0

0.5  
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-1.0e-6
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Figure 12.10: Example of longitudinal strain variation in the area of the strain gauge.

Due to the non-linear variation in the longitudinal direction of the strain gauge, the as-
sumption of linear variation made in the end point method should not be applied to rosette
con�gurations with relatively large gauges as in most standard rosettes. Here, the best
surface �t method should be applied.

12.3 Stress Measurement through the Plate Thickness

The analysis in Section 12.1.2 showed that the e�ect of �nite plate thickness was a theoretical
maximum stress calculation depth of approx. 70% of the thickness. As the intention is to
resolve stresses through the entire thickness of the plates it is necessary to develop further
modi�cations to the presented hole-drilling technique.

When a hole has been drilled to the centre of the plate and the stresses have been estimated in
four increments, it is still necessary to �nd the stresses in the remaining half of the thickness.
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It is not feasible to place strain gauges at the bottom of the hole and drill a second hole
within the �rst. This is again due to the e�ect of �nite thickness on strain relaxation. In
order to resolve the stress through the thickness an in�nite number of holes within each
other using this method should in theory be drilled.

Another method is proposed. A second hole is drilled from the opposite side of the plate.
A small drill causing insigni�cant strain relaxation is drilled through the plate, so that it is
possible to align the second hole at the centre of the �rst. New strain gauges are positioned
on the second side and another four increments are drilled in order to reach the centre and
obtain a hole through the plate.

Figure 12.11: Increment numbering for stress calculation in the second half of the plate.

The stresses released during the drilling of the �rst half will a�ect the strain relaxation while
drilling the second. This e�ect is taken into consideration when the decoupled Eqs. (11.6)-
(11.8) are modi�ed. As the strain gauges for the second half of the hole are attached after
the drilling of the �rst half, the radial strain already released is calculated and added to the
measured strain values.

The equation equivalent to Eq. (11.6)

1 + �

E
[a]fPg = fpg

then becomes

8>>>><
>>>>:

p0
p1 + p0
p2 + p0
p3 + p0
p4 + p0

9>>>>=
>>>>;

=
1 + �

E

2
66664

0 0 0 0 c05 c06 c07 c08
c11 0 0 0 c15 c16 c17 c18
c21 c22 0 0 c25 c26 c27 c28
c31 c32 c33 0 c35 c36 c37 c38
c41 c42 c43 c44 c45 c46 c47 c48

3
77775

8>>>>>>>>>><
>>>>>>>>>>:

P1

P2

P3

P4

P5

P6

P7

P8

9>>>>>>>>>>=
>>>>>>>>>>;

(12.30)
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where p0 is the initial strain relaxed while drilling the �rst hole. The strains relaxed while
drilling the second are denoted p1 to p4. P1 to P4 are the unknown stress variables to be
calculated whereas P5 to P8 are the already known stress variables related to the �rst half
of the hole. The calibration constants which relates the strains released in the second hole
to the stresses calculated for the �rst are cij; j > 4.

Elimination of the �rst row of Eq. (12.30) and rearrangement yield

E

1 + �

8>><
>>:

p1
p2
p3
p4

9>>=
>>;
�

2
664
c15 � c05 c16 � c06 c17 � c07 c18 � c08
c25 � c05 c26 � c06 c27 � c07 c28 � c08
c35 � c05 c36 � c06 c37 � c07 c38 � c08
c45 � c05 c46 � c06 c47 � c07 c48 � c08

3
775

8>><
>>:

P5

P6

P7

P8

9>>=
>>;

=

2
664
c11 0 0 0
c21 c22 0 0
c31 c32 c33 0
c41 c42 c43 c44

3
775

8>><
>>:

P1

P2

P3

P4

9>>=
>>;

(12.31)

For simplicity the above is written as

E

1 + �
fpg� [C0]fP0g = [C]fPg (12.32)

The equations giving fQg and fTg are found in a similar way and the decoupled equations
for the modi�ed hole-drilling are

E

1 + �
fpg � [C0]fP0g = [C]fPg (12.33)

E fqg � [D0]fQ0g = [D]fQg (12.34)

E ftg � [D0]fT0g = [D]fTg (12.35)

All correlation matrices are derived by �nite elements as previously described. The unknown
stress variables can be found by inverting the calibration constant matrices. Subsequently,
the principal stresses or the cartesian stresses are calculated by Eqs. (11.9)-(11.11).

The correlation constants have been derived for the present hole-drilling con�guration and
are given by Eq. (12.36). The correlation constants representing the geometrical e�ect of
the pre-released stresses are clearly important, although some are very small. The constants
are valid for any other con�guration in which all dimensions, including plate thickness, are
uniformly scaled.
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2
66664

0 0 0 0 c05 c06 c07 c08
c11 0 0 0 c15 c16 c17 c18
c21 c22 0 0 c25 c26 c27 c28
c31 c32 c33 0 c35 c36 c37 c38
c41 c42 c43 c44 c45 c46 c47 c48

3
77775 =

2
66664

0 0 0 0 9 25 40 58
�143 0 0 0 7 28 49 72
�189 �134 0 0 0 27 54 84
�217 �161 �102 0 �11 21 52 86
�229 �173 �116 �65 �23 12 46 81

3
77775� 10�3 (12.36)

2
66664

0 0 0 0 d05 d06 d07 d08
d11 0 0 0 d15 d16 d17 d18
d21 d22 0 0 d25 d26 d27 d28
d31 d32 d33 0 d35 d36 d37 d38
d41 d42 d43 d44 d45 d46 d47 d48

3
77775 =

2
66664

0 0 0 0 �17 19 47 72
�191 0 0 0 �30 9 39 65
�254 �193 0 0 �46 �6 26 53
�296 �241 �169 0 �64 �24 8 36
�324 �270 �204 �141 �089 �48 �14 15

3
77775� 10�3 (12.37)

The present method allows for residual stress measurement through the thickness of the
plate.

12.4 Example of Experimental Measurement

An example of an experimental residual stress measurement is given for the �rst half of the
plate thickness. The hole-drilling con�guration (Table 12.1) from the analysis performed in
Section 12.1.2 is applied. All parameters used for the experimental investigation are listed
in Table 12.2.
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Thickness of steel plate, Tpl 10mm
In-plane specimen dimensions 400 � 400 mm
Mean gauge circle radius, Rm 22 mm
Hole radius, Ra 15 mm
Max. hole depth 5.0 mm
Stress calculation increments 4
Uniform increment size 1.25 mm
Gauge type HBM LY11
Tool face type HSS
Young's modulus 211 GPa
Poisson's ratio 0.28

Table 12.2: Parameters used in experimental investigation.

The milling procedure used for experimental investigation is described later in Section 12.5.
The following strains were recorded:

��
�gauge1

	
;
�
�gauge2

	
;
�
�gauge3

	�
=

2
664
�36:21 �35:77 �28:53
�70:58 �68:41 �53:45
�84:37 �81:08 �60:21
�86:01 �81:87 �56:56

3
775 [10�6] (12.38)

Using the calculation procedure described in Chapter 11, the variation of cartesian stresses
with depth has been calculated and is shown in Figure 12.12. The corresponding variation
of principal stresses with depth is shown in Figure 12.13.
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Figure 12.12: Derived cartesian stresses from strain measurements.
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Figure 12.13: Derived principal stresses and angle to �max, as measured from gauge 1.

Representing the stress variation with depth, the values are found by interpolation between
stresses acting at discrete depths. Half the increment depth is commonly used, but as
described by St. Venant's principle, the location will in reality be closer to the surface.
In Appendix B it is shown that half the increment depth may be applied to the present
hole-drilling con�guration.

From the above example of stress analysis it is not possible to evaluate the accuracy of the
method. Stress calculation accuracy is the subject of the following sections.

12.5 Milling Stresses

When the hole-drilling method is applied it is important to take precautions not to intro-
duce signi�cant machining stresses in the drilling of increments. Moreover, the incremental
method requires a at-bottomed hole in order to establish an exact measure of increment
depth. An issue which has received much attention from authors investigating hole-drilling
in general is the employment of advanced drilling techniques to eliminate drilling stress.
Prevailing methods investigated are air-abrasive drilling and high-speed drilling which are
compared to conventional milling. Especially, the high-speed drilling has proved valuable as
only low stresses are introduced and a well de�ned hole geometry is obtained. Air abrasive
drilling also introduces low-level stresses but the hole geometry is generally diÆcult to con-
trol. Conventional milling has proved to produce milling stresses at a higher level but well
de�ned geometry is obtained when a �xed bench milling machine is used. However, the only
drilling method applicable to the proposed hole-drilling con�guration is conventional milling,
as equipment for high-speed and air-abrasive drilling is not available for the required hole
dimensions. For that reason machining stresses due to conventional milling are investigated.

Quite di�erent levels of machining stresses have been reported, varying from compressive
to tensile stresses. In articles by e.g. Niku-Lari et al. [46] and Mord�n [44] the method is
reported to produce low-level stresses only, but others as Bynum [11] and Flaman [21] report
stresses which far exceed the acceptable level. A Round Robin test, i.e. an investigation for
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the purpose of comparison, has been performed by SEM [70] and shows divergence among
the results obtained by the di�erent investigators. As will become apparent in the following
discussion, the divergence is likely to be a result of di�erent drilling techniques and hole-
drilling con�gurations.

In the machining operation the material is deformed plastically and, moreover, high tem-
peratures and gradients are present. This causes uneven plastic deformation in the surface
layer, which results in large residual stress levels and gradients in the immediate vicinity of
the machined surface. The stress state resulting from machining can be described by the
mechanical, the thermal and the metallurgical contributions, which are strongly intercon-
nected.

The mechanical contribution represents the plastic deformation of the surface during cutting,
resulting in high-compressive stresses at the surface and low tensile stresses in the bulk of
the material after processing. The e�ect mainly depends on the size of the yield zone, which
again is dependent on the geometry of the tool nose, on the yield stress reduction due to
temperature etc.

The thermal contribution is de�ned by the plastic compressive strain, caused by thermal
expansion and reduced Young's modulus at elevated temperatures, resulting in tensile surface
stresses after cooling. The higher the temperature the higher the tensile stresses.

In cutting, the thermal contribution will normally dominate the mechanical e�ect [3] and,
hence, the resulting surface stresses will be predominantly tensile. However, at high machin-
ing temperatures the microstructure of the surface layer is changed. The metallurgical e�ect
is mainly related to the martensitic formation caused by phase change and rapid cooling. In
the transformation from austenite to martensite the material volume expands considerably,
which yields large compressive stresses at the surface as the expansion is restrained by the
bulk material. Thus, if the machining temperatures exceed the phase transition tempera-
ture (approx. 730oC for steel) the resulting surface stresses from the mechanical, thermal
and metallurgical contributions tend to be compressive.

The di�erent e�ects described above will result in di�erent stress variations with depth below
the machined surface. Thus, the resulting stress state may be complex, varying between high-
tensile and high-compressive stresses. Therefore, in a characterisation of surface stresses as
either compressive or tensile, it should be interpreted as the predominant stress state in the
�rst few tenths of a millimetre.

The complex dependency of machining tool and stress variation is illustrated by Figure
12.14 adopted from [20]. The residual stress variation resulting from surface milling of a
4340 steel with a hard metal tool face is measured by use of x-ray di�raction and etching.
The predominant surface stresses are compressive but the immediate surface stresses are seen
to become more and more tensile with increasing tool wear (wearland) and the compressive
stresses are increased considerably. Consequently, machining stresses may a�ect hole-drilling
very di�erently, even when the same tool type is applied.
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Figure 12.14: Residual stress resulting from surface milling (adopted from [20]).

Cutting tool faces made of high-speed steel (HSS) and of hard metal as ceramics or carbides
are discussed below. Hard metal is more brittle than HSS and in consequence the hard metal
tool nose is blunter in order to be wear-resistant. The yield zone arising by use of a hard
metal tool are therefore more pronounced than the yield zone arising from an HSS tool. This
is illustrated in Figure 12.15.

Figure 12.15: Yield zones arising from using a hard-metal tool and an HSS tool.

The size of the yield zone is a measure for the wear of the machining. Moreover, HSS tools
are designed for a temperature of approx. 600 oC at the cutting edge, whereas hard metal
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tool faces exceed a temperature of 1000 oC. This further indicates that phase transformation
occurs by use of hard metal tools under optimal cutting conditions but not by use of HSS
tools. In general, hard metal tools therefore tend to give compressive surface stresses of an
absolute value larger than the tensile surface stresses which HSS tools tend to give.

From the above discussion it is concluded that the choice of cutting tool strongly a�ects the
machining stresses. The type of cutting tool is, however, an information usually not given
in articles on milling stresses in connection with hole-drilling. Moreover, it is concluded that
HSS tool faces in general are preferable to hole-drilling in low-alloy steels.

In the following, the relation between hole-drilling con�guration, machining stresses and
stress calculation accuracy is discussed in order to justify the use of conventional drilling in
the proposed hole-drilling method.

As previously described, large machining stresses are introduced in the immediate surface
layer which results in oppositely balancing stresses in the bulk material. These stresses
will decrease with the distance from the machined surface in accordance with St. Venant's
principle and their inuence on the strain gauge readings will depend on the drilling clear-
ance, de�ned as the distance from the hole edge to the beginning of the strain gauge
(Rm � Ra � Lg=2). A small drilling clearance makes the hole-drilling method more sen-
sitive to machining stresses. A relatively large drilling clearance decreases, however, the
stress measuring sensitivity, which is also undesirable. The latter problem was discussed in
Section 12.1.2.

As regards the radial stress variation with the distance from the machined surface, it is
expected to be independent of the hole size if the machining conditions are maintained.
Hence, the inuence of machining stresses on strain readings will decrease signi�cantly if the
hole-drilling con�guration is enlarged uniformly, and if the Ra=Rm ratio is kept constant,
the stress measuring sensitivity is retained. Nawwar et al. [45] experimentally investigated
the relation between the drilling clearance and the measured drilling stress in aluminium.
They found that the drilling stress decreased exponentially with increasing drilling clearance,
and at clearances above 4 mm no drilling stress was recorded. In the present hole-drilling
con�guration the drilling clearance is 5.5 mm and the material of interest is mild steel.
According to the �ndings of Nawwar et al. [45] and the fact that mild steel in general is less
sensitive to machining than aluminium [21], the chosen drilling clearance should be suÆcient
to exclude the e�ect of machining stresses.

In conclusion, the presented hole-drilling method has an additional advantage compared to
traditional hole-drilling, as the large rosette dimensions make it possible to apply conven-
tional milling. In Section 12.5.1 this is veri�ed experimentally.
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12.5.1 Experimental Investigation of Milling Stresses

In order to investigate the stresses introduced in milling, it is essential to use a stress-
free specimen. Stress relaxation can be obtained by thermal annealing, which is a time-
temperature-related phenomenon. For low-alloy steels, residual macrostress is almost fully
relieved at the surface by annealing at 600 oC for one hour. The annealing must be fol-
lowed by furnace cooling to room temperature in order to prevent the occurrence of cooling
stress [12, 69]. Residual stress in the interior of the material is relieved more slowly and the
time needed for full relaxation may be longer. The annealing mechanism can be explained as
follows. The residual stresses correspond to elastic strains formed in uneven plastic deforma-
tion. When suÆcient thermal energy is applied to the material, dislocation slip transforms
the elastic strains into microplastic strains so that the residual stresses diminish. It is im-
portant to keep the annealing temperature well below the phase transformation temperature
as microstructural change is undesired. According to Vohringer [69], a temperature of 600oC
is suitable for most low-alloy steels. The test specimens used in the present investigation
are therefore annealed at 600oC for 3 hours after which the specimens are left to cool in
the furnace. It should, however, be noted that the thermal annealing will only reduce the
residual stresses but not entirely eliminate them.

The annealed specimen was investigated by the hole-drilling procedure and a �xed bench
milling machine. The stresses to be measured were introduced in the �xture of the specimen
and reference values were measured at the surface by a standard rosette strain gauge. A
small hole was drilled at the centre and the increments were subsequently milled using a
turning head with low radial in-feed, an HSS tool and large amounts of cutting uids. Very
accurate hole geometry was obtained by this procedure. The results of the investigation were
previously shown for all increments in Section 12.4. For investigation of the milling stress,
the reference stress measured at the surface will be compared to the stress calculated by
incremental hole-drilling. To exclude the e�ect of milling stress in hole-drilling these values
should be similar. The obtained values are listed in Table 12.3.

Measured surface stress Stresses found by hole-drilling
1st increment 2nd increment

�max = 49.7 MPa �max = 47.5 MPa �max = 31.8 MPa
�min = 40.1 MPa �min = 35.4 MPa �min = 21.8 MPa
� = 72.7o � = 69.2 o � = 75.7 o

Table 12.3: Stress measured at surface and stress calculated by hole-drilling.
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A second measurement, performed equivalently to the above on another specimen, yielded
the following results:

Measured surface stress Stresses found by hole-drilling
1st increment 2nd increment

�max = 12.3 MPa �max = 13.9MPa �max = 8.6 MPa
�min = -10.1 MPa �min = -9.3MPa �min = -3.3 MPa
� = 134o � = 132o � = 133o

Table 12.4: Stress measured at surface and stress calculated by hole-drilling.

Other error sources than milling stress inuence the stress calculation. These comprise
residual stresses still present in the specimen, strain measurement errors and geometrical
errors. Comparison of the measured surface stresses with the stresses calculated in the
�rst increment by the hole-drilling method shows, however, good agreement. It should be
noted that the representative depth for the stresses calculated for the �rst increment is
approximately 0.6 mm beneath the surface and consequently the values cannot be compared
directly without taking the stress gradient into consideration.

A number of error sources inuence the calculated results and it is not possible to separate
their individual contributions. Still, the experimental investigation indicates that milling
stresses can be disregarded by use of the chosen hole-drilling con�guration and the experi-
mental investigation therefore supports the �ndings of Section 12.5.

12.6 Experimental Precautions

If an end mill is used, the variation of cutting speed in the radial direction results in non-
optimal milling conditions towards the centre. In order to minimise the e�ect, a small hole
which does not inuence the residual stress state, is drilled through the plate to remove the
core. Subsequently, a turning head with radial in-feed is used to produce the �nal hole. In
this way, optimal cutting conditions can be maintained to a higher degree. In addition, an
accurate hole radius can be obtained by calibration of the turning head.

The experimental procedure for investigation of residual stresses in large plates is not trivial
to set up. If a large-size milling machine with a large positioning table is not available,
it is necessary to use a rigid transportable milling machine. If the plate to be investi-
gated is uneven and unequally supported, stresses might be introduced by the weight of
the machinery or non-optimal milling conditions might be caused by the lack of support.
Gravity-introduced stresses are, however, easily checked by recording the strain readings
before and after positioning of the milling machine.
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12.7 Error Calculation

Appropriate stress error calculation is necessary to evaluate the accuracy of the experimental
results. As indicated by Shajer and Altus [61], the stress calculation accuracy obtainable in
incremental hole-drilling is extremely poor in the interior of the material if small standard
rosette con�gurations are used. In the present section the results of an extensive stress
error calculation analysis will be presented for the proposed hole-drilling con�guration. The
detailed analysis has been placed in Appendix A.

Consider again the decoupled equations given in Chapter 11:

1 + �

E
[a]fPg = fpg (12.39)

1

E
[b]fQg = fqg (12.40)

1

E
[b]fTg = ftg (12.41)

The stress calculation errors can be divided into two categories, which are errors related to
the left and the right side of the above equations, respectively.

� Right side errors:

{ Strain measurement errors

{ Milling stress

� Left side errors:

{ Hole depth measurement errors

{ Hole diameter measurement errors

{ Hole eccentricity errors.

{ Material parameter measurement errors

{ Correlation constant derivation errors

Experimental investigation as described in Section 12.5 may be used for a rough estimate
of the total error contribution from all the above error sources. These contributions can,
however, not be separated and consequently the signi�cance of each error source cannot be
evaluated.

The errors caused by the listed error sources are estimated by investigation of the relation
between each error source and the basic matrix equations. By considering Eq. (12.39) the
right-side errors may be written as

1 + �

E
[a]fP + ÆPg = fp+ Æpg (12.42)
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By inversion of both Eq. (12.39) and Eq. (12.42) the following equation is obtained by
subtraction:

fÆPg = E

1 + �
[a]�1fÆpg (12.43)

Hence, stress calculation errors resulting from right-side errors may exist independently of
residual stresses.

Apart from material parameter errors, the left-side errors a�ect the correlation constants as
e.g. a variation in hole depth causes a change in the correlation constants. Left-side errors
are written as

1 + �

E
[a + Æa]fP + ÆPg = fpg (12.44)

By inversion of Eqs. (12.39) and (12.44) the following is obtained by subtraction:

fÆPg = E

1 + �

�
[a+ Æa]�1 � [a]�1

� fpg (12.45)

Hence, left-side errors cause stress calculation errors relative to the residual stress present.

All the error types listed are assumed to be independent of each other and, moreover, nor-
mally distributed with a zero mean. Independence among errors is an assumption as e.g. the
left-side errors are related to the calculated stress and therefore dependent on the right side
errors. This dependency is, however, believed to be insigni�cant and therefore neglected. In
addition, the relation between geometrical errors and correlation constants must be consid-
ered. Hole depth errors are e.g. not linearly related to the correlation constants and therefore
neither to the cartesian stresses. Once more this e�ect is explained by St. Venant's principle
and an error resulting in a hole too shallow will thus a�ect the stresses more than an error
resulting in a deeper hole. The assumption of a linear relationship is, however, adequate for
small depth errors and the assumption is therefore made.

The number of chosen stress calculation increments is essential to the stress calculation
accuracy that may be obtained in each increment. In general it is necessary to make a
compromise between good stress calculation accuracy and good spatial stress resolution.
The stress error calculation analysis forms an improved basis for choosing the number of
increments. The present number is four.

The error analysis comprises both the cartesian and the principal stress components. In the
analysis of e.g. hole depth errors and in the transformation from cartesian to principal stress,
the matrix equations are non-linear and the standard deviations have been calculated by an
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approximate technique based on linearisation by second order Taylor expansion as described
by Ditlevsen [16] (see Appendix A).

As regards the notation, E[x] denotes the mean and sx the standard deviation for the
stochastic variable x. The cross covariance matrix of the stochastic vectors fug and fvg
is denoted C�u�v and de�ned by the covariance of the elements in the matrix formed by the
dyadic product of the vectors:

C�u�v = Cov
�fug; fvgT� (12.46)

so that the covariance matrix of fug becomes C�u�u or just C�u. Characteristic of the uncer-
tainty modelling is that matrices are contracted to vector form to facilitate the calculation.

In the evaluation of all error types, the interval of con�dence has been chosen to be 90%
and the correct value is thus assumed to be within �1.64 standard deviations from the value
measured.

12.7.1 Strain Errors

Strain errors include instrumentation errors, thermal strains and strains introduced in ma-
chining. The standard deviation for the strain is assumed to be

s� = 2� 10�6 (12.47)

The calculation of the covariance matrix for the cartesian stress is facilitated by rearrange-
ment of the matrix Eqs. (11.6)-(11.8) into one equation which relates the measured strains
to the cartesian stress:

f�g = �N� f�g (12.48)

where

f�gT =
�f�1gT ; f�3gT ; f�13gT	

f�gT =
�f�1gT ; f�2gT ; f�3gT	

The covariance matrix then follows as

C�� =
�
N
�
C��

�
N
�T

(12.49)

where the covariance matrix C�� is given as a diagonal matrix containing only the variance
of the measured strain as all measurements are assumed to be independent with the same
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standard deviation. It should be noted that this is an approximation as e.g. errors related
to the strain gauge ampli�er will tend to give fully correlated measurements. The standard
deviation of the cartesian stresses may now be calculated by Eq. (12.49), taking the square
root of the diagonal elements in C��.

The error bounds have been calculated for the experimental investigation of �xture stress
described in Section 12.5. The results are shown in Figure 12.16.
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Figure 12.16: Cartesian stresses plotted with error bounds for errors in strain measurements.

The error bounds are seen to increase with depth as the correlation between residual stress
relaxation and surface strain decreases.

Residual stresses measured by hole-drilling are usually given by the principal stresses and
the angle of the maximum principal stress measured from a reference direction. These
components are calculated from the stress variables P, Q and T by Eqs. (11.10)-(11.11). The
relations have been linearised for estimation of error bounds as described in Appendix A.
The results are shown in Figure 12.17.
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Figure 12.17: Principal stresses plotted with error bounds for errors in measured strain.

It is seen that the direction of the maximum principal stress is extremely sensitive.
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12.7.2 Hole Depth Errors

Hole depth errors a�ect the components of the calibration constant matrices [a] and [b]. In
order to calculate the standard stress deviation due to depth errors it is necessary to make
the following assumptions:

� Depth errors are non-linearly related to the calibration constants as described by
St. Venant's principle. Since the errors, however, are small the relationship is assumed
to be linear.

� Milling depth errors �h are assumed to be independent with the same standard devi-
ation and zero mean.

A standard deviation sh of 0.04 mm is assumed for the hole depth. The standard deviations
for the components of [a] and [b] are denoted saij and s

b
ij, respectively. These are conservatively

estimated as the depth is decreased in each increment which results in larger errors than a
corresponding depth increase. A hole depth decrease within the i'th increment decreases all
the elements of the i'th row in the calibration matrix and consequently the row elements
are fully correlated. As the depth errors are independent there is no correlation between
elements in di�erent rows. Thus, the elements aij of [a] are normally distributed stochastic
variables described by

E[aij] = aij (12.50)

Cov[akl; amn] = �akl;amns
a
kls

a
mn (12.51)

�akl;amn =

�
1 for k = m
0 else

(12.52)

bij is described equivalently whereas the covariance between aij and bij components is de-
scribed by

Cov[akl; bmn] = �akl;bmns
a
kls

b
mn (12.53)

�akl;bmn =

�
1 for k = m
0 else

(12.54)

The saij and sbij components are derived by decreasing the depth of one increment at a
time. The corresponding aij and bij components are calculated as previously described and
subtraction of the original correlation constants yields the desired standard deviations.

If the equation

E

1 + �
[a]�1fpg = fPg (12.55)
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is considered, the covariance matrix of the inverse matrix [a]�1 must be derived in order to
calculate the standard deviation of fPg, and similar derivations must be performed with
respect to fQg and fTg. This involves linearisation of the cross covariance for multivariable
functions, which is done in Appendix A. The error bounds calculated for the cartesian and
the principal stress components are shown in Figure 12.18 and Figure 12.19, respectively.

-40

-20

0

20

40

60

0 1 2 3 4 5

R
es
id
u
a
l
st
re
ss
[M
P
a
]

Depth below surface [mm]

3

3

3

3

�1 +

+

+

+

+

-40

-20

0

20

40

60

0 1 2 3 4 5

R
es
id
u
a
l
st
re
ss
[M
P
a
]

Depth below surface [mm]

3

3

3

3

�3 +
+

+

+

+

-40

-20

0

20

40

60

0 1 2 3 4 5

R
es
id
u
a
l
st
re
ss
[M
P
a
]

Depth below surface [mm]

3 3 3 3

�13 +

+ + + +

Figure 12.18: Cartesian stresses plotted with error bounds related to hole depth errors.
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Figure 12.19: Principal stresses plotted with error bounds related to depth errors.

12.7.3 Hole Radius Errors

Hole radius errors are left-side errors and a�ect the correlation matrices [a] and [b]. In
the error analysis the radius error is assumed to be constant with depth i.e., it does not
vary between increments. Through FEM analysis, hole radius changes are seen to be non-
linearly related to the correlation constants aij and bij. Errors resulting in a large hole
radius a�ect the correlation constants slightly more than errors giving a smaller radius. The
correlation constant errors resulting from radius errors are, however, extremely small. On
the assumption of a standard deviation of srad = 0:02mm the relative correlation constant
errors have been estimated by FEM. As a positive radius error is applied, the relative errors
are conservatively estimated. The maximum relative error, denoted cr, is

cr = 0:00228 (12.56)
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Consequently, small errors in hole radius have no visible e�ect on the stress calculation. As
the absolute size of radius errors is unchanged when a hole-drilling con�guration is enlarged,
the e�ect on stress calculation errors is decreased. Hence, an additional bene�t of the chosen
hole-drilling con�guration has been identi�ed.

12.7.4 Correlation Constant Derivation Errors

The correlation constants aij and bij are derived by axisymmetric �nite elements with non-
axisymmetric loading and strain integration over the strain gauge area based on a polynomial
found by the least square method. In this procedure errors are introduced both as modelling
errors and numerical errors. For error analysis the same relative error is assumed for all the
correlation constants. The choice is between fully correlated or fully independent correlation
constant errors. As correlation constants are calculated by the same method, fully correlated
errors are assumed in the present analysis.

Consider once again

1 + �

E
[a]fPg = fpg (12.57)

Introduction of the correlation constant error yields

1 + �

E
(1 + ccor) [a]fP + ÆPg = fpg (12.58)

By inversion of Eqs. (12.57) and (12.58) the following is obtained by subtraction:

fÆPg =
�� ccor

1+ccor

� E

1 + �
[a]�1fpg

=
�� ccor

1+ccor

� fPg (12.59)

Hence, the covariance of fPg; fQg; fTg and any combination can be derived from

C �X �Y =
�� ccor

1+ccor

�2 fXgfY gT (12.60)

by substitution of X and Y and thus the variance of the cartesian and the principal stress
components can be derived. By use of a relative error ccor of 2% the error bounds for cartesian
stresses have been calculated and are shown in Figure 12.20.
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Figure 12.20: Cartesian stresses plotted with error bounds related to correlation constant
calculation errors.

The resulting cartesian stress errors are seen to be small. As this is also the case of the prin-
cipal stress error bounds, the results are not shown. The assumed error of 2% is diÆcult to
verify but a considerably larger error will not a�ect signi�cantly the stress calculation errors.
It should be noted that the assumption of fully correlated errors is the non-conservative ap-
proach since oppositely directed errors will increase the stress variation between increments.
In any case the errors will, however, be small.

12.7.5 Material Parameter Errors

Only Young's modulus is investigated with respect to stress calculation errors. Errors in
Young's modulus are represented by a scalar in the matrix equations:

cEfPg = fÆPg (12.61)

cE is the relative error in Young's modulus. The covariance of the stress variables is given
as

C �X �Y = c2E fXgfY gT (12.62)

By substitution of X and Y with P , Q and T , the cartesian and the principal stress compo-
nents may be derived. The contribution to stress calculation errors from modulus errors is
shown in Figure 12.21 where a 2% error have been used. The contribution is clearly seen to
be insigni�cant.
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Figure 12.21: Cartesian stresses plotted with error bounds related to Young's modulus.

12.7.6 Other Error Sources

Another error source is hole eccentricity, which is not analysed in the present work. Shajer
[61] has argued that the eccentricity errors should be 2 - 3 times the hole radius errors as
they cause errors of opposite sign at the gauges of the rosette. As the hole errors were
unimportant to stress calculation errors, small eccentricity errors are also assumed to be so.

12.7.7 Overall Accuracy in Stress Calculation

In the preceding sections the di�erent error sources have been analysed on the basis of esti-
mated standard deviations of errors, which of course can be questioned. However, it should
be realised that the assumed errors are strongly related to the quality of the experimental
equipment available and the experience of the investigator. Use of a high-precision milling
machine might reduce the assumed hole depth standard deviation of 0:04 mm. Shajer [61]
applied a value of 0:01mm in his analysis. The standard deviation of measured strain should
only be decreased if high-precision equipment and very skilled technicians are available.

In summary, the strain measurement errors and the hole depth errors are seen to be most
important to the stress error bounds calculated.

The total error bounds are obtained on the assumption of independent and normally dis-
tributed errors, which results in independent normally distributed stress calculation errors.
As previously mentioned, the left- and the right-side errors are strictly not independent as
the left-side errors are relative to the stress present. Furthermore, non-linear equations have
been linearised, and thus it is assumed that the resulting stress calculation errors are nor-
mally distributed, which they are not necessarily. On these assumptions the total standard
deviation for a stress component is calculated as

s� =

vuut nX
i=1

s2�i (12.63)
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The assumed errors used for the error analysis are summarised in Table 12.5. The parameters
in the experimental hole-drilling analysis are given in Table 12.2.

Std. strain error 2� 10�6

Std. hole depth error 0.04 mm
Std. radius error 0.02 mm
Std. Young's modulus error 2%
Std. calibration constant error 2%
Interval of con�dence 90%

Table 12.5: Std. errors.

The total stress calculation errors are given in cartesian and principal stress components in
Figures 12.22-12.23.
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Figure 12.22: Cartesian residual stresses plotted with error bounds for independent correla-
tion between all uncertain variables.
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Figure 12.23: Principal residual stress components plotted with error bounds for independent
correlation between all uncertain variables.

In general, the error bounds are observed to increase with depth, but especially the direction
of the maximum principal stress is seen to be poorly determined.
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In the hole-drilling con�guration the number of stress calculation increments was chosen to be
four. If three or �ve increments were chosen instead, the stress calculation accuracy would,
respectively, be improved and reduced. Hence, a compromise between stress calculation
accuracy and stress resolution is made by choosing the number of increments. In his choice
of a number of stress calculation increments for an application the investigator should also
take the characteristics of the error types into account. The strain measurement errors
result in stress calculation errors independent of stress, whereas the stress calculation errors
related to hole depth errors are relative to the stress. Consequently, the relative size of a
total stress calculation error increases with decreasing residual stress level. Hence, a number
of three stress calculation increments should be considered in measurements of low-level
stresses as the strain error contribution might otherwise compromise the usefulness of the
measurements.

Compared to the incremental hole-drilling methods investigated by other authors, the hole-
drilling method developed in the present work o�ers improved stress calculation accuracy.
The improvements follow mainly from the enlarged and optimised hole-drilling con�guration,
which results in improved correlation between released residual stress and relaxed surface
strain with depth. Moreover, the size of positioning errors, like hole radius and eccentricity
errors, is independent of the dimensions used in the hole-drilling con�guration. Thus, the
stress calculation accuracy is improved by use of the proposed hole-drilling con�guration.
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Chapter 13

Example of Experimental
Investigation

A modi�ed hole-drilling technique has been applied to 10 mm hot rolled, normalised and
cold levelled steel plates. The experiments were carried out before �nalising the investigation
of the modi�ed hole-drilling technique and, in consequence, the experimental investigation
has not been optimally performed. Below, the applied experimental procedure is described
and evaluated against the procedure outlined in Chapter 12. Further, the level and the
reproducibility of residual stresses are evaluated.

13.1 Plates and Plate Manufacturing Processes

The investigated plates had the following characteristics:

Plate characteristics
Steel quality AH36, mild steel
Young's modulus 211 GPa
Poisson's ratio 0.28
Yield stress �410 MPa
L � W � Tpl 10 m � 3 m � 0.010 m

Table 13.1: Plate characteristics.

The processes applied to the plate manufacturing are listed sequentially in Table 13.2.
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Plate manufacturing processes
1. Slab heating
2. Descaling
3. Rolling
4. Hot levelling
5. Air cooling
6. Normalisation
7. Air cooling
8. Cold levelling
9. Edge cutting

Table 13.2: Sequentially listed plate manufacturing processes.

The investigated plates were followed through the production line. Process time, time be-
tween processes and temperatures were recorded in order to evaluate di�erences. Moreover,
the levelling parameters were kept constant in order to ensure similar manufacturing con-
ditions. Very small deviations in both time and temperature were recorded and hence the
overall manufacturing conditions should facilitate uniform manufacturing.

13.2 Experimental Procedure

The most signi�cant di�erence between the modi�ed hole-drilling technique described in
Chapter 12 and the present application is that the measurements were only carried out
half-way through the thickness of the steel plate, as the necessary theory had not yet been
developed. Other di�erences and factors inuencing the accuracy of the measurements are
discussed below.

In the milling procedure di�erent sizes of end mills were successively used until a diameter
of 30 mm was obtained. The diameter increase for the last milling was only 1 mm, which
facilitated good surface �nish and accuracy due to little torque in the milling. However, the
procedure of changing end mills made it diÆcult to establish an exact reference of depth
and an additional error source is therefore introduced. This may be prevented by use of a
turning head which will also allow for accurate adjustment to the desired diameter.

The steel plates investigated were uneven and characterised by edge waves. The poor atness
resulted in undesired stresses introduced by the weight of the milling machine and by inad-
equate support in the milling process. When measurements were performed at the corners,
the milling machine was positioned next to the plate. But at the centre it was necessary
to move the milling machine around on the plate to �nd a good position where no or only
very low strains were recorded at the gauges. A gap between the ground and the plate
resulted in inadequate support during milling and consequently in non-optimal milling con-
ditions. Hence, of the �ve plates produced for the purpose, only three were chosen because
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of inadequate support in the areas to be investigated. Measurements performed on the �rst
plate were omitted from the analysis due to strain measurement uctuations caused by poor
electric grounding of the strain gauge ampli�er.

The experimental procedure applied and the conditions under which the experiments were
carried out have without doubt increased the stress calculation errors. The error sources
a�ected by the above are mainly

� Hole depth errors

� Hole diameter errors

� Strain measurement errors

The standard errors used in the calculation of error bounds in the succeeding analysis are
given in Table 13.3 and are seen to be somewhat larger than those applied in the error
analysis in Section 12.7.

Std. strain error 3��
Std. hole depth error 0.08 mm
Std. radius error 0.04 mm
Std. Young's modulus error 2%
Std. correlation constant error 2%
Interval of con�dence 90%

Table 13.3: Std. errors.

The diameter errors can be neglected according to the discussion in Section 12.7.3. The hole
depth errors and the strain errors are, however, the major contributors to the total stress
calculation errors and the standard error increase will seriously a�ect the error bounds.

C2 C1

C4C3

CENTER

?

�
>

3

2

1

Figure 13.1: Numbering of measurement positions.

Measurements were performed on two plates, �ve measurements on each. The numbering
of positions is shown in Figure 13.1, where the corner measurements are positioned 350 mm
from the edges. The two plates are identi�ed by their production ID-numbers, 8921 and
8925.
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13.3 Results

The procedure described in Chapter 12 for residual stress calculation and error analysis is
applied to both plates. The results are given in cartesian stress components according to
the co-ordinate system in Figure 13.1.

Results, plate 8921
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Figure 13.2: Derived cartesian stresses, position C1, plate 8921.
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Figure 13.3: Derived cartesian stresses, position C2, plate 8921.
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Figure 13.4: Derived cartesian stresses, position C3, plate 8921.
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Figure 13.5: Derived cartesian stresses, position C4, plate 8921.
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Figure 13.6: Derived cartesian stresses, position CENTRE, plate 8921.

Results, plate 8925
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Figure 13.7: Derived cartesian stresses, position C1, plate 8925.
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Figure 13.8: Derived cartesian stresses, position C2, plate 8925.
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Figure 13.9: Derived cartesian stresses, position C3, plate 8925.
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Figure 13.10: Derived cartesian stresses, position C4, plate 8925.
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Figure 13.11: Derived cartesian stresses, position CENTRE, plate 8925.
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The residual stress levels arising from production of normalised and cold levelled mild steel
plates are seen to be low or moderate. Further, the stress calculation uncertainty bounds
are seen to compromise the calculated results as the possible error range in the 3rd and the
4th increment is much larger than the stress values calculated.

If the reproducibility of residual stresses in plate manufacturing is considered, there is no
general agreement between stresses measured in the same position at the two plates. This
conclusion is also valid when the uncertainty bounds are taken into consideration. The
stresses are also seen to vary considerably between corners of the same plate, which indi-
cates a non-symmetrical stress state. The above is illustrated by Figure 13.12, showing the
cartesian stress component �1 for the plates.
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(a) Plate 8921
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(b) Plate 8925

Figure 13.12: Comparison of stress components �1 in corner positions.

It is clear that a decisive conclusion about the reproducibility of residual stresses in the man-
ufacturing of normalised and cold levelled steel plates cannot be based on the investigation
of two plates. The results, however, support the discussion in Chapter 9 of the possibility
of categorising steel plates with respect to residual stress. Here it was concluded that dis-
similar residual stresses in cold levelled steel plates were likely since unpredictable residual
deformations are transformed into residual stress in cold levelling.

In the stress error analysis a modi�ed set of standard errors was applied due to the deteri-
orated experimental conditions. By use of the experimental procedure described in Section
12.5.1 on plates with a better atness, the standard errors assumed in Table 12.5 are reason-
able and might even be reduced depending on the equipment available. By comparison of
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Figure 13.13 to Figure 13.14 the error bounds are observed to be reduced by almost a factor
two if the reduced standard errors are employed.
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Figure 13.13: Applied standard errors (position C3, plate 8921).
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Figure 13.14: Standard errors from Table 12.5 (position C3, plate 8921).

An additional reduction of calculation errors can be obtained by reducing the number of
stress calculation increments but it should be noted that the improved accuracy is obtained
at the expense of stress resolution through the plate thickness. Thus, if the experiments
above were performed in accordance with the procedure outlined in Chapter 12 and the
number of increments were reduced to three, it would then be possible not only to evaluate
the stress level but also to some extent the variation.

The general conclusion for the experiments is that only low level residual stresses are found
in the hot rolled, normalised and cold levelled steel plate and that these are unlikely to have
any signi�cant inuence on cutting and welding distortions.



Chapter 14

Conclusions of Part III

The objective of the present part of the thesis was primarily to enable residual stress eval-
uation through the thickness of large, medium thick steel plates. This objective has been
achieved as summarised below.

A short review of di�erent stress measuring methods showed that none of the existing
methods ful�lled the requirements speci�ed. A modi�ed incremental hole-drilling technique
has therefore been developed for the purpose.

An analysis of the hole-drilling con�guration revealed that considerable improvements could
be obtained by optimisation of the con�guration to plates of �nite thickness and a set of
guidelines was established. By application of these guidelines an optimised 'released strain -
hole depth' relation is bene�tted from and the stress calculation accuracy is increased. The
analysis also showed that the theoretical maximum stress resolution depth is approximately
75% of the plate thickness, whereas the stress resolution depth obtainable in practice is
about 50-60% of the plate thickness. To this end, an extension of the incremental hole-
drilling method has been proposed, allowing the stresses to be resolved through the entire
plate thickness.

For evaluation of the method an extensive stress calculation error analysis was performed.
The analysis revealed that strain measurement errors and hole depth errors are the dominant
error types and, consequently, these should be attended to when the method is applied.
However, the error analysis also showed that low-level stresses can be compromised by the
calculation errors in the deep interior of the plate. For such applications, the number of
stress calculation increments should be reduced to improve the attainable accuracy.

A discussion of residual stress in connection with plate manufacturing processes indicated
that cold levelled steel plates would be diÆcult to categorise according to residual stress. This
is supported by the experimental �ndings in Chapter 13 as no general agreement between
the cold levelled plates was observed and as the stress state within each plate appeared to
be non-symmetric. The stress levels measured in the hot rolled, air cooled and cold levelled
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steel plates are, however, small and are unlikely to have any signi�cant inuence on cutting
and welding deformations.

Fortunately, the major part of the steel plates used in the production has not been cold
levelled. In this case, the primary process inuencing the �nal stress state is believed to
be the cooling process. The small deviations expected concerning the cooling process for a
given product type manufactured at a given steelworks support the possibility of categori-
sation. The experimental method developed in the present work allows these products to
be investigated and the inuence of residual stress on cutting and welding distortions to be
evaluated.
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Appendix A

Details of Stress Error Calculation
Analysis

In the present appendix further details are given on the stress error calculation analysis
presented in Section 12.7. The subject is mainly analysis of strain errors and hole depth
errors described in Sections 12.7.1 and 12.7.2, respectively. The following two sections may
directly be substituted for the above-mentioned and should be read in their context.

A.1 Details of Strain Errors

The strain errors include instrumentation errors, thermal strains and strains introduced in
machining.

The standard strain deviation is assumed to be

s� = 2 10�6 (A.1)

The standard deviations of the stress variables fPg; fQg and fTg are calculated in the
following. As a �rst step the matrix equations (11.6)-(11.8) are rearranged. Eq. (11.4) is
written as

8<
:
fpg
fqg
ftg

9=
; =

2
4[pcoef ][qcoef ]
[tcoef ]

3
5
8<
:
f�1g
f�2g
f�3g

9=
; (A.2)
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where the subvector components are the incremental values and the submatrices of the order
4�16 contain the coeÆcients correlating the measured strains to the strain variables fpg; fqg
and ftg. The matrix equations (11.6)-(11.8) are now written as

8<
:
fPg
fQg
fTg

9=
; =

�
M
�
8<
:
f�1g
f�2g
f�3g

9=
; (A.3)

where

�
M
�
=

2
4

E
1+�

[A]�1 [pcoef ]

E [B]�1 [qcoef ]

E [B]�1 [tcoef ]

3
5

Eq. (A.3) expresses the stress variables directly as a function of the measured strains. This
facilitates calculation of the covariance matrix for the vector containing P, Q and T [16],
which is

CPQT =
�
M
�
C��

�
M
�T

(A.4)

where

fPQTgT =
�fPgT ; fQgT ; fTgT	

f�gT =
�f�1gT ; f�2gT ; f�3gT	

The covariance of a vector is given as the covariance of the elements in the matrix formed by
the dyadic product of the vector by itself. The covariance matrix C�� is given as a diagonal
matrix which contains only the assumed variance of measured strain as all strain measure-
ments are assumed to be independent with the same standard deviation. The covariance
matrix CPQT will be used later in this section for calculation of the standard deviations of
the principal stresses.

The covariance matrix of the cartesian stress components is obtained by the same principle
as CPQT . The cartesian stresses are expressed in terms of P, Q and T by the relations given
in Eq. (11.9) which results in the matrix equation

8<
:
f�1g
f�3g
f�13g

9=
; =

�
N
�
8<
:
f�1g
f�2g
f�3g

9=
; (A.5)

where

�
N
�
=

2
4

E
1+�

[A]�1 [pcoef ] + E [B]�1 [qcoef ]
E
1+�

[A]�1 [qcoef ]� E [B]�1 [tcoef ]

E [B]�1 [tcoef ]

3
5 (A.6)
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The covariance matrix then follows as

C�� =
�
N
�
C��

�
N
�T

(A.7)

The standard deviation of the cartesian stresses is now found by taking the square root of
the diagonal element of C��.

The standard deviation has been calculated for the experimental investigation of �xture
stress in Section 12.5. The results are shown in Figure A.1.
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Figure A.1: Cartesian stresses plotted with error bounds for errors in strain measurements.

The error bounds increase with depth as a consequence of the decreasing correlation between
residual stress and strain relaxation at the surface.

Residual stresses measured by hole-drilling are usually given by the principal stresses and
the angle of the maximum principal stress measured from a reference direction. These
components are calculated from the stress variables P, Q and T by means of Eq. (11.10)-
(11.11). The relations are non-linear and the method already introduced for calculation
of standard deviations is therefore not valid. Instead, an approximate technique based on
Taylor expansion will be applied to linearise the expressions (Ditlevsen [16]). A di�erentiable
function f of the uncertain quantity X is approximated by

f(X) � f(E[X]) + f
0

(E[X])(X � E[X]) +
1

2
f

00

(E[X])V ar[X] (A.8)

The variance of f(X) is then

V ar[f(X)] � f
0

(E[X])2V ar[X] (A.9)

Generalisation of Eq. (A.9) to functions of more uncertain quantities results in the following
approximation to the variance:
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V ar[f(X1; X2; � � � ; Xn)] �
nX
i=1

nX
j=1

f;if;jCov[Xi; Xj]

� ff 0gTC �Xff 0g (A.10)

where

ff 0gT = (f;1; f;2; � � � ; f;n)
f;i : derivative of f with respect to Xi at the mean (E[X1]; E[X2]; � � � ; E[Xn])

The linearisation technique is applied to the angle and to the principal stresses, which are
calculated from the stress variables P; Q and T by means of Eqs. (11.10)-(11.11). The
standard deviations are calculated for each increment and the values of P; Q and T are
therefore related to an increment in the following. If the maximum principal stress �max is
considered:

�max = P +
p
T 2 +Q2 (A.11)

ff 0g in Eq. (A.10) becomes

f�0

maxg =
8<
:
�max;P

�max;Q

�max;T

9=
; =

8>><
>>:

1
E[Q]p

E[Q]2+E[T ]2

E[T ]p
E[Q]2+E[T ]2

9>>=
>>;

(A.12)

C �X in Eq. (A.10) becomes the covariance matrix CPQT , which is obtained from Eq. (A.4)
by taking out the elements related to the increment of interest. The standard deviation of
the maximum principal stress in an increment is retrieved by using Eq. (A.10), which yields

s�max =
q
f�0

maxgTCPQT f�0

maxg (A.13)

The standard deviation of the minimum principal stress is calculated equivalently.

Next, the angle � measured from the reference direction towards the direction of maximum
principal stress is concerned:

� = 1=2 arctan

�
T

Q

�
(A.14)
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As it is only a function of Q and T, ff 0g becomes

ff 0g =
�
�;Q

�;T

�
=

8<
:

E[Q]
2(E[T ]2+E[Q]2)

�E[T ]
2(E[T ]2+E[Q]2)

9=
; (A.15)

The CQT are obtained by selecting the relevant elements of CPQT in Eq. (A.4) and the
standard deviation is calculated as

s� =
q
f�0gTCQTf�0g (A.16)

Principal stress error calculation is again carried out by use of the �xture stress example in
Section 12.5, yielding the results shown in Figure A.2.
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Figure A.2: Principal stresses plotted with error bounds for errors in measured strain.

In comparison with the calculated cartesian stress errors, especially the direction of the
maximum principal stress is seen to be extremely sensitive.

A.2 Details of Hole Depth Errors

Hole depth errors a�ect the components of the calibration constant matrices [a] and [b]. In
order to calculate the standard stress deviation due to depth errors it is necessary to make
the following assumptions.

� Depth errors are non-linearly related to the calibration constants as described by
St. Venant's principle. As the errors, however, are small the relationship is assumed
to be linear.
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� Milling depth errors �h are assumed to be independent with the same standard devi-
ation and zero mean.

A standard deviation sh of 0.04 mm is assumed for the hole depth. The standard deviations
for the components of [a] and [b] are denoted saij and s

b
ij, respectively. These are conservatively

estimated as the depth is decreased in each increment which results in larger errors than a
corresponding depth increase. A hole depth decrease within the i'th increment decreases all
the elements of the i'th row in the calibration matrix and consequently the row elements
are fully correlated. As the depth errors are independent there is no correlation between
elements in di�erent rows. Thus, the elements aij of [a] are normally distributed stochastic
variables described by

E[aij] = aij (A.17)

Cov[akl; amn] = �akl;amns
a
kls

a
mn (A.18)

�akl;amn =

�
1 for k = m
0 else

(A.19)

bij is described equivalently whereas the covariance between aij and bij components is de-
scribed by

Cov[akl; bmn] = �akl;bmns
a
kls

b
mn (A.20)

�akl;bmn =

�
1 for k = m
0 else

(A.21)

The saij and sbij components are derived by decreasing the depth of one increment at a
time. The corresponding aij and bij components are calculated as previously described and
subtraction of the original correlation constants yields the standard deviations given below:

fsagT = fsa11; sa21; sa31; sa41; sa12; : : : ; sa44g (A.22)

= �f79; 15; 32; 28; 0; 53; 25; 22; 0; 0; 45; 17; 0; 0; 0; 28g� 10�4

fsbgT = fsb11; sb21; sb31; sb41; sb12; : : : ; sb44g (A.23)

= �f82; 19; 10; 6; 0; 73; 9; 7; 0; 0; 58; 9; 0; 0; 0; 41g� 10�4

If the following equation

E

1 + �
[a]�1fpg = fPg (A.24)
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is considered, the covariance matrix C�a of the matrix [a] must be established in order to
calculate the standard deviation of fPg. The matrix [a] is contracted to a vector fag:

fagT = fa11; a21; a31; a41; a12; : : : ; a44g (A.25)

Hence, C�a is a 16� 16 matrix. C�a is calculated using Eqs. (A.22) and (A.18). To facilitate
later matrix operations, the order of C�a should not be reduced. The next step is to derive
the covariance matrix of [a]�1. For simplicity the [a]�1 is denoted [u]:

[u] =

2
666664

1
a11

0 0 0

�a21
a11a22

1
a22

0 0

�a22a31+a21a32
a11a22a33

�a32
a22a33

1
a33

0

�a22a33a41+a21a33a42+a22a31a43�a21a32a43
a11a22a33a44

�a33a42+a32a43
a22a33a44

�a43
a33a44

1
a44

3
777775

(A.26)

[u] is likewise contracted to a vector denoted fug

fugT = fu11; u21; u31; u41; u12; : : : ; u44g (A.27)

To calculate C�u a linearised expression for the covariance of two functions of n variables is
needed. In general notation this is given by

Cov[f(X1; X2; � � � ; Xn); g(X1; X2; � � � ; Xn)] �
nX
i=1

nX
j=1

f;ig;jCov[Xi; Xj]

� ff 0gTC �Xfg0g (A.28)

where

f;i and g;i are the derivatives of f and g, respectively, with respect to Xi at the mean
fXg = (E[X1]; E[X2]; � � � ; E[Xn]).

Thus, in order to calculate the covariance between the individual uij components, the partial
derivatives of the fug with respect to the components of fag at the mean fag have been
found. A matrix with the partial derivatives of fug with respect to fag is now established.

[u;a] =

2
6664
u11;a11 u11;a21 : : : u11;a44

u21;a11
...

...
...

u44;a11 : : : : : : u44;a44

3
7775 (A.29)
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C�u is then given as

C�u = [u;a]C�a[u;a]
T (A.30)

C�u, which is of the order 16�16, is divided in submatrices of 4�4 to facilitate the calculation
of the covariance of fPg. By dividing [u] in column vectors

[u] = [fu1g; fu2g; fu3g; fu4g] (A.31)

C�u can be written as

C�u=

2
664
C �u1 �u1 C �u1 �u2 C �u1 �u3 C �u1 �u4

C �u2 �u1 C �u2 �u2 C �u2 �u3 C �u2 �u4

C �u3 �u1 C �u3 �u2 C �u3 �u3 C �u3 �u4

C �u4 �u1 C �u4 �u2 C �u4 �u3 C �u4 �u4

3
775 (A.32)

Each submatrix is a 4 � 4 covariance matrix for the respective column vectors. From
Eq. (A.24) the covariance matrix C �P of the vector P may now be obtained as

C �P =

�
E

1 + �

�2

(fpgT ?C�u ? fpg) (A.33)

where ?-multiplication is analogous to row-column multiplication, submatrices are treated
as elements. Hence, the result of Eq. (A.33) is a 4� 4 matrix (see Ditlevsen [16]).

Next the full covariance matrix CPQT is established. The vector fPQTg is de�ned as

fPQTgT =
�fPgT ; fQgT ; fTgT	 (A.34)

so that CPQT may be written as

CPQT =

2
4 C �P C �P �Q C �P �T

C �Q �P C �Q C �Q �T

C �T �P C �T �Q C �T

3
5 (A.35)

The �rst submatrix in Eq. (A.35) has already been calculated as CP in Eq. (A.33). The
vectors fPg; fQg and fTg may be expressed as
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fPg = E=(1 + �) [u]fpg (A.36)

fQg = E [v]fqg (A.37)

fTg = E [v]ftg (A.38)

where

[u] = [a]�1 and [v] = [b]�1

By application of the same principle as in the calculation of C �P and the symmetry of CPQT

the remaining components can be derived as

C �Q = E2 fqgT ?C�v ? fqg (A.39)

C �T = E2 ftgT ?C�v ? ftg (A.40)

C �Q �T = E2 fqgT ?C�v ? ftg (A.41)

C �P �Q =
E2

1 + �
fpgT ?C�u;�v ? fqg (A.42)

C �P �T =
E2

1 + �
fpgT ?C�u;�v ? ftg (A.43)

where fug and fvg are the contracted vectors of [u] and [v], respectively. C�v is derived
equivalently to C�u whereas the cross covariance matrix C�u;�v for the matrices [u] and [v] is
given as

C�u�v = [u;a]C�a�b[v;b]
T (A.44)

Cab is derived similarly to Ca by Eq. (A.20). The matrix [v;b]
T with the partial derivatives

of fvg with respect to fbg is obtained in the same manner as Eq. (A.29).

When the covariance matrix CPQT has been established the cartesian stress components as
well as the principal stress components may be analysed. The covariance of the cartesian
stress components is derived by

C ��1 =
1

4
(C �P +C �Q +C �P �Q +C �Q �P ) (A.45)

C ��3 =
1

4
(C �P +C �Q �C �P �Q �C �Q �P ) (A.46)

C ��13 = C �T (A.47)

in which the variance of the cartesian stress components is found in the diagonal. Application
of the calculation method to the example of �xture stresses yields the results shown in
Figure A.3.
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Figure A.3: Cartesian stresses plotted with error bounds related to hole depth errors

The variance of the principal stress components is calculated by the linearisation technique
for the relation between principal components and the stress variables P;Q and T , which
results in the Eqs. A.16 and A.13 given in Section A.1. In these equations the derived CPQT

is used (Eq. (A.35)). By application of the stress error calculation method to the example
of �xture stress, the following error bounds are calculated and presented in Figure A.4.
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Figure A.4: Principal stresses plotted with error bounds related to depth errors.

The remaining error sources are treated with suÆcient detail in Section 12.7 and are therefore
not presented here.



Appendix B

Representative Depth

In the calculation of residual stresses acting in an increment, uniform stress with depth is
assumed. Representing the stress variation with depth, interpolation between incremental
stress values is performed. In the interpolation it is necessary to use a relative representative
depth for each increment de�ned as zr = h=Tpl. Half of the increment depth is commonly
used but as described by St. Venant's principle, the representative depth is closer to the
surface.

Based on the stress calculated for a speci�c increment, the relative representative depth can
be approximated by the FE model previously applied to calculation of calibration constants.
In the incremental method the following approximation is used for the depth increment �h:

Z h

h��h

a(z; h)P (z)dz �
Z h

h��h

a(z; h)dz Pi

� aiiPi

Thus, Pi is not the average stress in the increment but the stress equivalent to the actual
stresses acting in terms of strain relaxation measured at the gauge. For calculation of the
representative depth of Pi, the loading used for calculation of aii is divided into n equal
parts. Hence, the unit stress is applied in n successive steps and the response at the strain
gauge is calculated by using the hole depth of the full increment at all times. As the strain
response is given by

aii =
nX

k=1

akii (B.1)

the relative representative depth zar may be calculated as

zar =

Pn
k=1

2k�1
2n

akii
aii

(B.2)
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Similarly, zbr is calculated on the basis of bij. The relative representative depth for the
principal residual stress components in an increment is given as

z�max;min
r =

zarP + zbr
p
Q2 + T 2

P +
p
Q2 + T 2

(B.3)

As zar and zbr will have very similar values, the dependency of the stress state is limited. In
keeping with St. Venant's principle, the relative representative depth measured from the
increment start will decrease with the hole depth. This e�ect is, however, dependent on the
hole-drilling con�guration as described in Section 12.1.2. If the chosen con�guration is used
only a modest deviation from zr = 0:5 is expected, which is related to the limited variation
in strain relaxation with depth. This is supported by the results shown in Table B.1

Representative stress depths
increment 1 zar = 0.473 zbr = 0.475
increment 2 zar = 0.461 zbr = 0.460
increment 3 zar = 0.453 zbr = 0.450
increment 4 zar = 0.443 zbr = 0.443

Table B.1: Representative depths in the selected hole-drilling con�guration.
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