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Abstract

Engineered Cementitious Composite (ECC), is a high performance fiber-reinforced cemen-
titious composite. In contrast to conventional Fiber-Reinforced Concrete (FRC), ECC is
characterized by its enhanced ability to undergo strain-hardening in tension. Since the
introduction of ECC less than two decades ago a large amount of research has been con-
ducted on ECC and it has been used for some large field applications. To extend the
use of the material, special attention has to be given to a number of areas: the mate-
rial characteristics found in laboratories has to be recreated on construction sites, the test
methods should be standardized and more advanced material models are needed to utilize
the special characteristic of the ECC-material.

In the present thesis a material model for ECC is derived, and implemented in a Finite
Element Method (FEM) program. The model differs from existing models by combining
a matrix and a fiber description to describe the behavior of the ECC-material. Using this
formulation the model is able to provide information about crack orientation, opening
and spacing, which is important knowledge in the multiple cracking state. The model is
based on the smeared fixed, multiple cracking approach and the matrix crack is described
using a plasticity damage mechanics model. The model is able to capture the dilation
effect that will appear during mode II crack opening. In the thesis the model has been
tested on both the material scale and the construction scale.

To derive the material model a multi scale, approach was employed. On each length
scale important phenomena were investigated using numerical and analytical calculations.
The mechanisms found on the small scales were then incorporated in the models on the
larger scales.

On the micro scale, it was examined whether the ECC matrix was adequately described
using Linear Elastic Fracture Mechanics (LEFM) or whether a cohesive approach was
more appropriate. The ECC matrix is a cementitious material with small aggregate and
such materials are often described using LEFM. The investigation showed that even for
such brittle materials the cohesive zone was long enough to eliminate the use of LEFM.
Using the cohesive approach more realistic first crack strengths could be predicted and
the sensitivity toward the size of initial defects diminished.

On the meso scale numerical simulations have been used to shed light on whether or
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not the existing criteria are adequate to achieve multiple cracking. Special attention was
given to the steady-state, flat-crack propagation criterion. In contrast to what is stated
in this criterion, it was found that the complimentary energy of the fiber-bridging curve
only had little influence on the crack propagation The investigation showed that steady-
state, flat-crack propagation did not occur for crack length in the investigated range up
to 400 mm, when a cohesive approach was employed. Furthermore it was shown that
the cracks would propagate with small crack openings, 20 μm, whether the criterion was
fulfilled or not.

On the macro scale a plasticity-based damage mechanics model for ECC is derived
and implemented in a finite element method program. The present model differs from
existing models by combining a matrix crack and fiber bridging description to describe
the behavior of the ECC-material. The model provides information about crack opening,
orientation and spacing, which makes it possible to assess the condition of a structure.
A simple simulation is performed on the material level to demonstrate the capability of
the model. Furthermore simulations of a four point bending beam and an infill panel are
performed.



Resumé

Engineered Cementitious Composite (ECC) er et fiber armeret cementbaseret komposit
materiale. I modsætning til konventionelt fiber armeret beton er ECC karakteriseret ved
sine forbedrede egenskaber til at udvise tøjnings-hærdning under træk. Siden ECC blev
introduceret for mindre end to årtier siden, er der blev udført meget forskning inden for
dette omr̊ade og ECC er ogs̊a blevet brugt til et mindre antal store konstruktioner. For at
udbrede brugen af dette materiale skal der visse forbedringer til: de materialeegenskaber
som kan frembringes i et laboratorium, skal ligeledes kunne genfindes p̊a en byggeplads,
der skal opstilles standard test metoder for at bestemme materiale egenskaberne og der er
brug for mere avancerede materialemodeller, s̊a de specielle egenskaber for ECC-materialet
kan udnyttes.

I denne afhandling er der udledt en materialemodel for ECC og modellen er blevet
implementeret i et Finite Element Method (FEM) program. Modellen adskiller sig fra
eksisterende modeller ved at kombinere en matrix model og en fiber model. Denne formu-
lering gør det muligt at f̊a informationer om revneorientering, -̊abning og -afstand. Disse
informationer er vigtige at have, n̊ar der skal dimensioneres i den tilstand, hvor revnerne
dannes og udbreddes. Modellen er baseret p̊a smeared crack -teorien og revneubdreddelsen
i matricen er modelleret ved brug af en plasticitets model indeholdende skadesparametre.
Modellen er i stand til at beskrive den åbning, der forekommer i en revne n̊ar revnefladerne
forskydes under tryk. I afhandlingen er modellen testet p̊a b̊ade materialeniveau og p̊a
konstruktionsniveau.

For at udlede materialemodellen er der udført undersøgelser p̊a mikro-, meso- og makro-
niveau. P̊a disse niveauer er ECC-egenskaberne beskrevet vha. numeriske og analytiske
beregninger. De egenskaber der findes p̊a lavere niveauer bliver implementeret i model-
lerne p̊a de højere niveauer.

P̊a mikroniveauet blev det undersøgt om ECC matricen bedst blev beskrevet vha. linear
elastisk brudmekanik (LEFM) eller om en kohæsiv teori beskriver matricen bedre. ECC
matricen er cementbaseret og de brugte tilslag er relativt små. Opførslen af s̊adanne
materialer beskrives ofte vha. LEFM. Undersøgelsen viste at selv for et sprødt materiale
som ECC-matricen, var den kohæsive zone stor nok til at udelukke brugen af LEFM.
Brugen af den kohæsive teori medførte at mere realistiske materiale styrker blev fundet
og følsomheden overfor størrelsen af defekter i matricen blev mindre.
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P̊a mesoniveauet er de eksisterende kriterier for multipel revnevækst blevet testet vha.
numeriske simuleringer. I undersøgelsen er der specielt lagt vægt p̊a at teste gyldigheden af
kriteriet, der medfører revneudbredelse under konstant revne̊abning. Denne undersøgelse
viste, at den komplementære energi af fiberkurven kun havde lille indflydelse p̊a revne
udbredelsen, i modsætning til, hvad er p̊ast̊aet i dette kriterium. Undersøgelsen yderligere
viste, at n̊ar den kohæsive teori blev benyttet, blev konstant revne̊abning under revneud-
bredelse ikke opn̊aet for revnelænger op til 400 mm. Yderligere blev det vist, at revner i
ECC-matricen vil udbrede sig med en lille revne̊abning, 20 μm, uafhængigt af om kriteriet
for konstant revne̊abning var opfyldt.

P̊a macroniveauet er en plasticitet-baseret skades mekanisk model for ECC blevet udledt
og implementeret i et FEM-program. Denne model udskiller sig fra eksisterende modeller
ved at kombinere en model for revneudbreddelse i ECC-matricen og fiber-bridging. Model-
len giver informationer om revne̊abning, -orientering og -afstand. Disse oplysninger gør
det muligt at vurdere tilstanden af en konstruktion udført af ECC. For at demonstrere,
hvad modellen kan, er der i afhandling udført en simulering af udbreddelsen af en enkelt
revne. Derudover udføres simuleringer af en fire punkts bøjnings bjælke og af et panel.
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Chapter 1

Introduction

1.1 Engineered Cementitious Composite

Fiber-reinforced cementitious materials are often classified based on their mechanical be-
havior when subjected to uniaxial tension, where a distinction is made between ma-
terials that exhibit tension-softening and strain-hardening (Stang 1992) and (Naaman
& Reinhardt 1996). The distinction is based on the predominant behavior, since all
tension-softening materials will undergo some degree of strain-hardening before soften-
ing takes over (van Mier 2004) and strain-hardening materials will eventually exhibit
softening (Naaman & Reinhardt 1996), the latter materials are often named Strain-
Hardening Fiber-Reinforced Cementitious Composites (SHFRCC). Strain-hardening is
associated with the formation of multiple cracks, while only a few cracks will appear in
tension-softening material under uniaxial tension, see figure 1.1. The two types of ma-
terial behavior have a significant influence on the structural behavior of a construction
(Li 2003) and (Walter, Olesen, Stang & Vejrum 2007), where strain-hardening materials
often have proven superior. The two types of material behavior also have an influence
on how the characteristics of the materials are best modeled. In the case of a tension-
softening material a fracture mechanical approach describing the behavior of each crack
is often employed, while the ductility of the strain-hardening materials often makes the
use of a continuum model more suitable.

Engineered Cementitious Composite (ECC), is a high performance fiber-reinforced ce-
mentitious composite and a member of the SHFRCC family. The ECC-material is charac-
terized by its enhanced ability to undergo strain-hardening in tension. The ECC-matrix
consists of cement-paste with very fine aggregates. When the matrix is combined with the
right kind of synthetic or steel fibers a highly ductile material is achieved. The ductility
of ECC is illustrated in figure 1.2(a), where an ECC-plate is subjected to a four point
bending (FPB) test. Among the components the fibers are typically the most expensive.
It is therefore important to create a mix containing a low amount of fibers, which still
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a b

c
σfc

σu

εfc εu

localization
localization

multiple cracking

Figure 1.1 Classification based on mechanical behavior: a) regular concrete, b) tension-
softening (conventional FRC) and c) strain-hardening (SHFRCC). After
(Kabele 2000).

undergoes strain-hardening. Often 2 percent by volume of Polyvinyl alcohol (PVA) fibers
with a diameter of 40 μm and a length of 8-12 mm are employed (Li 2003). Although the
fiber volume concentration is low the cost of fibers in PVA-ECC still makes up approxi-
mately 50 % of the material cost. The amount of fibers is also limited by the rheological
properties of the ECC-material during mixing and casting. If too high a fiber volume
percent is chosen, the fibers will gather in bundles and the material loses its workability
and strain-hardening capacity.

Conceptually, the ECC-matrix is assumed to contain initial flaws, which are distributed
randomly over the volume. However the physical nature of these initial flaws, whether they
are pores, micro-cracks or combination of both, are not generally agreed upon. When the
material is loaded in tension, micro-cracks are initiated from the initial flaws due to stress
concentrations around the flaws. In figure 1.3 the relationship between normal strain,
normal stress and average crack opening for a specimen subjected to uniaxial tension is
illustrated. The first crack initiates in a weak plane as the tensile strength of this plane
is reached. This crack is then bridged by fibers, allowing the stress to be carried across
the crack and back into the matrix. As the crack opens an increasing load is carried
by the fibers and a new crack is initiated in an adjacent weak plane. This mechanism
continues until the load carrying capacity of the fibers is reached in one of the cracks. The
state where no new cracks will initiate is referred to as the saturated state. As shown in
figure 1.3 the formation of new cracks under increasing normal strain leads to an almost
constant average crack opening. Without the use of rebars the crack openings in PVA-
ECC in the strain-hardening phase will be in the range of 60-80 μm (Wang & Li 2006)
or 100-200 μm (Fischer, Stang & Dick-Nielsen 2007). The cracks in the saturated state
can have spacings down to approximately 2 mm as shown in figure 1.2(b). If the strain is
increased further, localization will occur in the crack where the load carrying capacity of

4 Department of Civil Engineering - Technical University of Denmark



1.2 Test Methods and Applications Introduction

(a) FPB test of ECC-plate (www.engineeredcomposites.com). (b) Multiple cracks in ECC-
specimen (Li & Wang 2005).

Figure 1.2 Characteristics of the ECC-material.

the fibers is reached and the material will exhibit a softening behavior.

Figure 1.3 Relationship between normal strain, normal stress and average crack opening
for PVA-ECC (Wang & Li 2006).

1.2 Test Methods and Applications

Only a few design-guidelines and standardized tests exist for the ECC-material at the
present time. This increases the responsibility of the design-engineers and makes most
engineers reluctant to use the material. Attempts to develop standardized tests have indi-
cated that several important material characteristics are dependent on specimen geometry
and test method (Kanakubo, Shimizu, Katagiri, Kanda, Fukuyama & Rokugo 2006) and

Department of Civil Engineering - Technical University of Denmark 5



Introduction 1.2 Test Methods and Applications

(Mechtcherine & Schulze 2006). This dependance can partly be explained by fiber dis-
tribution and orientation. Fibers in a thin specimen will be orientated primarily in two
dimensions in contrast to fibers in a thick specimen, which will be orientated in three
dimensions. The two dimensional fiber orientation gives rise to a higher degree of strain-
hardening, because a higher number of fibers will then bridge the cracks. The preferred
test method should therefore reflect the structural use of the material. To set up design-
guidelines for the use of strain-hardening cement based materials, a committee under
RILEM was formed in 2005 and will give their recommendations in 2008.

The ECC-material is not meant as a replacement for regular concrete, due to the high
cost of fibers. The ECC-material should be employed in constructions, where controlled
crack growth can enhance the resistance against spalling and corrosion of rebars and
where the enhanced ductility can be utilized. A large marked for the ECC-material is
the infrastructure in areas with seismic activity. In 1995 Kobe, Japan was the center of a
major earthquake with more than 5,500 people killed and 26,000 wounded. The economic
loss has been estimated at about $ 147 billion (EQE International 1995). The use of
the ECC-material is not limited to infrastructure in areas with seismic activity, as the
dynamic load from the traffic induces similar problems. In 2005 ASCE estimated that $ 1.6
trillion was needed over a five-year period in order to bring the nation’s infrastructure to
a viable condition (ASCE 2005), and the maintenance of infrastructure is not a problem
confined to USA. This creates an economical incentive to develop materials that can
perform well under dynamic loading. Tests performed by Fischer & Li (2002) showed
that constructions made from the ECC-material performed better than constructions
made from regular reinforced concrete under dynamic load. In these experiments the
regular concrete beams were exposed to serious spalling, while this was prevented in the
ECC-beams. The tests also showed that the ECC-beams performed well without the
use of shear-reinforcement. The ECC-material can also be used in the construction of
pipelines, where a special extruding technic (Stang & Li 1999) makes the ECC-material
competitive with plastic.

ECC has all ready been used for large field applications, although it is a relatively new
material. The Mihara Bridge in Hokkaido, Japan, is a cable-stayed bridge which opened
for traffic in 2005 (see figure 1.4(a)). Here ECC was used to construct a composites
steel/ECC bridge deck, where the layer of ECC is only 5 cm thick. Thanks to the
characteristics of the material it has contributed to a 40 % reduction in weight compared
to a regular concrete construction.

There are several examples of the ECC-materials being used to retrofit existing con-
structions. In 2003 the material was used in the repair work of the Mitaka Dam in
Hiroshima-Prefecture (see figure 1.4(b)). The 60 years old dam suffered from cracks and
spalling. Here a 20 mm thick ECC-cover was sprayed on the surface covering an area
of 600 m2. The ECC-material has also been suggested for use in the retrofitting of exi-
sting steel bridges that suffer from fatigue damage due to increasing traffic volumes and
higher wheel loads. Walter et al. (2007) investigated the possibility of strengthening of
an existing bridge deck by applying an ECC-layer on the deck to increase the stiffness.
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(a) Mihara. (b) Mitaka.

Figure 1.4 Field applications (from www.engineeredcomposites.com).

Furthermore the ECC-material can been used to construct jointless bridge decks (Kim,
Fischer & Li 2004). Thanks to the ductile behavior of the ECC-material an ECC link
slab is able to absorb deformations in the longitudinal direction as well as deformation
due to bending of the bridge and the service life of the deck can therefore be extended.

1.3 Design and Modeling of Engineered Cementitious Compo-
site

Cement, mortar and concrete are usually characterized as brittle or quasi-brittle materials.
For the last 40 years a debate has existed as to how modeling of these materials is best
performed. A broad view of the employed fracture mechanical models from this period
is given by Karihaloo (1995). By now it is generally agreed upon that the Fictitious
Crack Model (FCM) attributed to Hillerborg, Modeer & Petersson (1976) best captures
the material characteristics of concrete. To what extend FCM can be applied to cement
and mortar however is still under debate, and Linear Elastic Fracture Mechanics (LEFM)
is often used for the modeling of these brittle materials. The fictitious crack model differs
from the cohesive crack model of Barenblatt (1962) and Dugdale (1960) by having the
cohesive stress which bridges the cracks depending on the crack opening. In the cohesive
models by Hillerborg et al. (1976), Barenblatt (1962) and Dugdale (1960) the cohesive
stresses insure a smooth crack closure, and thanks to this there is no energy dissipation
at the crack tip. When implementing the FCM in FEM codes smooth crack closure
is not necessarily insured thanks to discretization errors, however as shown by Stang,
Olesen, Poulsen & Dick-Nielsen (2007) this has little influence on the results. The FCM
was originally developed for mode I cracks only, but it can be extended to mode II and
mixed mode crack propagation. However the propagation of cracks under mixed mode is
a research area that is currently undergoing progressive development, see eg. Carol, Prat
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& López (1997) and Walter, Olesen & Stang (2005). The FCM is a special case of the
bridge crack models (Cox & Marshall 1994) and in FCM smooth crack closure is insured.

Comparing concrete, the ECC-matrix and cement paste, cement paste is the most
brittle followed by the ECC-matrix. This is usually explained by the toughening effect
of the aggregate at various scales linked to mechanisms like micro-crack shielding, crack
deflection, crack trapping and aggregate/ligament bridging, see (Li & Maalej 1996). Each
of these mechanisms lends itself to bridged crack modeling, while fine mortar and cement
paste alone are often considered as materials which can adequately be described by LEFM.
Unfortunately employing the LEFM approach the first crack strength of the ECC-matrix
becomes very sensitive to the sizes of the initial defects, which is in contrast to what is
usually observed in experiments, see eg. (Wang & Li 2004).

A lot of effort has been put into developing strain-hardening materials and a large
number of different cementitious strain-hardening materials have been developed over the
years. Li (1992) has suggested a micro-mechanic based approach in the effort of developing
a material with enhanced strain-hardening capability. Based on micro-mechanics two
criteria were set up to achieve strain-hardening (Li & Leung 1992); (1) the tensile strength
of the ECC-matrix has to be lower than the stress carrying capacity of the fibers in
a crack, the so-called peak fiber-bridging stress and (2) the cracks have to propagate
under constant crack opening, except near the crack tip, the so-called steady-state flat-
crack propagation criterion. Both criteria for multiple cracking (Li & Leung 1992) are
simplified and do not take into account the finite size of a test specimen, the geometry
and boundary conditions of the specimen, and the interaction between cracks and initial
defects (localization). Furthermore, it should be noted that the criterion related to steady-
state crack propagation is based on a LEFM description of the ECC-matrix. These criteria
were intended as guidelines for achieving strain-hardening and have been used for material
development and optimization, see e.g. (Li 1998), (Li, Wu, Wang, Ogawa & Saito 2002)
and (Walter et al. 2007).

Both criteria can be expressed in terms of cohesive laws for the fibers and the matrix.
Thus, to engineer ECC-materials it is essential to be able to predict these cohesive laws.
The cohesive law for the matrix can be found e.g. from a wedge splitting test and an
inverse analysis (Østergaard 2003) and a closed form solution for the total response of
the fibers has been derived (Maalej, Li & Hashida 1995), (Lin, Kanda & Li 1999) and
(Zhang, Stang & Li 2001).

The criteria for multiple cracking insure that multiple cracking and subsequently strain-
hardening will occur in a infinite sheet loaded in uniaxial tension. Apart from this the
criteria do not give any information about the material behavior. Therefore to predict the
behavior of an ECC-material in a construction a set of constitutive equations is needed.
Due to the ductile behavior of the ECC-material its characteristics are best captured by a
continuum model. During the last 50 years a wide range of continuum models have been
derived for both brittle and ductile cementitious materials. Kachanov (1958) was the
first to include damage parameters in a model for a cementitious material. In this model
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the elastic material parameters degrade as the damage-parameters increase. Another
type of continuum model is the so-called smeared crack model, see eg. Bazant & Oh
(1983) and Rashid (1968). The smeared crack model was original intended for tension-
softening material, but the concept can be extended to strain-hardening materials. In the
smeared crack model the strain is split into an inelastic part related to the cracks and
an elastic part related to the material between the cracks. Han, Feenstra & Billington
(2003) has developed a model to capture the unique features of the ECC-material under
cyclic loading. This model is a total strain, rotating smeared crack model. The model is
characterized by its detailed description of the unloading phase, which makes it suitable
for cyclic loading simulations. Kabele (2002) has also derived a material-model for the
ECC-material. This model is based on the smeared fixed crack approach, and differs from
Han’s model in its scheme to describe the tangential stiffness of the cracks. Here the fibers
are described as randomly orientated elastic Timoshenko beams. In the model by Kabele
the behavior of the cracks after initiation is described solely through the fibers.

The existing models for the ECC-material only takes in to consideration the behavior of
the fibers when modeling the crack behavior and ignore the behavior of the ECC-matrix.
Also the existing models give no information on crack opening and spacing associated with
material points. Dick-Nielsen, Poulsen, Stang & Olesen (2004) found that cracks in the
ECC-matrix reach significant lengths before the matrix becomes stress free. A realistic
description of the ECC-material in the state, where the multiple cracking initiates should
therefore include both the matrix and the fiber behavior as shown in (Dick-Nielsen, Stang
& Poulsen 2005) and (Dick-Nielsen, Stang & Poulsen 2006a).

1.4 Overview of the Thesis

In the present thesis a material model for ECC will be derived through a multi scale
approach. As suggested by Kabele (2004) three different length scales are used in this
approach (see figure 1.5). On each length scale important phenomena are investigated
using numerical and analytical calculations. The aim is to develop a material model that
can be implemented on the structural scale. To do that an investigation of the mecha-
nisms that appear on the lower scales has to be performed, because these mechanisms
have an effect on the mechanisms on the higher scales. On the lowest scale investigated,
an investigation is performed on the adequateness of the LEFM approach when modeling
crack propagation in the ECC-matrix. Furthermore the phenomena that appear during
crack propagation and fiber debonding are investigated on the single fiber level. On the
second level the conditions for strain-hardening are investigated by simulating crack pro-
pagation for different ECC-materials. These simulations are performed for single cracks
as well as multiple cracks, where we have interactions between micro cracks and initial
defects. Finally a material model for the ECC-material is developed on the highest scale.
Thanks to the ductile behavior of the ECC-material induced by the fibers a continuum
model will be employed to model the material behavior. The present model differs from
existing models by having a separate matrix and fiber description and by providing de-
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tailed information about crack spacing and opening. A smeared fixed cracking model will
be used to capture the overall behavior of the ECC-material, where the matrix crack will
be modeled by an elasto-plastic material model including damage parameters. The model
will be implemented in a commercial finite element code and the capability of the model
will be demonstrated through simulations.

(a) Micro.

(b) Meso. (c) Macro.

Figure 1.5 Scales in the modeling phase (Kabele 2004).

In Chapter 2 basic concepts are introduced.

The lowest scale discussed in this thesis is the micro scale (Chapter 3). The dimensions
on this scale are 10−5 m. One phenomenon dealt with on this scale is initial flaws in the
matrix and how micro cracks are initiated from these due to stress concentrations, see e.g.
(Wang & Li 2004) and (Dick-Nielsen et al. 2004)(Paper I ). Another set of phenomena are
the debonding, bridging and pull-out of a single fiber, these phenomena have earlier been
investigated by a large group of researchers both numerically and experimentally, see e.g.
(Shao, Li & Shah 1993), (Li & Stang 1997) and (Lin et al. 1999) and (Dick-Nielsen, Stang
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& Poulsen 2007b)(Paper II ).

The next scale is the meso scale (Chapter 4). This scale can be divided into two
scales. On meso scale I phenomena involving the propagation of a single crack bridged by
many randomly oriented fibers are looked upon. On this scale experimental, numerical
and analytical investigations have been performed by a number of researchers, see e.g.
(Fischer et al. 2007), (Li & Liang 1986), (Stang et al. 2007) and (Dick-Nielsen, Stang &
Poulsen 2007a)(Paper III ). On meso scale II a part of the material that undergoes multiple
cracking is investigated. In this part, interaction between initials flaws and micro cracks
takes places and opening, closing and sliding of cracks are important phenomena. The
meso scale II is the smallest part of a material that possesses the same characteristics as
a material point on the structural scale. An element like this is called a Representative
Volume Element (RVE). The dimensions on the meso scale is 10−3 m. Simulations of
the interaction between the cracks in a specimen undergoing multiple cracking have been
carried out by e.g. (Kabele & Stemberk 2005), (Dick-Nielsen, Stang & Poulsen 2006b)
and (Fischer et al. 2007).

The macro scale is the structural scale and the material model will be employed on
this scale (Chapter 5). The material behavior observed on this scale is the transition
from a linear material behavior to a non-linear behavior where the material will undergo
strain-hardening and later softening. The dimensions on this scale range from 0.1 m. The
model, which is intended for the state, where the multiple cracks evolve, gives information
about crack opening and spacing. The material model is based on smeared cracking and
combined with generalized plasticity. To obtain information about the crack opening,
spacing and number of cracks, concepts from continuum damage mechanics are imple-
mented. This material model will effectively introduce multi-scale modeling and save
computational time. Simulations on the macro scale on constructions made of SHFRCC-
material has been carried out by, e.g. Han et al. (2003), Walter et al. (2007), Dick-Nielsen,
Stang & Poulsen (2007c)(Paper IV ), Dick-Nielsen, Stang & Poulsen (2007d)(Paper V )
and Kabele & Kanakubo (2007).
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Chapter 2

Fundamental Concepts of Localized
and Multiple Cracking

In the present chapter, a brief introduction to the concepts of localized and multiple
cracking employed in the thesis, will be given.

2.1 The Fictitious Crack Model

In the fictitious crack model (FCM) (Hillerborg et al. 1976) a crack in concrete is con-
ceptually divided in two parts, a fictitious crack that transfers stresses and a part that is
stress free (see figure 2.1). At the tip of the crack, a process zone, consisting of a number
of micro cracks which weaken the material, exists. In continuation of the process zone
a localized crack is formed. This localized crack can transfer stress thanks to aggregate
interlock. After a certain crack opening is reached no more aggregate interlocking takes
place and the crack becomes stress free. The FCM models the entire crack including the
process-zone in one model. In the crack tip the cohesive stress is equal to the tensile
strength, ft, and as the crack opens, the cohesive stresses, σ = σw(w), decrease as a func-
tion of the opening, w. The relationship between crack opening and stress is described
through a cohesive law, where the area under the curve is defined as the fracture energy,
GF (see figure 2.1(b)). The brittleness of a cohesive material can be described using the
characteristic length, lch:

lch =
EGF

f2
t

(2.1)

where E is the elastic modulus. Stang et al. (2007) performed a numerical investigation on
crack propagation in an infinite sheet for a material with a linear cohesive law. They found
that a crack propagates stably as long as the crack length is smaller than the characteristic
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σw(w)w

fictitious crack

ft

traction
free crack

aggregate
interlock

micro
cracks

process zone

(a) Concept of the FCM. After (Stang 2005).

[σw]

[w]wc

σw(w)

ft

GF

(b) Cohesive law for pure concrete.

Figure 2.1 Concept of the fictitious crack model (FCM).

length. For larger crack lengths the applied far-field stress decreases and the crack growth
becomes unstable. Apart from modeling of crack propagation in pure concrete material,
the FCM model has also successfully been applied to model crack propagation in FRC
materials, see e.g. (Löfgren, Stang & Olesen 2003) and (Østergaard & Olesen 2006).

In the present thesis the cracks investigated are primarily micro cracks with crack
opening of the same magnitude as the micro cracks in the process zone in regular concrete.
The FCM in this thesis is employed for crack openings of the same magnitude as the micro
cracks traditionally associated with the process zone in pure concrete. In the terminology
employed in the present thesis the process zone will refer to the entire fictitious crack.

2.2 The Criteria for Multiple Cracking

The fiber-bridging associated with cementitious materials is a combination of fiber debond-
ing and fiber pull-out (see figure 2.2). This phenomenon has been investigated analytically
by, e.g. Li, Stang & Krenchel (1993) and Lin et al. (1999) and numerically by, e.g. Dick-
Nielsen et al. (2005). At first the fiber is embedded in the matrix and the interface between
fiber and matrix is intact. Applying a load, P , will initially lead to an elastic elongation
of the fiber part outside the matrix. As the load is increased the debonding phase begins
and the stress-transfer capacity of the fiber-matrix interface begins to degrade. After
complete debonding the fiber is pulled out.

For strain-hardening to occur in an ECC-material it is required, that the criteria for
multiple cracking are satisfied. The second criterion requires that the cracks propagate
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MatrixFiber

End of debonding zone

P

Figure 2.2 Debonding of fiber.

in a steady-state flat-crack mode. In contrast, if the crack opening is not confined during
crack propagation the crack opening could lead to fiber rupture or pull-out. According to
Griffith (1920) the crack opening in a linear elastic material as a function of the distance
x from the center of the crack can be found from eq. (2.2) and matching values of the
crack length, 2a, and the applied far-field stress, σ, can be found from eq. (2.3), (where
KIC is the critical mode I stress intensity factor).

w(x) =
2σ

E

√
a2 − x2 (2.2)

σ =
KIC√

πa
(2.3)

The Griffith crack mode results in a crack opening shaped as an ellipse, where the
opening at crack middle increases as the crack propagates. To avoid fiber rupture and
pull-out during crack propagation it is more favorable to have the crack propagate in a
flat crack mode. The flat crack propagation was first analyzed by Marshall & Cox (1988)
applying the J-integral approach. According to Marshall and Cox the complementary
energy, J ′

b, of the fiber bridging curve has to be larger than the matrix toughness, Jtip, as
illustrated in figure 2.3 and stated in equation 2.4:

GF ≈ Jtip ≤ δ0σ0 −
∫ δ0

0

σ(δ)dδ = J ′
b (2.4)

where δ0 and σ0 are the crack opening and fiber bridging stress at peak and the matrix
toughness, Jtip, approaches the fracture energy for the matrix, GF , for low fiber content.
This criterion for steady-state crack propagation will be reevaluated in the present thesis
applying a cohesive crack approach. According to the criterion a high complementary
energy, J ′

b, is desirable. This can be achieved by raising the peak crack opening, δ0, and
bridging stress, σ0, or decreasing the fracture energy of the matrix. The shape of the fiber
bridging curve is controlled by the fiber-matrix interface and the fiber properties like fiber
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strength, length, diameter etc., where the strength of the interface can be controlled by
coating of the fiber (Li et al. 2002).

σss

σ0

δ0δss

J ′
b

Figure 2.3 Complementary energy, J ′
b, of the fiber bridging curve. Index ”ss” refers to

the current steady state load and index ”0” refers to the peak values.
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Chapter 3

Material Properties on the Micro
Scale

The ECC-matrix is a fine mortar or a cement paste with aggregates in the magnitude
of 100 μm. Cementitious materials with that small aggregates are often considered as
materials which can adequately be described by linear elastic fracture mechanics, LEFM.
Unfortunately the LEFM approach to neat cement paste or fine mortar presents discrep-
ancy with respect to the size of defects and their influence on apparent tensile strength
of the bulk matrix. In Paper I a semi-analytical cohesive crack model was introduced to
describe the influence of initial defects on the tensile strength of the ECC-matrix. Using
the cohesive crack model the cohesive zone was predicted to be so long, that the LEFM
does not apply.

The special characteristics of the ECC-material arise when the ECC-matrix is combined
with the right kind of fibers, which will then bridge the cracks. The fiber-bridging, is a
fundamental mechanism governing the nonlinear behavior of ECC and therefore important
to understand when modeling the characteristics of the ECC-material. The cohesive
stresses carried across the crack by the bridging fibers are often described with an (average)
cohesive law. When a cohesive law is applied for the matrix crack as well, an average
cohesive law emerges describing the crack in the composite. This average cohesive law
for the composite is essential in order to model the behavior of the cracks in the ECC-
material. The cohesive law for the matrix can be found e.g. from a wedge splitting
test and an inverse analysis (Østergaard 2003), and a closed form solution for the total
response of the fibers has been derived (Lin et al. 1999). Having arrived at the cohesive
laws for the matrix and the fibers respectively, the remaining question is now: can the
cohesive law for the ECC-material be found through a simple superposition of the two
fundamental laws or will there be effects that make superposition invalid?

In Paper II the validity of the superposition scheme of the fundamental cohesive laws,
to obtain the average cohesive law for a typical ECC-composite, was investigated. This
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investigation was based on three dimensional FEM calculations. The three basic cases:
debonding and pull-out of a straight fiber perpendicular to the crack face, crack propa-
gation in pure mortar and crack propagation in a Representative Volume Element (RVE)
with mortar and fiber, were analyzed and a parameter study was carried out. Finally,
a comparison of the numerical model and an analytical model for fiber debonding and
pull-out was carried out.

3.1 Semi-Analytical Cohesive Crack Model

3.1.1 Semi-Analytical Cohesive Matrix Crack Model

In Paper I a semi-analytical cohesive crack model was derived to simulate crack propa-
gation in the ECC-matrix. The cohesive law applied to the matrix was simplified by
a bilinear cohesive law (see figure 3.1), which has proven adequate for mortar materi-
als (Østergaard 2003). The material was assumed to be linear elastic until the tensile
strength, ft, was reached. After crack initiation the material softened and followed the
cohesive law.

σw/ft

w1−2 wc

b2

1

a1

a2

Figure 3.1 Bilinear cohesive law.

The semi-analytical model deals with crack propagation in an infinite sheet containing
a center crack loaded in uniaxial tension (see figure 3.2). Concrete contains pores with
irregular shapes and small defects along the edge. In this model these pores are replaced
by a stress free penny shaped crack with the length, 2a0, corresponding the sum of the
pore diameter and the length of the defects. The total length of the propagated crack is
2a and the total opening of the crack is denoted w(x). The crack is assumed to be stable
when the stress intensity factor, KI , is equal to zero, which corresponds to smooth crack
closure. The model is derived by integration of an exact solution for a pair of opposite
point loads. A validation of the model has been made in Paper III where the results have
been compared to the corresponding results from a FEM analysis.
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σ

σ

σ

σ

w(x)

2a0

2a

x

True crack

Model

Figure 3.2 Geometry for the semi-analytical model. A pore is simplified with a stress free
slit-like crack with the length, 2a0, and the total length of the crack is 2a. The
sheet is loaded with the far-field stress, σ. The total opening of the crack is
denoted w.

According to exact solutions in Tada (1985) it is found that the stress intensity factor,
KI , only is weakly influenced by the shape of the initial flaw. The stress intensity factor
changes less than 1 % when altering the shape of the initial flaw from a slit-like crack
to a circle, for crack lengths at peak stress. This indicates that the shape of the original
stress free crack is not that important for the first crack strength. Therefore, the present
analysis is expected to give a reasonable result, regardless of the initial shape of the stress
free crack.

3.1.2 Fundamentals

Crack initiation and propagations in the ECC-matrix are important phenomena in the
effort to achieve strain-hardening in ECC. The cracks in ECC are initiated from micro
defects. If there are too few micro cracks or they are too small, only a few cracks will
be present in the saturated state (Wang & Li 2004). The influence of the initial crack
length, a0, as well as the shape of the cohesive law on the first crack strength, σfc, has been
investigated in Paper I. For a mortar with the same mixing as mix 3 in (Wang & Li 2004),
material data have been obtained from a wedge splitting test (WST) carried out by Wang
at The Technical University of Denmark and an inverse analysis (Østergaard 2003).
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The following material data were found: the tensile strength, ft = 2.8 MPa, the cohesive
law constants, a1 = -1.56·105 m−1, a2 = -9.74·103 m−1 and b2 = 0.24, the fracture energy
GF = 14.1 N/m and the elastic modulus, E = 31 GPa.

These material data are specific for one ECC-matrix under certain conditions and thus
only meant as an example. Suitable parametric variations to these material data are
performed.

3.1.3 Crack Initiation and Propagation in the Matrix

The material data derived from the wedge splitting test and the inverse analysis are typical
for a ECC-matrix. However some uncertainty is associated with the determination of the
tensile strength in the inverse analysis. Therefore in the investigation, the fracture energy,
GF , and the second part of the cohesive law a2, b2 are held constant, while the tensile
strength, ft, and thereby the slope of the first part of the cohesive law, a1, will be varied.
The first crack strength of ECC, σfc, is mainly controlled by matrix properties. Typically
values of the first crack strength of ECC, observed in experiments, are in the range of
3-6 MPa (Li et al. 2002) and (Wang & Li 2004). The matrix tensile strength, ft, in the
present investigation is therefore varied in this range.

The size distribution of the initial flaws in the matrix, has a large influence on whether
the ECC-material will undergo strain-hardening as described by Wang & Li (2004). The
simulations will therefore be performed for the initial stress free flaws with radius, a0,
in the range from 0.5 mm to 2 mm. The variations of the radius will show the matrix
sensitivity to flaw sizes.

In figure 3.3 the relationship between the half crack length, a, and the far-field stress,
σ, is shown for a tensile strength of 3 and 5 MPa. To enable comparison the solution
according to LEFM is plotted as well (σ

√
πa = KIC =

√
EGF ).

To achieve strain-hardening in ECC-material, cracks have to run through the material
at a far-field stress lower than the peak fiber-bridging stress. An easy way to achieve this
is to increase the size of the initial flaws or to employ a matrix with a low tensile strength,
ft (see figure 3.3). The simulations showed that keeping the fracture energy, GF , fixed
while decreasing the tensile strength, ft, leads to more stable crack growth. Furthermore
all curves independent of the tensile strength, approach the LEFM curve asymptotically
for large cracks. This fits well into the theory of LEFM where the fracture process zone
is regarded as a point.

All simulations showed the same tendency regarding the devolvement of the crack ope-
ning profile. Figure 3.4 illustrates the development of the opening profile and the cohesive
stresses in the process zone for an initial crack length, a0, of 1 mm.

In figure 3.4(a) the opening profiles for a crack length, a, of 7 mm, 12.5 mm and 25 mm
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Figure 3.3 Far-field stress, σ and matching crack length, a.
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Figure 3.4 Crack opening profiles and matching cohesive stresses for the matrix with a
tensile strength, ft = 5 MPa and initial crack length, a0 = 1 mm

are plotted (ft = 5 MPa). At a crack length, a, of 7 mm the first crack strength, σfc,
(peak stress) is reached (see figure 3.3(b)). The crack opening reaches the opening w1−2

at which the second part of the cohesive law is activated at a crack length of 12.5 mm.
The slope of the cohesive law for this material changes at an opening, w1−2, of 2.59 μm
(see figure 3.1). At a crack length, a, of 25 mm most of the crack is related to the second
part of the cohesive law. For this material the crack growth becomes unstable for a crack
length, a, of approximately 10 mm, as shown in figure 3.3(b). The characteristic length,
lch, (eq. (2.1)) can according to Stang et al. (2007) be used to predict when the crack
growth becomes unstable. As shown in figure 3.4 only the first part of the cohesive law
has influence on the stable crack growth. Therefore when calculating the characteristic
length only the fracture energy related to the slope, a1, is employed. For the material with
a tensile strength, ft, of 3 MPa and 5 MPa the characteristic lengths are then calculated
to 35 mm and 9 mm respectively. This fits well with the results in figure 3.3 where the
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far-field stress decreases and the crack growth becomes unstable after the characteristic
lengths are reached.

In figure 3.5 the first crack strength, σfc, is plotted as a function of the initial stress
free crack length, a0. The results show that for a matrix with a low tensile strength, ft,
the first crack strength dependence on the size of the initial flaw, a0, is very weak. As
the tensile strength increases the dependence becomes more pronounced, thanks to the
fact that the fracture energy, GF , is kept constant, while the matrix becomes more brittle
as the tensile strength increases. The tensile strength, ft, of the ECC-matrix is often
kept low (below 4 MPa) to insure many cracks in the saturated state. For these matrices
the size of the initial flaws only have a weak influence on the first crack strength. As
the initial flaw size, a0, increases the first crack strength predicted by the cohesive model
approaches that predicted by LEFM. The initial flaws found in a typical ECC-matrix
often have a radius, a0, in the range of 1 mm. This means that although the ECC-matrix
is often regarded as brittle, LEFM can not be used to calculate the first crack strength,
σfc, when reasonable initial flaw sizes are considered. The ECC-matrix will therefore be
regarded as a cohesive material in the remaining part of the thesis.
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Figure 3.5 Relation between first crack strength, σfc and initial crack length, a0.

3.2 Superposition of Cohesive Laws

When a crack propagates in a cementitious material a tensile stress field in front of the
crack is formed as described by Cook, Gordon, Evans & Marsh (1964). The direction
of these tensile stresses are parallel to the crack surface. This stress field can lead to
debonding of the fiber before the crack reaches the fiber, and pull-out occurs. In the
present thesis this effect will be denoted as the Cook/Gordon effect. The relationship
between crack opening and the total fiber-bridging stress derived by Lin et al. (1999) is
based on integration of an analytical solution for a single fiber undergoing debonding and
pull-out. If significant fiber-matrix debonding takes place before the crack tip reaches the
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fiber, the fiber pull-out case with an initially perfect fiber-matrix interface, would not be
representative of the fiber-bridging case and a direct superposition would not be valid. In
the present section it will be examined whether superposition of the cohesive laws holds
true or if the Cook/Gorden effect makes it invalid. Another effect possibly invalidating
superposition could be matrix spalling ((Leung & Li 1992), (Leung & Chi 1995)) taking
place at the crack surface during inclined fiber debonding and pull-out. However, here
matrix spalling is assumed to be a phenomenon primarily associated with fiber pull-
out and thus not associated with the initial matrix crack propagation and fiber-matrix
debonding. In the present investigation only initial matrix crack propagation and the
associated fiber-matrix debonding is investigated and thus matrix spalling is not included
and only a fiber oriented perpendicular to the matrix crack surface is modeled.

An investigation of the significance of the Cook/Gorden effect in ECC is carried out in
Paper II. In an initial investigation the stress field ahead of the crack, in a cohesive model,
was compared with that presented in the paper by Cook et al. (1964). The investigation
showed that the Cook/Gordon effect was more pronounced in the cohesive approach.
The primary analysis was based on the concept of a Representative Volume Element
(RVE). Traditionally an RVE can be thought of as an element containing a sufficient
number of microstructural inhomogeneities in order for it to be considered macroscopically
homogeneous. Alternatively, it can be thought of as a (small) repetitive element from
which a true RVE can be constructed. In both cases the element is subjected to boundary
conditions which would introduce a homogeneous stress and strain state in the element,
if the element was homogeneous, thus allowing for simple interpretation of the behavior
of the inhomogeneous element in terms of average properties such as e.g. stiffness. In
the investigation the latter approach was taken. A three dimensional FEM model of a
RVE was set up employing the commercial FEM package DIANA (see figure 3.6). The
matrix was modeled using 20 node, cubic shaped, solid elements, the fiber using 15 node,
wedge shaped, solid elements, while 8+8 node interface elements were used to model
the debonding of the fiber and the crack propagation in mortar. The displacements
perpendicular to the end planes in the (x, y)-plane were constrained. This caused the
load to be applied as a displacement load. The nodes in each side of the RVE in the (z,
x)- and (z, y)-plane were tied together in the direction perpendicular to the plane. This
caused the edges in the (x, z)- and (y, z)-planes to remain plane and resulted in a stress
state throughout the RVE, on average equal to plane stress.

During fiber debonding, the interface between the mortar and the fiber was exposed
to stresses in the normal direction as well as the tangential directions, i.e. mixed mode
crack propagation and opening. To simulate this, a user defined incremental mixed mode
interface model was employed (Walter et al. 2005). In this model the normal stress,
σ = σ(δt, δn), and the shear stress, τ = τ(δt, δn), were described as functions of both
the displacement in the tangential, δt, and the normal, δn, direction. The three basic
cases: debonding and pull-out of a straight fiber perpendicular to the crack face, crack
propagation in pure mortar and crack propagation in a RVE with mortar and fiber were
analyzed.
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Fiber

Mortar

Notch

Symmetry crack plane

x

y

by = 251 μm

bx = 251 μm
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Figure 3.6 The mesh applied in the total model.

The Cook/Gorden effect would only have influence on the first part of the debonding
and pull-out phase. The dimensions of the model were therefore chosen as: fiber diameter
40 μm, length of the sides in the (x, y)-plane, b, is 251 μm and model height, hz, is 4 mm.
This gives a fiber volume percent of 2, which is typical for ECC. Symmetry was assumed
and therefore only half a crack plane was modeled. The model contained a notch from
which the crack was initiated.

The model containing the fiber as well as the mortar crack (in the symmetry crack
plane) is referred to as the total model. When the mortar crack is replaced with a free
surface, the model can be used to simulate fiber debonding and pull-out. For the sake of
convenience this model is referred to as the fiber pull-out model. Replacing the fiber with
mortar and letting the mortar crack interface cover the entire bottom surface, the model
can simulate crack propagation in pure mortar.

3.2.1 Deriving the Average Cohesive Law from the RVE

An average cohesive law (σw, w) can be derived from the FEM simulations, identifying
σw with the applied load and w is the average crack opening (see figure 3.7). The average
crack opening, w, can be found by taking the total elongation, δ, and subtracting the
elastic elongation:

δ = εL + w/2
δ = σ/(EfVf + (1 − Vf )Em)L + w/2

(3.1)
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Figure 3.7 Relationship between average crack opening, w/2 and applied stress, σ.

w/2 = δ − σ/(EfVf + (1 − Vf )Em)L (3.2)

Here Ef and Em are the plane stress elastic moduli for the fiber and the mortar re-
spectively, Vf is the fiber volume concentration, σ is the average stress applied by the
prescribed displacement and the elastic strain, ε, can be found from the applied stress
and the composite stiffness. Using this equation all effects from non-uniform crack ope-
ning and initial debonding will be included in the average crack opening. Furthermore
this formulation enables the determination of an average crack opening without integrat-
ing over the actual crack opening profile. Eq. (3.2) can be used for the total model, the
fiber pull-out model and the pure matrix model. This makes comparison between the
obtained (σw, w)-relations from the different models consistent.

3.2.2 Material Parameters

The cohesive law for the matrix is based on experimental investigations on a typical
ECC-matrix (obtained by S. Wang, University of Michigan) where a bi-linear cohesive
law is determined from wedge splitting tests and inverse analysis. The mode I cohesive
law for the mortar is assumed to be bi-linear as shown in figure 3.1. The following pa-
rameters were determined: the tensile strength ft = 2.8 MPa, the cohesive law constants
a1 = -156 mm−1, a2 = -9.74 mm−1 and b2 = 0.24, the fracture energy GF = 14.1 N/m,
the elastic modulus E = 31.0 GPa and the Poisson’s ratio ν = 0.2.

The cohesive law for the interface between the mortar and the fiber is difficult to
measure and therefore a parameter study was carried out. Values determined by Shao
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et al. (1993) are taken as a basis for the mode II cohesive law, while the mode I cohesive law
is estimated. The Young’s modulus for the PVA fibers is Ef = 42.8 GPa and the Poisson’s
ratio is chosen to ν = 0.2. This Poisson’s ratio is chosen to isolate the Cook/Gordon effect
from any influence of a possible Poisson’s effect. In the parameter study the effect of the
Poisson’s ratio was investigated separately. The cohesive mode II law for the fiber-matrix
interface is also bi-linear and has the following values: The shear strength τmax = 3 MPa,
constants a1 = -222 mm−1, a2 = -19.6 mm−1 and b2 = 0.392. The mode I cohesive law for
the fiber-matrix interface is estimated to vary linearly with a tensile strength of 0.5 MPa
and a constant a1 of -1000 mm−1.

3.2.3 Cohesive Laws

In figure 3.8 average cohesive laws for the total model, the pure matrix model and the
fiber pull-out model are shown. The curves are plotted based on the FEM results and
eq. (3.2). In addition to the three curves a superposition of the fiber pull-out curve and
the pure matrix curve is plotted. As shown in the figure superposition is valid for the
chosen material parameters. This means that the Cook/Gorden effect is not significant
in this case. In the next section the mechanisms appearing during crack propagation and
fiber debonding will be examined, to get an understanding of why superposition is valid.
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Figure 3.8 Average cohesive laws.

3.2.4 Matrix Crack Propagation vs. Fiber Debonding

The crack front is plotted as a function of the load level in figure 5.23(a). At an applied
load of 2.32 MPa the crack front is located close to the notch. As the crack starts to
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propagate the front is arrested in front of the fiber, forcing the crack to propagate around
the fiber and then open the rest of the crack from behind. After the crack is opened
around the fiber the crack opening is less than 10 nm.

2.32

2.77

2.80

2.84

Figure 3.9 Crack front for different loading stages (Load in MPa).

Figure 3.10(b) illustrates crack propagation in the matrix vs. the debonding of the fiber
at an applied load of 2.80 MPa. Figure 3.10(a) shows a cut in the FEM model and two
thick black lines marks the matrix crack and fiber front illustrated in figure 3.10(b). The
opened interface nodes are marked with circles and the deformations are scaled with a
factor 100. The first debonding of the fiber begins at an applied load of 2.80 MPa. At this
load level only the interface node at the bottom of the fiber is opened, which indicate that
debonding has progressed 22 μm along the front of the fiber. As shown in figure 5.23(a)
the crack has passed the fiber at this load level. This means that the Cook/Gordon effect
is present but insignificant for the present choice of material parameters.

The investigation shows that the matrix crack propagation and the subsequent fiber
debonding and pull-out are essentially two separate mechanisms in the sense that the
matrix crack propagated through the RVE without initiating any significant debonding:
the matrix crack grows past the fiber and then gradually back towards the fiber before
significant debonding begins.

3.2.5 Stresses Along the Fiber-Matrix Interface

The applied load, σ, and the stresses along the fiber-matrix interface are shown for the
total model and the fiber pull-out model in figure 3.11 and 3.12 respectively. The stresses
are taken from the fiber front marked on figure 3.10(a).

The maximum normal and tangential stresses in the mixed mode cohesive laws for
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Figure 3.10 Debonding versus crack propagation.

the matrix-fiber interface are 0.5 MPa and 3.0 MPa, respectively. In figure 3.11(b) and
3.11(c) it is seen that neither of these maximum values are reached, which means that
the crack propagates in mixed mode in the total model. It is characteristic for the entire
debonding process that a normal stress field is build up in front of the shear stress field.
After the normal stress field is build up at the matrix crack, it then propagates along the
fiber followed by the tangential stress field.

The results from the fiber pull-out model (3.12) are very similar to the results obtained
from the total model. A normal tensile stress field is present in front of the debonding
zone, even without the presence of a matrix crack. This tensile stress field is not accounted
for in the analytical fiber model, which is the foundation for the derivation of the cohesive
fiber-bridging law by Lin et al. (1999).

The debonding process in the two basic cases were very similar, which explains why
superposition of the cohesive laws were valid. Apart from that the Cook/Gorden effect
was found to be very week, which separated the matrix crack propagation and the fiber
debonding in two separate processes.

3.2.6 Parameter Study of the Cohesive Laws

A parameter study of the mixed mode cohesive law was carried out in Paper II. The tensile
strength in the cohesive normal law was varied in the range from 0.125-0.5 MPa, while
the shear strength was varied in the range from 1.5-3 MPa. The results obtained in this
study were very similar to those obtained in the previous sections. And the conclusion
remained that superposition was valid.
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Figure 3.11 Stresses on fiber front - Total model.

Identical Poisson ratio’s for the matrix and the fiber has so far been employed to separate
the Cook/Gorden effect from a possible Poisson effect. In Paper II an investigation on
the Poisson effect was carried out. Here the fiber was given a Poisson ratio of 0.35 which
is more realistic for a PVA-fiber. The increase in the Poisson ratio did cause the normal
stresses on the front of the fiber to increase as expected. However the superposition
scheme was still valid because the Poisson effect had the same effect on the total model
as it did in the fiber pull-out model.

3.2.7 Comparison of the Analytical and Numerical Model for Fiber Pull-Out

Four basic assumptions were made by Lin et al. (1999) to derive an analytical model to
predict the bridging law for the fibers: (1) a ratio between fiber length and diameter
larger than 100, (2) the slip between matrix and fiber during debonding is negligible
hence the shear stresses are constant, τ0, (3) the Poisson ratio has only little effect on
the result and (4) the elastic elongation of the fiber is small compared with pull out after
complete debonding. Assumption (4) is not of interest in this investigation because the
computation is stopped before the debonding is completed. Assumption (1) and (3) are
valid in this investigation as well, while assumption (2) thanks to the use of cohesive laws
is not valid here. Apart from the four assumptions mentioned above, the analytical model
does not take into account the tensile stress field in front of the debonding zone. This
means that the fiber in the analytical model debonds under pure mode II conditions. The
relationship between the pull-out force, P , and the relative displacement, δ, between the
fiber and the matrix in the analytical model, is given by the expression below:
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Figure 3.12 Stresses on fiber front - Pull out model.
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√
π2τ0Efd3

f (1 + η)

2
δ +

π2GdEfd3
f

2
(3.3)

where Ef is Young’s modulus, df the fiber diameter, Gd the chemical bond strength and ξf

= VmEm/VfEf where Vm and Vf is the volume fraction of mortar and fiber respectively.
The chemical bond strength Gd is related to the fracture energy, GF , of the mode II
cohesive law, however in the analytical model, Gd is assumed to be dissipated in a point. A
direct comparison of the numerical and the analytical model was not made due to the fact
that constant shear stress is assumed in the analytical model. Therefore an investigation
on the effect of the cohesive mode I law in the numerical model was carried out. In the
investigation the shear strength of the mode II cohesive law was set to 3 MPa, while the
strength of the mode I cohesive law was varied. The results from this investigation are
shown in figure 3.13. The Poisson’s ratio for the fiber in this investigation was set to 0.35.

The results show that the pull-out load decreases with a decreasing tensile strength in
the mode I cohesive law. When employing the analytical model the material constants
will be calibrated by a pull-out test. The influence of leaving out the mode I part is
probably not that significant, because the constants will be affected by the mixed mode
conditions.

3.3 Concluding Remarks

In Paper I a comparison between LEFM and the cohesive approach for modeling crack
propagation in the bulk matrix was carried out. Using the cohesive crack model the
cohesive zone was predicted to be so long that the LEFM does not apply, although the
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Figure 3.13 Fiber pull-out curves for different mode I cohesive laws and a fixed mode II
law using the numerical model with a Poisson’s ratio in the fiber of 0.35

bulk matrix is commonly regarded as brittle. In the remaining part of this thesis the
cohesive approach will be applied for crack propagation in the matrix. Furthermore the
investigation showed that for a fixed fracture energy, GF , decreasing the tensile strength,
ft, leads to a more stable crack growth. Finally this investigation showed that, as the
tensile strength was decreased, the size of the initial flaw, a0, had only a weak influence
on the first crack strength, σfc.

In Paper II it has been examined whether superposition of average cohesive laws is valid
in order to arrive at an average cohesive law for the ECC-material. Special attention was
given to the Cook/Gorden effect which proved to be insignificant in this connection.
While the investigations were limited to the case of straight fibers arranged perpendicular
to the crack surface, the present investigation showed that for small crack openings,
superposition is valid. This was mainly due to the fact that matrix crack propagation
and subsequent fiber debonding and pull-out essentially were found to be two separate
mechanisms. First the crack propagated around and past the fiber after which the fiber
debonded.
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Chapter 4

Crack Propagation on the Meso
Scale

The criteria for multiple cracking, introduced in chapter 1 and 2 are based on LEFM and
fiber-bridging. These criteria have served well for creating an overall understanding of
the influence of various parameters, and furthermore they have served as guidelines for
material optimization, see e.g. (Li et al. 2002) and (Walter et al. 2007). In Paper III
a cohesive crack model was employed, and the stability of crack propagation of a single
crack was investigated. When ECC undergoes strain-hardening, an interaction between
the cracks takes place, but this was not taken into consideration in the analysis. However
the analysis relied on the implicit assumption that the fiber-bridging stress was eventually
able to produce more cracks adjacent to the first crack and thus create multiple cracking
and strain-hardening; if 1) the first crack strength (peak far-field stress) was smaller
than the peak fiber-bridging stress and 2) the first crack propagated at crack openings
smaller than the deformation associated with the peak on the fiber-bridging curve. In
the investigation, simulations were carried out for uniaxial tensile tests containing one
predefined flaw. The simulations dealt with matrix and fiber properties, specimen size,
boundary conditions and the position and size of the initial flaw. The semi-analytical
model derived in Paper I was employed for infinite sheets containing a center crack,
while FEM models were employed for sheets containing edge cracks and sheets with finite
geometry.

On the meso scale II simulations on a sheet loaded in uniaxial stress were performed
(Dick-Nielsen et al. 2006b). In these simulations the interaction between initial stress free
flaws and micro cracks are investigated in the initial stage of multiple cracking.
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4.1 Geometry and Material Parameters

At the present time only a few standard specimen and test setups exist for testing the
strain-hardening capacity in ECC. To arrive at some general conclusion, a number of
simulations on crack propagation has been carried out in Paper III for infinite sheets, to
obtain some general results. Simulations on finite sheets has been performed as well to
relate the general results to finite geometry. All the simulations were for sheets loaded in
uniaxial tension.

The ECC-matrix employed in these simulations was the same as used in section 3.1.2:
the tensile strength, ft = 2.8 MPa, the stress-separations constants, a1 = 156 mm−1,
a2 = 9.7 mm−1 and b2 = 0.24, the fracture energy, GF = 14.1 N/m and the elastic mod-
ulus, E = 31 GPa.

A closed-form solution derived by Lin et al. (1999) was employed to calculate the
fiber-bridging curve. For the fibers, following material constants were used: the slip-
hardening coefficient, β = 2.21, the fiber volume fraction vf = 0.02, the snubbing co-
efficient, f = 0.3, the fiber strength reduction coefficient, f ′ = 0.3, the fiber length,
Lf = 12 mm, the frictional stress, τ0 = 0.3 MPa, the elastic modulus of the fiber, Ef =
42.8 GPa, the chemical bond strength, Gd = 4.71 N/m, the fiber diameter, df = 39.6 μm
and the in-situ fiber strength, σfu = 1400 MPa.

The resulting cohesive law for the ECC-material could then be found, using superpo-
sition as discussed in chapter 3. The cohesive laws for the matrix, the fibers and the
ECC-material are shown in figure 4.1.
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Figure 4.1 Average cohesive laws.
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4.2 LEFM Versus the Cohesive Crack Approach

In Paper II a comparison between LEFM and the cohesive approach has been made
to assess the difference between the approaches. To simulate crack propagation in the
matrix, the Griffith approach (LEFM: eq. (2.2)-(2.3)) and the semi-analytical model
were employed. In the semi-analytical model the cohesive law was employed while the
LEFM approach was for a matrix with a fracture energy equal to that in the cohesive
approach (KIC =

√
EGF ). A simulation of crack propagation in the ECC-material was

carried out as well, using the semi-analytical model to assess the influence of fibers. All
the simulations were for infinite sheets containing a center crack and loaded in uniaxial
tension. The length of the initial stress free flaw, 2a0, is 4 mm. The results from the
simulations are shown in figure 4.2.
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Figure 4.2 Comparison of the cohesive crack approach and LEFM.

The investigation showed that both approaches predict crack openings of the same mag-
nitude. For crack openings, a, up to 47 mm the Griffith approach predicts the largest ope-
nings, while the cohesive approach predicts the largest openings for larger crack lengths.
For a crack length, a, of 200 mm both approaches predict crack openings smaller than
20 μm. This indicates that even without the representation of fibers, cracks will propagate
with small crack openings, as long as the crack has not propagated through the specimen.

The relationship between crack length, a, and applied load, σ, for the ECC-material
has a remarkable resemblance with the corresponding relationship to the matrix. This is
not surprising, because the first part of the cohesive law for the ECC-material resembles
the first part of the cohesive law for the matrix. For large crack lengths the force needed
to drive the crack in the ECC-material is higher than the corresponding force needed for
the matrix. For the matrix as well as for the ECC-material, the second branch of the
cohesive law is reached at an opening, w1−2, of 5 μm. For openings larger than this, the
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increase in opening is reduced (see figure 4.2(b)). The second branch of the cohesive law
for the ECC-material is a hardening branch, while for the matrix it is a softening branch.
This is why the openings for large cracks are largest in the matrix without fibers.

According to the criterion for steady-state flat-crack propagation (eq. (2.4)), cracks will
propagate in a steady-state manner, if the complementary energy of the fibers is larger
than the fracture energy of the matrix. The total complementary energy for the fibers is
81.2 N/m, while the matrix has a fracture energy, GF , of 14.1 N/m. The peak load for the
ECC-material is 5.1 MPa and occurs at a crack length, a, of 33.5 mm (see figure 4.2(a)).
The crack opening in the center is 3.9 μm at peak load as shown in figure 4.2(b) and 3.3 μm
in the beginning of the process zone (x = 2 mm). The utilized complementary energy for
an opening of 3.3 μm is 0.75 N/m, which only corresponds to 5 % of the fracture energy.
In order to utilize complementary energy in a point larger than the fracture energy, the
opening has to be larger than 19 μm. For a total crack length, 2a, of 400 mm, the crack
opening in the crack middle is less than 15 μm.

4.3 Conditions under which Matrix Cracks Propagate in ECC

4.3.1 Influence of Initial Flaw Size

An investigation was carried out to assess the influence of initial flaw sizes in an ECC-
material. The investigation was carried out for infinite sheets containing a center crack,
as well as sheets containing an edge crack. The simulations for the center cracks were
performed with the semi-analytical model, while the simulations for the edge cracks were
performed using a FEM model. The employed FEM model contained an interface in
which the crack could propagate. The model had a height of 1000 mm and a width of
1200 mm and contained an initial slit-like center flaw with the length, 2a0, of 4 mm. The
model consisted of 30 x 206 (height x width) quadrilateral, 8 nodes plane stress elements.
The element size increased by a factor of 1.03 from the flaw tip towards the edge along the
width, and by a factor of 1.55 from the flaw towards the loaded edges along the height. In
the FEM simulations, the boundary conditions along the two loaded edges, resulted in a
uniform displacement in the load direction along the width. In order to make the results
for sheets directly comparable, the total length of the edge flaw is denoted, a0, while the
total length of the center flaw is denoted, 2a0. The results from the simulations are shown
in figure 4.3 and 4.4.

As it was also the case for the matrix, increasing the length of the initial flaw, a0, leads
to a decrease in first crack strength, σfc. As shown in figure 4.3 the sheets containing an
edge crack are most sensitive to the size of the initial flaw. For crack lengths, a, smaller
than 200 mm the crack opening is confined to 20 μm, independent of the position of
the flaw. Thanks to the confined crack opening, the process zone never becomes fully
evolved. Do to the considerable length of the process zone compared to the length of the
initial flaw, LEFM can not be applied for modeling of crack propagation in cementitious
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Figure 4.3 Influence of initial flaw length, a0 - center crack.
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Figure 4.4 Influence of initial flaw length, a0 - edge crack.

materials containing fibers.

4.3.2 Influence of the Matrix Tensile Strength

For strain-hardening to occur in ECC-materials, the tensile strength of the matrix has
to be lower than the peak fiber-bridging stress. A series of simulations has been carried
out to investigate the influence of the matrix tensile strength on the crack propagation in
ECC-materials. In the simulations, the slope of the second part of the cohesive law, a2,
was held constant together with the fracture energy, GF , while the slope of the first part
of the cohesive law, a1, and the tensile strength, ft, were varied. The employed cohesive
laws are shown in figure 4.5. The fracture energy, GF , plays a role in determining whether
steady-state cracking will prevail, while the tensile strength, ft, is insignificant according
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to the criterion for steady-state flat-crack propagation (eq. (2.4)). According to the
criteria this means that the four cohesive laws will have an equal change in achieving
steady-state cracking. The results from the simulations are shown in figure 4.6 and 4.7.
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Figure 4.5 Average cohesive laws for different tensile strengths, ft, of the matrix.
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Figure 4.6 Influence of the tensile strength of the matrix, ft - center crack.

As shown in figure 4.6(c) an increase in tensile strength, ft, results in an increase in
first crack strength, σfc, where the increase is most pronounced for center cracks. A
small tensile strength results in a small crack opening, w, for small crack lengths (see
figure 4.6(b) and 4.7(b)), while the crack openings approach the same level, independent
of tensile strength, as the crack length increases. This is due to the fact that the fracture
energy, GF , is fixed and an increase in tensile strength results in a larger part of the
fracture energy being associated with the first, very small crack opening (see figure 4.5(a)).

As shown in figure 4.6(b) and 4.7(b), the effect of the tensile strength vanishes for large
crack lengths. For crack lengths smaller than 300 mm, the tensile strength of the matrix,
and thereby the shape of the cohesive law, has a large influence on the crack opening
during crack propagation. The conventional steady-state, flat-crack criterion deals only
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Figure 4.7 Influence of the tensile strength of the matrix, ft - edge crack.

with fracture energy and not the shape of the cohesive law, because the criterion is based
on LEFM, in which the entire amount of energy is dissipated in a point. This criterion is
therefore valid for brittle materials, but because the process zone in this analysis reaches
lengths of over 300 mm, the shape of the cohesive law becomes important.

The crack length at peak stress, apeak, is plotted as a function of the matrix tensile
strength, ft, in figure 4.7(c). For an edge crack apeak is defined as the entire crack length
while, for a center crack, it is the half crack length. For a matrix with fixed fracture
energy, GF , a low tensile strength, ft, results in stable crack growth.

4.3.3 Influence of Fiber Type

The complementary energy of the fibers play an important role in the aim of achieving
steady-state flat-crack propagation according to the criteria for such propagation (eq.
(2.4)). An investigation of the influence that the complimentary energy has on the crack
propagation, was carried out in Paper III. Here a simulation with a new fiber curve was
made. The new fiber curve was derived by scaling the w-axis with a factor 0.5 (see Figure
4.8(a)). The new fiber type will be denoted fiber type 2. In figure 4.8 the applied cohesive
laws and the results from the investigation are shown.

Reducing the complementary energy in fiber type 2 leads to a higher first crack strength,
σfc, and smaller crack openings. This can be explained as a cause of the shape of the
new fiber curve. The total amount of complementary energy has been reduced for fiber
type 2, but for small crack openings the utilized complementary energy is highest for
type 2. The increase in first crack strength as a result a reduction of complementary
energy is also observed in a test carried out by Li et al. (2002). For neither of the fiber
types a direct connection between complementary energy, fracture energy and steady-state
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Figure 4.8 Influence of the fibers. The simulations are for center cracks only.

flat-crack propagation was found. For fiber type 2 the crack opening has to be higher
than 16 μm to utilize complementary in the same amount as the fracture energy. In the
simulated interval the crack opening, w, was found to be smaller than 11 μm. Reducing
the complementary energy leads to an increase in crack propagation stability according
to figure 4.8(b).

4.3.4 Influence of Specimen Geometry

In the previous sections the geometry of the sheets have been infinite. To investigate the
influence of finite specimen geometry, six new FEM-models with finite geometries were
employed. The material properties in all models were the standard properties (see section
4.1). Similar to the previous FEM simulations, the boundary conditions along both loaded
edges resulted in a uniform displacement in the load direction along the breadth. When
investigating the influence of the specimen geometry, a finite sheet with the dimensions
30 mm x 80 mm (breadth x height) was taken as a point of reference. These dimensions
were chosen to match the dimensions of the instrumented part of test specimens in the
JSCE test specimen (JSCE-TC 2005). In figure 4.9(a) and 4.9(b) results for different
geometries are shown for a center crack and an edge crack respectively. The center flaws
all have a total length, 2a0, of 4 mm, while the edge flaws have a total length, a0, of 2
mm. In figure 4.9(c) the opening at the crack middle is shown for various crack lengths,
for both finite and infinite geometries.

As shown in figure 4.9(a) and 4.9(b) the force needed to propagate the crack in the
sheet with dimensions 30 mm x 80 mm is smaller than the corresponding force in the
sheet with ”infinite” geometry (1200 mm x 1000 mm). This observation is true for both
center and edge cracks and can be explained by the reduced stiffness, caused by the small
breadth in the finite sheet. For center cracks the results are unaffected by increasing the
height to 1000 mm and keeping the breadth unchanged. For the edge crack increasing the
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Figure 4.9 Influence of geometry.

height causes the first crack stress, σfc, to decrease 7 %. Increasing the distance to the
fixed boundaries reduces the stiffness of the model. Due to symmetry in the center crack
model it is not sensitive to the change in stiffness. Keeping the height fixed at 80 mm
and increasing the breadth to 300 mm, the first crack strength in both models increases,
compared to that obtained for a breadth of 30 mm. This is due to the fact that the
stiffness is increased and for these dimensions the center crack model is affected as well.
In all cases the crack propagation stability increases with increasing first crack strength.

The opening in the crack middle during crack propagation is shown in figure 4.9(c) for
an infinite sheet containing a center crack and for a sheet with the dimensions 30 mm x
80 mm. The opening in the crack middle in the finite sheet is identical to the opening in
the infinite sheet up to a crack length, a, of 13 mm. After this crack length the opening
in the finite sheet becomes larger than the one in the infinite sheet. This was expected
due to the stiff boundary conditions and small breadth in the finite specimen. At a crack
length, a, of 15 mm in the finite sheet the crack has run through the sheet.

4.3.5 Influence of Boundary Conditions

To investigate the influence of the boundary conditions, a series of FEM simulations have
been conducted. Figure 4.10 shows a sketch of the test setup, where the basis is taken
from the setup employed by the JSCE-TC (2005). At the end of each bar a hinge is placed
(A and B), the rotations of these hinges can be free or fixed. The employed FEM mesh
is shown in figure 4.11 (due to symmetry only half the model is shown). The part of the
specimen locked in the steel jaws is assumed to be rigid. In the FEM model this part
is modeled by a series of rigid bars. From the jaws to the hinges the steel bars have a
diameter of db. The ECC specimen is modeled with plane stress elements. The employed
model has 16 elements along the width in the coarse part and 128 elements in fine part.
The fine mesh consists of 10 elements along the height on each side of the symmetry line
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and each of these elements has a height of 0.63 mm. The model contains a row of cohesive
interface elements in the symmetry line, in which the crack can propagate.

112 112188 188

85 8540 4080

A B

C DSteel bar
Steel jaws

30
Specimendb

Thickness: 13

Figure 4.10 Test setup - all dimensions in [mm].

Rigid bars

ECC (plane stress elements)

Zoom

Steel bar
A

CL

Figure 4.11 The employed FEM mesh for the dog-bone-specimen.

The simulations were only made for edge cracks. If a center crack was introduced the
model would contain a double symmetry and it would therefore be insensitive to the hinges
being free or fixed. In Figure 4.12 matching values for the total crack length, a, and the
far-field stress, σ, are plotted. In these plots the far-field stress is the average stress in
the section C or D. The results from the rectangular sheet with a width of 30 mm and a
height of 80 mm and 1000 mm are plotted for comparison (from the previous section).

As shown in figure 4.12(a) similar results are obtained for the sheet with the dimensions
30 mm x 1000 mm and the fixed boundaries and the dog-bone specimen with the hinges
free-free and a bar diameter, db, of 20 mm. This can be explained by the reduction of
stiffness given by the increased height. As shown in the figure, fixing the rotation in
one or both hinges, increases the stiffness and the first crack strength. The first crack
strength for the sheet with the fixed boundary conditions is about 8 % higher than the
corresponding for the test setup with the hinges free-free. Fixed boundaries is the stiffest
setup one can obtain, for a sheet with these dimensions. It was therefore expected that
the first crack strength here would be the highest. As shown in the figure, increasing
the stiffness of the boundaries, increases the stability of the crack propagation as well.
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Figure 4.12 Total crack length, a, and matching far-field stress, σ. There are 5 simulations
for each diameter, db: 3 simulations for different adjustments of the hinges
(dog-bone-specimens) and 2 simulations where only the part between C and
D (see figure 4.11) is modeled and here the loaded boundaries are rigid (these
results are taken from Figure 4.9(b))

In figure 4.12(b) results are shown for simulations employing a bar diameter of 30 mm.
As shown in figure 4.12(a) and 4.12(b) the results are unaffected by the diameter of the
bars as long as the rotations of the hinges are free-free. Increasing the bar diameter from
20 mm to 30 mm increases the first crack strength approximately 2 % when the hinges
are fixed-free or fixed-fixed. As the bar diameter increases, the results get closer to those
obtain for the rectangular sheet with the dimensions 30 mm x 80 mm (width x height).
In figure 4.12(c) the crack opening, w, at the edge is plotted as a function of the crack
length, a, for a bar diameter of 30 mm. The openings are compared to the corresponding
opening for an infinite sheet (taken from Figure 4.9(c))). For a crack length up to 13
mm the crack openings in the four simulations are almost identical. For larger crack
lengths, the opening at the edges in the dog-bone specimens becomes significantly larger
than the corresponding opening in the infinite sheet, thanks to the smaller stiffness in the
dog-bone test setup. When at least one hinge is fixed the opening increases with a factor
2.2 compared with the corresponding opening for the infinite sheet for a crack length of
30 mm. When both hinges are free the opening for a crack length of 30 mm increases
with a factor 7.7 compared with the opening in the infinite sheet.

4.4 Simulation of Multiple Cracking

On the meso scale II two simulations on a sheet loaded in uniaxial stress were performed
in (Dick-Nielsen et al. 2006b). Each sheet had a length of 80 mm and a width of 30 mm
and the load was applied as a displacement load. Each sheet contained 40 initial stress free
flaws with a length of 4 mm. The initial flaws were randomly distributed over the width
with a fixed spacing in the load direction (see figure 4.13(a) - an identical distribution
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was applied in both models). Both models consisted of 8 node quadrilateral plane stress
elements. The applied cohesive law for the ECC was identical to that employed in section
4.1 (see figure 4.1). These simulations were very similar to the experimental tests carried
out by Wang & Li (2004). In these tests Wang tested an ECC-material with similar
properties and added artificial ellipsoidal shaped flaws, where the largest axis had a length
of 4 mm, to measure the influence on the strain-hardening capacity. After the test a
spacing of approximately 2 mm was measured between the cracks.

The applied mesh in the models can be seen in figure 4.14. In the first model the cracks
could propagate in interfaces placed in continuation of the initial flaws. All the plane
stress elements were given elastic properties. In the second model smeared cracking was
applied. To simplify the simulations, only elements in the middle part of the models were
given non-linear material properties (see figure 4.13(a)).

(a) Position of the initial flaws - the box frames
the non-linear material area.
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(b) Specimen elongation, U , and matching load, σ.

Figure 4.13 Positions of initial flaws and results.

In figure 4.13(b) corresponding values to the applied load, σ, and the total deformation,
U , are shown and in figure 4.14 a contour plot of the largest principal strains is plotted
for the two simulations at a total deformation of 50 μm. The relationship between the
applied load and the total deformation of the sheet, obtained from both models, is similar
to those Wang observed in his test. First we have a linear elastic branch, and after the first
crack strength has been reached, a strain-hardening branch emerges with a low positive
slope.

The interface model and the smeared model both have some advantages and some lim-
itations. A comparison between the semi-analytical model and crack growth in interfaces
showed, that interface models describe discrete crack growth in cohesive material very
well (Stang et al. 2007). The limitation of the interface model is that the crack can only
propagate in the interfaces and therefore the cracks can not merge. Merging of cracks
is possible in the smeared model. The limitation in this model is that cracks tend to
introduce softening in two rows of elements during localization. This causes the smeared
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(a) Interface model.

(b) Smeared model.

Figure 4.14 Principal strains at a total deformation of 50 μm (scale factor 50).

model to become a little stiffer than intended and that is why the first crack strength
for the smeared model is a little higher than the one for the interface model (see figure
4.13(b)). Although identical cohesive laws were given as material data in both models
in the non-linear part, the emerged crack patterns are not the same. The two models
give two different results, but they both still show an interesting tendency. Although
both models were given the uniform material and the initial flaws all had the identical
length, the micro cracks were not formed simultaneously and they did not run through
the specimen at once. In both models interaction between initial flaws and micro cracks
was observed in areas, where the concentration of initial flaws weakened the strength of
the material.

4.5 Concluding Remarks

In the present investigation conditions for strain-hardening in ECC-materials have been
investigated. The investigation is based on the assumption that matrix crack propagation
is adequately described by cohesive fracture mechanics in the form of the FCM, and that
a cohesive law for the composite can be constructed through superposition of the matrix
cohesive law and the fiber-bridging curve. In the present analysis considering a single
crack as well as in the derivation of the steady-state, flat-crack propagation criterion,
only the propagation of a single crack is studied.

Through a comparison of the cohesive approach and the theory of LEFM, it was found
that the crack openings predicted by both approaches were of the same magnitude. How-
ever the far field stress and the sensitivity to initial flaw size were significantly different
in the two approaches. For crack length, a, up to 200 mm the crack openings found were
less than 20 μm.
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The investigation showed that the crack opening alters when changing the dimension
of the sheet from infinite to finite, but the magnitude remains unchanged. The Boundary
conditions applied to the test specimen, on the other hand, has a larger influence on
the crack openings observed during crack propagation, and potentially strain-hardening
may be hindered by flexible boundary conditions, thanks to the large crack openings
experienced during crack propagation. Still the conclusion is that crack propagation and
the maximum fiber-bridging stress are found to be two separate issues, because in most
practical cases, the cracks will propagate long before crack openings which are relevant
for the maximum fiber bridging are found. Thus care should just be taken in adjusting
the first crack strength to be lower than the bridging stress. However it is not possible to
predict first crack strength in a simple manner, because it is a complicated function of the
parameters involved. Furthermore the few multiple crack simulations carried out, suggest
that interacting effects during crack propagation play a major role in the strain-hardening
process. It has not been possible to describe these interaction effects in a simple fashion.

The influence of initial flaw sizes, the tensile strength of the matrix and the fiber type
have been investigated in a parameter study. It was found that the first crack strength and
the evolution of the opening at crack middle are influenced primarily by the cohesive law of
the matrix and the fiber-bridging curve, and only weakly by the initial flaw size. Reducing
the tensile strength (keeping the fracture energy constant) will promote multiple cracking,
since the first crack strength for the ECC-material is reduced. The complementary energy
of the fiber-bringing curve was found to have little influence on the multiple cracking
potential, as long as the deformation at peak stress on the fiber-bridging curve was kept
larger than the maximum crack opening during propagation.

The investigated parameters all had an influence on the stability of crack propagation
in the ECC-material. In particular the tensile strength had a pronounced influence on the
crack length at first crack strength (peak far field stress). However, the significance of the
stability of crack growth and its influence on multiple cracking is not clear and cannot be
assessed with the present models.
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Chapter 5

Continuum Model on the Macro
Scale

The SHFRCC material is characterized by its ability to undergo strain-hardening. This
characteristic makes smeared models generally suitable to simulate the material behavior
(Dick-Nielsen et al. 2006b), and a few smeared models has been derived especially to
capture this phenomenon. Han et al. (2003) has derived a total strain, rotating smeared
crack model. This model is characterized by its detailed description of the unloading
phase, which makes it suitable for cyclic loading simulations. In the SHFRCC model
proposed by Kabele (2002), the cracks are fixed when initiated. The model is characterized
by the scheme used to describe resistance against relative sliding of crack surfaces. This
resistance is assumed to occur solely due to fiber bridging, while fibers are described as
randomly oriented Timoshenko beams.

In Paper IV and Paper V a plasticity-based damage mechanics model for SHFRCC is
presented. The present model is based on the smeared fixed, multiple cracking approach.
The model differs from existing models by combining a matrix and a fiber description
in order to simulate the behavior of the cracks in the SHFRCC-material. The model is
meant to be used in the state, where the multiple cracks evolve. In this state the crack
openings in PVA-ECC have a magnitude of 100 μm (Fischer et al. 2007). Due to the
small openings, the matrix will have an influence on the crack behavior, especially under
mode II openings, where dilation effects will appear.

5.1 The Continuum Model

The constitutive equations for the model can be found in Paper IV. Here the strain, ε, is
split into two parts, one related to the uncracked elastic material, εe, and one related to
the additional deformations due to opening of cracks, εcr:
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ε = εe + εcr (5.1)

In this model the behavior of a crack is split into a matrix part and a fiber part (see
figure 5.1), where the matrix crack is described through a plasticity model. In general a
crack is initiated as the stress reaches the yield-surface according to the plasticity theory.
In the current investigations the cohesion is chosen sufficient high, in order for the first
crack to be initiated under pure mode I conditions. Due to this the first crack will be
perpendicular to the direction of the first principal stress and after initiation the crack
direction remains fixed. In figure 5.2 a local coordinate system is shown for a crack.

ft,SH,0

ft

SHFRCC: ESH(ε)

Fibers

Matrix

σ

εεu

Figure 5.1 The normal stress in the composite, the normal stress in a matrix crack and the
normal fiber-bridging stress as a function of the normal strain in the composite.

x
y

n

m

Figure 5.2 Local coordinate system in crack.

On the composite-level, the following data are needed for the model (see figure 5.1): the
initial E-modulus, E0, Poisson’s ratio, ν, the tensile strength, ft,SH,0, a constant, b, that
describes the crack opening, at which the crack becomes stress free during unloading,
and the threshold angle, φ, which limits the angle between two crack systems. This
threshold angle should be related to physical observations. In figure 5.1 the uniaxial
tensile response for the SHFRCC-material is shown up to localization. In the figure the
normal stress in the matrix crack and the fiber-bridging stress on a crack surface are
plotted as a function of the normal strain. It is assumed that all cracks in one direction
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associated with a material point have identical crack opening. Simulations by Dick-Nielsen
et al. (2006b) have shown that interaction between micro cracks and initial defects leads
to a jagged strain-stress relationship, which also is observed in test (Wang & Li 2004). To
avoid numerical problems during computations, an idealized smooth curve is employed
as shown in figure 5.1. Finally, information about the number of cracks per length, l, in
the RVE as a function of the normal strain is needed (see figure 5.3). This relationship
will be denoted the crack evolution law and is assumed to be continuous. The length of
the RVE, l, should be chosen sufficiently high in order to represent the behavior of the
material. The crack evolution law creates a link between the behavior of a single crack,
the (δ, σ)-relationship, and the behavior of the continuum, the (ε, σ)-relationship:

εcr = δn (5.2)

In the current version the crack evolution law is calibrated through experiments. Exam-
ples of micro-mechanical models for the crack evolution law can be found in the literature,
see e.g. (Aveston, Cooper & Kelly 1971) and (Wu & Li 1995).

n

1/l

2/l

3/l

1

F

εt ε

Figure 5.3 Crack evolution law: strain vs. crack number per length, n.

For the fibers, only a shear stiffness constant, k, giving the relationship between crack
opening tangential fiber-bridging stresses, is needed. This constant depends on the fiber
volume fraction, Vf , the shear modulus for the fibers, Gf , and the shape of the fibers
(Kabele 2002). The shear stiffness constant can be calibrated through experiments.

The material parameters required for the matrix are the tensile strength, ft,0, the co-
hesion, c0, two friction coefficients for the yield-surface, μf and μ0, a friction coefficient
for the plastic potential, μg,0, and the mode I and II fracture energy, GF,I and GF,II . The
mode I fracture energy can be found through a wedge splitting test and inverse analysis
(Østergaard, Walter & Olesen 2006) and (Østergaard & Olesen 2006), while the mode II
fracture energy is a fitting parameter.
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5.2 Matrix Model

A modified version of the concrete model developed by Carol et al. (1997) is employed for
the matrix crack. The model is an elasto-plastic material model for damage initiation and
propagation. A modified Mohr-Coulomb yield-surface, f , is employed and the cracks are
bridged by cohesive stresses. This model is able to capture the dilation effect during sliding
of cracks, and therefore it allows the cracks to propagate under mixed mode condition.
The dilatation phenomenon is essential, when modeling crack propagation in cementitious
materials. If a crack during sliding is confined in the normal direction, large compression
stress will be build up. Omitting this phenomenon in a cementitious material model can
lead to a wrong estimation of the load carrying capacity of a structural member. The
model includes damage parameters and as the damage increases, the shape of the yield-
surface will gradually tend towards a point, after which the crack becomes traction free.
The matrix stress, sm, can be split up in a normal and a tangential component (sm

nn, sm
mn)

and the crack opening, δ, can be split up in the same manner (δnn, δmn).

5.2.1 Yield-Surface

In the matrix model, a modified Mohr-Coulomb yield-surfaces closed by a circular yield-
surface is employed (see figure 5.4). The modified Mohr-Coulomb yield-surface, f1, can
be written as:

f1 = (sm
mn)2 − (c − sm

nnμ)2 + (c − ftμ)2 (5.3)

where c is the cohesion, μ is the friction coefficient and ft is the tensile strength of the
matrix. The Mohr-Coulomb yield-surface is closed in compression by a circular yield-
surface, to make sure that the crack becomes stress free for large crack openings and to
ensure that too large stresses are not build up in compression. The expression for the
circle is given as:

f2 = (sm
nn − sc)

2 + (sm
mn)2 − r2 (5.4)

where sc is the normal stress in the center of the yield-surface and r is the radius of
the yield-surface. The uniaxial compression strength, fc, can be found, when knowing
the normal stress in the center and the radius of the yield-surface. The two yield-surfaces
intersect at the normal stress, s′, and as shown in figure 5.4 a smooth transition is ensured.
This is achieved by letting the center of the circle, sc, as well as the radius, r, be a function
of the material parameters, c, μ, ft and s′.

The material softens as the crack opens. In the present model the yield-surface can
only contract and the contraction will occur as the cracks open and slide. The model
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Figure 5.4 Modified Mohr-Coulomb yield-surface. The transition between the Coulomb
surface, f , and the circle surface, f ′, is marked by a dashed line.

can be extended by allowing the yield-surface to reestablish partly as a crack closes, and
thereby partly reestablish the compression and friction capacity.

5.3 Fiber Model

The mode I fiber-bridging stiffness, eb, is found through an inverse analysis, based on
information about the global stiffness, ESH , for a given normal strain (see figure 5.1), the
initial E-modulus for plane stress, E = E0/(1 − ν2), the number of parallel cracks per
length, n, and the pure mode I stiffness for a given crack opening, em

nn,I . The inverse ana-
lysis scheme can be replaced by an analytical fiber-bridging model, giving the relationship
between bridging stress and crack opening. The shear stiffness of the fibers is modeled as
randomly orientated Timoshenko beam Kabele (2002). The relationship between crack
deformations and shear stresses are found from standard solutions:

sb
nm = k

δnm

δnn

(5.5)

where k is a constant calibrated by test, and δnn and δnm are the mode I and II opening
of the crack.

5.4 Un- and Reloading

In experiments carried out by Kesner & Billington (1998) it was found, that the elastic
E-modulus tends to degrade as a function of the largest crack opening obtained. During
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un- and reloading of the matrix the simple scheme with this degrading of normal stiffness
taken into consideration, is employed. The scheme is illustrated in figure 5.5 and written
in eq. (5.6):

ft,0

bδmax

1
em
nn

(δmax, sm,pl
nn )

δ

σw

Figure 5.5 Un- and reloading of matrix.

em
nn,un =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

sm,pl
nn /((1 − b)δmax) δnn > bδmax

0 bδmax > δnn > 0

∞ δ = 0

(5.6)

where b, is a constant calibrated by experiments, sm,pl
nn is the normal stress before unloading

and δmax is the maximal normal crack opening before unloading. During unloading the
number of cracks remains constant.

A similar scheme is employed for the fibers in the normal direction. The fibers become
elastic, when the normal crack opening decreases:

eb
nn,un =

⎧⎪⎨
⎪⎩

sb,pl
nn /((1 − b)δmax) δnn > bδmax

0 bδmax > δnn > 0
(5.7)

where eb
nn,un, is the fiber normal stiffness during unloading and sb,pl

nn is the fiber normal
stress before unloading. When the crack is closed the normal stress is transferred entirely
through the matrix. In the tangential direction the fiber stiffness is modeled as elastic
Timoshenko, and eq. (5.5) is therefore still valid during un- and reloading.
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5.5 Initiation of Second Crack Direction

The first crack is initiated, when the first principal stress reaches the tensile strength of
the SHFRCC-material, ft,SH,0. The normal to the crack surface is parallel with the first
principal stress and after crack initiation the crack direction remains fixed. An angle
threshold limits the angle between two crack systems, and the size of the angle threshold
is determined through experiments. A second crack system is initiated, when the stress
state in the matrix outside the angle threshold reaches the yield-surface. The normal to
the second crack system is parallel to the normal to the yield-surface.

5.6 Simulation of Mixed Mode Crack Opening

The capability of the material model is demonstrated considering the opening of a single
crack at a material point (see figure 5.6). The dimension of the RVE associated with the
material point is 10 mm x 10 mm (l x l). The load is applied along the upper boundary
in two steps. In the first step, a displacement, uI , perpendicular to the crack surface is
applied. This displacement is kept constant in the second load step, while a displacement,
uII , in the direction parallel to the crack surface is applied. In figure 5.7 the displacement
load as a function of the time increment, t, is shown.

uI

(a) Load I: Pure
mode I crack propa-
gation.

uII

(b) Load II: Mixed
mode crack propaga-
tion.

Figure 5.6 Opening of a single crack in a RVE.

5.6.1 Model Input

The material data for the composite-level applied for this simulation are found from a
FPB test and an inverse analysis (Østergaard et al. 2006), where the mix proportions are
given in table 5.1. The material is an ECC-material, with 2 volume percent PVA-fibers,
further detail can be found in Paper IV.
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Figure 5.7 Prescribed displacement, u, as a function of the time increment, t.

Table 5.1 Mix proportions of SHFRCC by weight (Østergaard et al. 2006).

Cement Sand Quarts FA (milled) FA Water SP Fibers

1.00 0.40 0.40 0.36 0.84 0.54 0.014 0.045

The material data for the matrix were not measured in the experiment and are therefore
assumed. Detailed can be found in Paper IV.

5.6.2 Simulation Results

In figure 5.8 it is illustrated how the yield-surface tends towards a point, as the material
softens. The distribution of normal and tangential stresses in the crack throughout load
step I and II is plotted in figure 5.8. In load step I the crack is initiated and opens in pure
mode I. In this step, the matrix is only bridged by normal stress and the normal stress is
reduced to 39 % of the initial tensile strength, ft,0. After the tangential displacement is
applied in load step II, compression stresses are builded up in the matrix crack thanks to
the dilation effect. After a certain amount of sliding, the dilatation effect wears off and
the stresses in the matrix are reduced towards zero.

The crack opening as a function of the time increment, t, is shown in figure 5.9(a). In
load step I, only mode I opening occurs in the crack. In load step II, normal as well as
tangential opening occurs, where the normal opening is due to the dilatation effect. The
normal opening keeps increasing until it becomes smaller than the normal stress at the
center of the circle, sc. Hereafter the dilatation effect wears off and the crack begins to
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Figure 5.8 A selection of stress points through the load history are plotted together with
the matching yield-surface. The arrows indicate the direction of the stress
evolution.
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(a) Crack opening as function of the time incre-
ment, t.
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(b) Normal stress history in the crack as a function
of the time increment, t.

Figure 5.9 Results from the simulation of the crack opening in a RVE.

The stress history in the crack is plotted in figure 5.9(b) as a function of the time
increment, t. In load step I, the crack opens in pure mode I. The difference between
the normal stress in the matrix, sm, and in the composites, s, that is observed at crack
initiation, is in good agrement with numerical observations (Dick-Nielsen et al. 2005).
In the numerical observations it was found that a crack with an opening of only a few
nanometers, runs through the matrix before debonding of the fibers takes place. Similar
experimental observations has been made by (Wang & Li 2004). Here a tensile strength
of 4 MPa was found for an SHFRCC-material, while experiments carried out by Wang
at the Technical University of Denmark, showed that the matrix tensile strength of the
SHFRCC-material was 2.8 MPa. After crack initiation in the RVE, the matrix stress,

Department of Civil Engineering - Technical University of Denmark 55



Continuum Model on the Macro Scale 5.7 Four Point Bending Beam Simulation

sm, decreases, the fiber-bridging, sb, increases and the normal stresses in the composite
have the slope ESH . In the beginning of load step II, the matrix stress decreases thanks
to dilatation. As the dilatation effect wears off, the total stress, s, converges towards the
fiber stress. The fiber-bridging remains almost constant during sliding, while the matrix
stress and thereby the total stress decreases significantly thanks to the dilatation effect.
This example demonstrates the importance of having a separate matrix crack and fiber
descriptions.

5.7 Four Point Bending Beam Simulation

Østergaard et al. (2006) have carried out FPB experiments with an SHFRCC beam and
subsequently have performed an inverse analysis to obtain the strain-hardening curve of
the material, where the inverse analysis was based on the hinge model. The dimensions of
the beam were: length 500 mm, height 60 mm and width 100 mm as shown in figure 5.10.
The beam was simply supported and loaded as shown in the figure. Point A and B were
used for measuring of vertical displacement, u, and point C to evaluate the state of the
material. In Paper V, a simulation of this FPB beam was carried out. The material model
was implemented in a user supplied routine in the commercial FEM package ’DIANA’.
In contrast to the simulation of the crack opening in a RVE, multiple cracking did occur
in the beam. For the simulation only half of the beam was modeled, due to symmetry,
and here a 70 by 17 element mesh was employed. The elements employed were 8 node,
quadrilateral isoparametric plane stress elements. The elements were based on quadratic
interpolation and Gauss integration. The simulation was stopped as the ultimate strain,
εu, was reached and localization was about to occur.

AB

C
60 mm

125 mm 125 mm

CLP/2

Figure 5.10 Four point bending beam. Due to symmetry only half the beam was modeled.
Point A and B were used to measure a relative deflection, while point C was
used to evaluate the state of the material.

5.7.1 Model Input

The beam was made of the same material as the RVE in the simulation of a single crack
(see section 5.6.1). To obtain information about crack opening and spacing from the si-
mulation, information about the number of cracks per length, n, as a function of the total
normal strain in the crack normal direction, εnn, was required (see figure 5.3). Because
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these data were not measured in the experiment, the following reasonable results were
assumed: (εnn; n [mm−1]), (7.9·10−5; 0.02), (1·10−4; 0.04), (1·10−3; 0.06 ), (3·10−3; 0.08)
and (6·10−3; 0.1). The cracks in the beam mainly opened in mode I, and therefore the
matrix parameters only had little influence on the global response like e.g. the displace-
ment.

5.7.2 Simulation Results

In figure 5.11(a) the load-deflection curve from the simulation is plotted, together with
the upper and lower bound from the experiments. In contrast with the experiments,
a partial unloading was performed in the simulation to demonstrate the capability of
the model. The load was applied in three steps: first the load was increased until a
deflection of approximately 0.7 mm was reached (load point I), then a partial unloading
was performed to load point II and finally the load was increased in the remaining part of
the simulation. As shown in the figure, the model was able to reproduce the experimental
results very well.
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(a) Load deflection curve. The displacement is
measured a differential displacement between point
A and B.
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(b) Total stress, s, fiber-bridging stress, sb, and ma-
trix stress, sm, in the normal crack direction at
point C vs. deflection.

Figure 5.11 Results from the FPB simulation.

In figure 5.11(b) the normal stress, s, at point C is plotted as a function of the relative
deflection. The total stress, s, reaches a peak at a relative deflection of approximately 1.1
mm. The unloading scheme works as intended, leaving a permanent plastic deformation
after unloading. At a deflection of 1 mm, the matrix has become stress free and the crack
is therefore mainly bridged by the fibers.

Figure 5.12 shows the crack pattern at a deflection of approximately 0.9 mm before
localization takes place at the bottom of the beam. The line thickness corresponds to the
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crack opening. Due to the constant bending moment in the middle section, the cracks in
this section are almost parallel. The constant bending moment in this section also causes
the cracks along the bottom of the section to localize at the same time.

CLP/2

Figure 5.12 Crack pattern in the beam at a deflection of 0.9 mm. The line thickness
corresponds to the crack opening.

The relationship between the relative deflection and the average normal crack opening,
δnn, at point C is plotted in figure 5.13(a). During unloading from load point I to point
II, the average crack opening associated with point C decreases linearly towards zero.
At a relative deflection of 1.1 mm, the average crack opening associated with point C is
70 μm, which is a typical magnitude for a SHFRCC specimen before localization takes
place (Fischer et al. 2007).
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(a) Average crack opening at point C vs. deflec-
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(b) Average crack spacing at point C vs. deflection.

Figure 5.13 Results from the FPB simulation.

The average crack spacing at point C is plotted as a function of the relative deflection
in figure 5.13(b). After the first crack is initiated, the average crack spacing is 50 mm.
The spacing decreases until load point I is reached. During unloading from load point I
to load point II the deflection decreases, but the crack spacing remains constant. After
reloading to load point II the crack spacing decreases until a spacing of 10 mm is reached,
after which the spacing remains constant.
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5.8 Infill Panels

5.8.1 Introduction

In the United States, steel moment-frame constructions are an often-used construction
type. However, brittle failure has been detected in beam-column welded connections
during earthquakes. To avoid these brittle failures, it has been suggested by Kesner &
Billington (2005) and Olsen & Billington (2007) that constructions should be retrofitted
by inserting precast infill panels to increase the stiffness and energy dissipation during
seismic loading. The infill panels are bolted into the steel frames, which makes the system
highly replaceable if damaged (see figure 5.14). The infill panels are made of SHFRCC;
one proposed mix is shown in table 5.2 (Olsen & Billington 2007). The fibers are made of
steel, have a length of 30 mm, a diameter of 0.38 mm, and they have a twist at the end
to improve pull-out behavior.

Existing Slab 

Existing Steel Frame 

SHFRCC Infill Panels 

Figure 5.14 Retrofit schematic (Olsen & Billington 2007).

Table 5.2 Mix proportions of SHFRCC by weight (Olsen & Billington 2007).

Cement Water Sand Fly Stones SP Viscous Steel
Ash 13 mm Agent Fibers

1 0.6 1.7 0.5 1 0.003 0.0095 0.244

Experiments have been performed on a single panel (Olsen & Billington 2007) with
a test setup as shown in figure 5.15(a), in which the dimensions of the panel were 914
x 457 x 70 mm (36 x 18 x 2.75 inches). In the construction two panels were bolted
together and then bolted to the steel frame, using bolts with a diameter of 25.4 mm.
The panel contained a reinforcement web with a bar spacing of 76 mm (3 inches), a bar
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diameter of 3.3 mm and a perimeter reinforcement with a diameter of 9.5 mm. The U-
profiles employed at the top and bottom boundaries of the panel were the two halves of
HSS14x4x1/2 (h1xh2xt in inches) tube. In the experiments the panel was loaded through
a loading arrangement at the top of the panel, which dictated a horizontal displacement,
u. The displacement was increased 8 times, starting with a displacement, ucycle, of 0.92
mm and ending with a 27.4 mm displacement. Each load step consisted of three load
cycles, where the load was reversed from positive to negative, ±ucycle.

u, P

U-profile
Bolts

A

B

(a) Test setup for infill panel experiments. A and B
were points from which the state of the material was
analyzed. Point B is located 50 mm above point A.

(b) Reinforcement arrangement.

Figure 5.15 Infill panel: test-setup and reinforcement arrangement

A number of uniaxial tensile tests have also been carried out (Olsen & Billington 2007).
The specimens in these tests were shaped like a dog-bone, where the center part had the
dimensions 203 x 51 x 25 mm (8 x 2 x 1 inches) and the deformations were measured
over a length of 175 mm. Figure 5.16(a) shows the results from the uniaxial tensile tests.
The same SHFRCC mix was used for all the tensile specimens, but the large scatter can
have been caused by a variation in the distribution of fibers. The curve emphasized with
the thick line is here used as a reference curve in simulations of the panel behavior. This
curve is chosen, because it is located in the lower part of the results. Since the dog-
bone specimen was 25 mm thick and the length of the fibers was 30 mm, the fibers are
mostly distributed in two dimensions. The panel was 70 mm thick, which results in a
fiber distribution close to three dimensions. Three-dimensional fiber distribution results
in lower bridging stress than two-dimensional fiber distribution, as has been shown by
Lin et al. (1999). Figure 5.16(b) illustrates how the crack evolution law can be found
from the uniaxial tensile curve. The crack evolution law gives the relationship between
the normal strain, εnn, and the number of cracks per length, n. In this case the length,
l, is the length over which the elongation was measured in the dog-bone specimen (175
mm). It is assumed that a crack is formed each time the stress in the tensile test drops.
This is indicated with vertical dashed lines in figure 5.16(b).
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(a) Data from uniaxial tensile curves (Olsen &
Billington 2007). The thick one was selected as
the reference curve in this investigation.
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(b) The uniaxial reference curve from the exper-
iment and the corresponding smooth curve used
in the simulation. The dashed lines indicate the
points where new cracks are assumed to be initi-
ated.

Figure 5.16 Relationship between uniaxial tension and normal strain.

The material model presented here is intended as a tool for the design engineer in the
design phase. Once the material parameters are known, information about the behavior
of a construction and information about crack opening, orientation and spacing can also
be obtained. It is also possible to investigate the effects of material modifications on the
structural scale as well as on the material scale (the crack pattern). In the next section,
a simulation of the infill panel with the reference material parameters and a parameter
study of the influence of matrix and fiber properties will be described. Since the yield
surface cannot be reestablished once it has softened, it is not recommended to let the
material undergo compression once the cracks are initiated. Therefore the simulations
stop, when the cracks close.

5.8.2 FEM model

The FEM model employed is shown in figure 5.17. The elements in gray are the part
of the panel that is fixed in the U-profile. The elements employed were 8-node, quadri-
lateral isoparametric plane stress elements, based on quadratic interpolation and Gauss
integration. The reinforcement was modeled using embedded reinforcement elements po-
sitioned as shown in figure 5.15(b). The simulations were performed using the commercial
finite-element package, DIANA.

The bolts and the bottom of the U-profile act as springs along the lower support when
loaded in tension. So four springs were employed to transfer the tensile stresses and a
fixed support was employed to transfer the compression stresses as shown in figure 5.17(b).
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(a) Mesh applied for the FEM model.

u, P

(b) Supports applied for the FEM-model. Spring sup-
port to the left and fixed support to the right, to sim-
ulate bolts and contact pressure.

Figure 5.17 The mesh and supports applied for the FEM model of the infill panel.

The four springs were positioned with a spacing, b, of 51 mm (2 inches), which coincides
with the distance from bolt center to bolt center. The bottom of the U-profile could be
modeled as a series of plates as shown in figure 5.18. The vertical spring stiffness, k, can
then be estimated when disregarding the bolt holes and the bolts:

k = 192EI/L3 = 16Ebt3/L3 = 300MN/m (5.8)

where t is the thickness of the profile, L, the length of the beam and E is Young’s modulus
for steel. Due to the bolt holes, which reduce the cross-section and the axial stiffness of
the bolts, the spring stiffness was set at 200 MN/m.

5.8.3 Material data

The tensile curve employed for the SHFRCC material is shown in figure 5.16(b), where
the curve is simplified as a multi-linear strain-stress relationship. The tensile strength,
ft,SH,0, is 1.7 MPa, Young’s modulus, E, is 23 GPa, the ultimate stress, σu, is 2.66 MPa,
and Poission’s ratio ν is set to 0.15. The relationship between normal strain, εnn, and the
number of cracks per length, n, is shown in figure 5.19(b). The unloading parameter, b,
is assumed to be 0.5.

The material data for the matrix were not measured in the experiments. To perform
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(u, Pb)
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t

L

Figure 5.18 A section of the U-profile and an interpretation of how the bottom of the U-
profile can be modeled as a series of parallel beams with the length, L width b
and thickness t. Here u and Pb are matching values of the midspan deflection
and load transferred through a bolt.

the simulations the reference material data for the matrix were assumed as follows: the
tensile strength, ft,0, is 1.6 MPa, the cohesion, c0, is 5 MPa, the mode I and II fracture
energy, GF,I and GF,II , are 50 N/m, the friction coefficients, μf , μ0 and μg, are 0.2, 0.4
and 0.3, the initial normal stress at the intersection between the Coulomb and the circular
yield surface, sc, is -20 MPa and the constant related to the rate at which the yield circle
subtract, a, is -1.

A parameter study investigating the influence of fiber distribution, fiber amount and
matrix properties was performed. In the parameter study three variations were made in
relation to the reference material parameters. The strain-hardening and evolution curves
employed are shown in figure 5.19. The material model is only valid up to the point where
localization occurs, so only the part of the strain-hardening curves up to localization is
shown. Figure 5.20 shows the relationships between the mode I crack opening and the
normal bridging stress.

In variation 1, the reference fiber-bridging curve and matrix properties were kept un-
changed (see figure 5.20), while the crack evolution law was modified. The modification
gave rise to a larger number of cracks for a given normal strain. The change of crack evo-
lution law could represent better fiber distribution. The larger number of cracks results
in a larger normal strain at localization. The stress level of the strain-hardening curve
remains unchanged compared with the reference parameters, because only the number of
cracks is changed.
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In variation 2 the tensile strength, ft,SH,0, was increased from 1.7 MPa to 2.0 MPa
and the ultimate stress, σu, was increased from 2.66 MPa to 5.32 MPa, while the crack
evolution law and the matrix properties were kept constant. These changes could represent
an increased amount of fibers

In variation 3, the tensile strength, ft,SH,0, and the matrix tensile strength, ft,0, and
fracture energy were all increased compared with the reference parameters, while the crack
evolution law was kept unchanged. The fiber-bridging curve in variation 3 was very close
to that used in variation 2 (see figure 5.20). The fracture energy of the matrix, GF , was
increased from 50 N/m to 75 N/m, the tensile strength, ft,0, from 1.6 MPa to 3.2 MPa,
and the resulting tensile strength from 1.7 MPa to 3.5 MPa.
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Figure 5.19 Material curves for the parameter study.

0 50 100 150 200
0

1

2

3

4

5

δnn [μm]

σ 
[M

Pa
]

Matrix: Reference, var. 1 & 2
Matrix: Variation 3

Fibers: Variation 3

Fibers: Reference & var. 1

Fibers: Variation 2

Figure 5.20 Stress separation curves for matrix and fiber-bridging curves.
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5.8.4 Results and discussions

The load-deformation curves for the four simulations are shown in figure 5.21. The load-
deformation curves for the reference material parameters and for material variation 1 are
all most identical due to the very similar strain-hardening curves. Since the stress level
is increased in the strain-hardening curves in variation 2 and 3 the load, P , is increased
as well.
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Figure 5.21 Comparison of one loop for experiment and simulation. The experimental
results are from (Olsen & Billington 2007).

Figure 5.22 shows the crack pattern for the four simulations, and figure 5.23 shows
contour plots of the crack openings at a deformation, u, of 0.92 mm. Each element contains
four integration points at which information about average crack opening, orientation and
spacing was calculated. In the figure, only the crack with the largest opening in each
element is plotted. Figure 5.24 illustrates the crack pattern observed in the experiment
during the different load stages. The simulations only cover a drift of 0.1 %, where the drift
is measured as the displacement, u, divided with the height of the specimen. At this drift,
no visible cracks were observed in the experiment. In the simulation with the reference
material parameters, most crack openings are less than 50 μm and therefore not visible
for the naked eye. The crack pattern observed in the simulation matches that found in the
experiment in the final load step, where the localization occurs at the bottom left-hand
corner. The crack pattern found in the simulation with material variation 1 resembles
the pattern found with the reference material parameters. The size of the damaged area
and the orientation of the cracks resemble the reference pattern, due to a similar stress
level of the strain-hardening curve and a matching tensile strength, ft,SH,0. The crack
openings differ due to the difference in the crack evolution laws. Figure 5.22(c) shows the
crack pattern for the simulation with material variation 2. The size of the damaged area
here is a little larger than the reference. The increase in the stress level in the strain-
hardening curve results in a larger crack opening at the bottom of the panel and smaller
crack openings in the rest of the panel. Finally figure 5.22(d) shows the crack pattern for
the panel employing material variation 3. Compared to the reference material parameters
the tensile strength, ft,SH,0, is increased from 1.7 MPa to 3.5 MPa. Due to this increase
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the size of the damaged area is considerably reduced. The crack openings in the damaged
area are similar to those observed for variation 2.

(a) Cracks in the refer-
ence panel.

(b) Cracks in the panel:
parameter variation 1.

(c) Cracks in the panel:
parameter variation 2.

(d) Cracks in the panel:
parameter variation 3.

Figure 5.22 Crack orientation in the simulations of the infill panels.
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(a) Cracks in the refer-
ence panel.
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(b) Cracks in the panel:
parameter variation 1.

> 100 μm

< 10 μm

(c) Cracks in the panel:
parameter variation 2.

> 100 μm

< 10 μm

(d) Cracks in the panel:
parameter variation 3.

Figure 5.23 Crack opening in the simulations of the infill panels.
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0.1 % drift 0.25 % drift 0.375 % drift 0.5 % drift

0.75 % drift 1.0 % drift 1.5 % drift final drift

Figure 5.24 Observed cracks in the experiment (Olsen & Billington 2007).

Figure 5.25 illustrates the normal stresses in the matrix and fibers as a function of
the normal crack opening at points A and B respectively (see figure 5.15(a)) for the
four simulations. For the panel with the reference material parameters, the average crack
opening at points A and B is 185 μm and 61 μm respectively at a horizontal displacement,
u, of 0.92 mm. Variation 1 has a better fiber distribution, but maintains the same material
data results in a reduced crack opening at point A from 185 μm to 115 μm and at point
B the crack opening is reduced from 61 μm to 53 μm. A better distribution of fibers
and therefore the appearance of more cracks, results in a larger strain capacity and less
visible cracks. In variations 2 and 3, the fiber-volume ratio is increased, which results in
an increased stress level in the strain-hardening curve. The increased fiber volume ratio
results in crack openings of the same magnitude as was the case for material variation 1
at point A, while the crack openings at point B are reduced by a factor of 2.
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(b) Normal stresses at point B.

Figure 5.25 Normal stresses in the matrix (M) and the fiber-bridging (F) stresses.

Figure 5.26 shows the average crack spacing at points A and B respectively for the four
simulations. The crack evolution law shown in figure 5.19(b) for the reference material
was derived using the data from the uniaxial tensile test for the dog-bone specimen (see
figure 5.16(b)). The elongation of the dog-bone specimen was measured over a length of
175 mm. At the instance the tensile strength is reached in the panel, it is assumed that the
average crack distance is 175 mm. The next cracks are then initiated continuously until a
normal strain of 0.22 % is reached (see figure 5.16(b)), and for increasing normal strain the
number of cracks associated with one integration point remains constant. Figure 5.26(a)
shows that the number of cracks in the panel with the reference material parameters
remains constant after a displacement, u, of 0.59 mm. At this displacement, the average
crack spacing is 58 mm. In the experiments a crack spacing of approximately 30-50 mm
was measured at the final drift. At point B in the simulation, the maximal number
of cracks has not yet been reached at a displacement of 0.92 mm. The average crack
distance at this point is 77 mm. In variation 1, the average crack distance is reduced
from 58 mm to 34 mm at point A, and before unloading the number of cracks has not yet
reached a constant level. In variation 2 the tensile strength, ft,SH,0, is increased from 1.7
MPa to 2 MPa. This increases the displacement, u, at which the first crack is initiated
compared to the panel with the reference material parameters. The higher stress level in
the strain-hardening curve results in reduced crack spacing due to an unchanged crack
evolution law. At a displacement, u, of 0.62 mm, the number of cracks associated with
one integration point reaches a constant level. In variation 3 the tensile strength, ft,SH,0,
is increased from 1.7 MPa to 3.5 MPa, which is why the first crack at point A is initiated
at a displacement, u, of 0.22 mm compared to a displacement of 0.12 mm in the panel
with the reference material parameters. The crack spacing reaches a level similar to that
obtained for variation 2 and the reference case at a deformation, u, of 0.92 mm. Common
for all the simulations is that the crack spacing has not yet become constant at point B
before unloading.
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Figure 5.26 Average displacement between cracks.

5.9 Concluding Remarks

In Paper IV a plasticity-based damage mechanics model for Strain-Hardening Fiber Re-
inforced Cementitious Composites (SHFRCC) has been introduced. The present model
differs from existing models by combining a matrix crack model and a fiber-bridging
model to describe the behavior of the SHFRCC material. Apart from information about
the stress and deformation state, the model provides information about crack orientation,
opening and spacing. The information provided by the model makes it possible to assess
the state of an SHFRCC-structure in the state where the multiple cracks evolve.

A demonstration of the model has been performed, by simulating the behavior of a single
crack in a RVE made of SHFRCC. This simulation demonstrated the need to separate
the matrix crack and fiber-bridging behavior very well. During sliding of a crack the
change in fiber stresses was insignificant, but thanks to the dilatation effect, the matrix
and thereby the overall stresses were significantly decreased.

The capability of the model is demonstrated on the structural level in Paper V, by
simulating the behavior of a FPB beam and an infill panel. The results obtained from the
FPB beam simulation agreed to a large extent with the experimental results, and detailed
information of the crack pattern was obtained.

In the simulation of the infill panel with the reference material parameters, good agree-
ment between the simulation results and experimental observation was reached. A pa-
rameter study of the fiber and matrix properties showed that with relatively moderate
changes it is possible to design the crack pattern as desired.
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The present version of the model is limited to handling the initial crack system, where
no cracks localize. Furthermore, the yield surface is not allowed to reestablish as the
crack closes. This means that if a stress-free crack closes, then it is not able to transfer
compression or friction stresses.
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Chapter 6

Conclusion

The main aim of the present thesis has been to derive an ECC-material model and im-
plement it in a Finite Element Method (FEM) program. The work is divided into three
scales: On the micro scale it has been investigated whether crack propagation was best
described by Linear Elastic Fracture Mechanics (LEFM) or a cohesive approach. Fur-
thermore the fiber debonding process was analyzed. On the meso scale, the conditions
leading to multiple cracking were studied and on the macro scale a material model for the
ECC-material was derived.

The investigation of the micro scale showed that, when using a cohesive approach the
size of the process zone proved large compared with the initial flaws. For this reason
LEFM could not be used to simulate crack propagation in the ECC-matrix and the
cohesive approach: the fictitious crack model was adopted in the remaining part of the
thesis. Furthermore the investigation showed that the first crack strength was only weakly
influenced by the sizes of the initial flaws, when employing the cohesive approach, which
complies to experimental observations and is in contrast with what was predicted by
LEFM.

Furthermore on the micro scale, it was examined whether superposition of average
cohesive laws was valid in order to arrive at a cohesive law for the ECC-material. Special
attention was given to the Cook/Gordon effect, where the fiber-matrix interface could start
debonding, thanks to a tensile stress-field in front of a matrix crack. The investigation
was limited to matrix-crack propagation perpendicular to the fiber. With this limitation
it was found that superposition was valid for small crack openings. This was mainly
due to the matrix-crack propagating around the fiber, before significant debonding in the
fiber-matrix interface took place.

On the meso scale, conditions under which matrix cracks propagate have been inves-
tigated. In the present investigation as well as in the derivation for the steady-state,
flat-crack criterion, only one crack was studied. It was found that the crack opening
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during crack propagation was less than 20 μm for crack lengths up to 400 mm. Thus
the crack propagation in ECC and the maximum fiber-bridging stress were found to be
two separate issues. Insuring that the first crack strength is lower than the maximum
fiber-bridging stress is therefore important if strain-hardening is desired. However there
is no simple way to predict the first crack strength, because it depends on many coupled
parameters. The few simulations with specimens containing multiple cracks indicated,
that the interaction between micro cracks played a major role on the strain-hardening.
However a simple description of this can not be found thanks to the many phenomena
involved. A parameter study showed that the first crack strength and the evolution of the
opening in the crack middle were influenced primarily by the cohesive law of the matrix
and the fiber bridging curve, and only weakly by the initial flaw size. Multiple cracking
could be promoted, reducing the matrix tensile strength (keeping the fracture energy)
since the first crack strength for the ECC-material was then reduced. Furthermore it
was found that reducing the tensile strength lead to a more stable crack growth. In con-
trast to what was stated in the steady-state, flat-crack criterion, it was found that the
complementary energy of the fiber-bridging curve only had a weak influence on the crack
propagation of a single crack.

A material model for the ECC-material was derived on the macro scale. The model
differs from existing models by combining a matrix and a fiber description. The model is
based on smeared cracking and the matrix is described using a plasticity model including
damage parameters. Where existing models provide information about the stress level,
deformations and crack orientation, this model provides additional information about
crack opening and spacing. These additional pieces of information are important for
engineers when assessing the state of a construction in the state, where the multiple cracks
evolve. The capability of the material model was demonstrated in three examples, where
the need to separate the model in a fiber part and a matrix part was neatly demonstrated
in the simulation of a single crack. During sliding, the change in fiber stresses remained
constant, while the matrix stresses decreased significantly, thanks to dilatation in the
crack. The results obtained from the four point bending beam simulation, agreed very
well with the experimental results. This example demonstrated how information about
crack spacing and opening can be extracted from the simulation.

Finally a demonstration of the ECC-model was performed on the construction level
by simulating the behavior of a Four Point Bending (FPB) beam and an infill panel
both made of ECC-material. The results obtained from the simulation of the FPB beam
agreed well with the experimental results. In addition to global stresses and deformations,
information about crack traction, opening, orientation and spacing was obtained. In the
simulation of the infill panel good agreement between the simulation results and the
experimental observation was reached as well. A parameter study of the fiber and matrix
properties for the infill panel showed, that with relative moderate changes it was possible
to design the crack pattern as desired.
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6.1 Recommendations for Future Work

The study of superposition of average cohesive laws on the micro scale was limited to
crack propagation in the matrix perpendicular to the fiber, and the model only contained
a single fiber. An interesting extension of this analysis would be to have multiple fibers in
one model. Furthermore an expanded analysis should cover fibers inclined to the matrix
crack. If the model contains inclined fiber, it is important that it is able to capture
spalling as well, because this phenomenon is often observed in connection with inclined
fibers.

On the meso scale, the conditions for strain-hardening were investigated. The investi-
gation was mainly limited to specimens containing a single crack. Only two simulations
contained multiple cracking. The preliminary results from the multiple cracking simula-
tions encourage a further investigation of the interaction between cracks and micro defects
during strain-hardening.

The material model for the ECC-material, developed for the macro scale, is capable of
handling crack initiation and opening and sliding of the cracks. As the cracks open, the
yield-surface tends towards a Mohr-Coulomb yield-surface. If unloading occurs and the
cracks close, the yield-surface remains unchanged. A more realistic behavior would be
achieved if the yield-surface was allowed to expand and thereby partly reestablishing the
frictional behavior of the cracks. Another extension of the model would be to incorporate
the behavior of the cracks, as localization occurs. The current version is limited to the
state, where the multiple cracks evolve.
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Summary This paper discusses the tensile strength of bulk mortar and cement paste as a function of
the initial defects and the toughness of the mortar and paste. A cohesive crack model, the fictitious crack
model, is applied and it is shown that the process zone is of considerable length and that consequently
LEFM cannot be used for prediction of tensile strength of the bulk material based on realistic defect sizes.

Introduction

Cement, mortar and concrete are usually characterized as brittle or quasi-brittle materials. The
proper modelling of crack initiation and propagation in these materials has been under debate and
intense research for more than 30 years. By now it is generally agreed upon that the cohesive
crack model called the fictitious crack model, attributed to Hillerborg, [1], provides a reasonable
consistent framework for the modelling of mode I propagation in concrete.

In implementations of the fictitious crack model it is not always insured that the stress intensity
factor at the tip of the fictitious crack is in fact eliminated by the applied cohesive stresses, which
in this case classifies the fictitious crack model as a bridged crack model rather than a cohesive
crack model according to Cox and Marshall, [2].

Mortar is more brittle than concrete and neat cement paste again in general is more brittle than
mortar. This effect is ascribed to the toughening effect of the aggregate at various scales linked to
mechanisms like micro-crack shielding, crack deflection, crack trapping and aggregate/ligament
bridging, see [3]. Each of these mechanisms lend itself to bridged crack modelling, while fine
mortar and cement paste alone is often considered as materials which can adequately be described
by linear elastic fracture mechanics, LEFM. Unfortunately the LEFM approach to neat cement
paste or fine mortar presents discrepancies with respect to both the absolute size of initial defects
as well as the dependency of tensile strength of the bulk material on variations in initial defect size.

In the present paper a cohesive version of the fictitious crack model is introduced in order to
describe the influence of initial defects on the tensile strength of bulk. It is shown that even for
such brittle materials the cohesive zone (or the process zone) is long enough to eliminate the use
of LEFM. Also, it is found that the relation between initial defect size and tensile strength found in
experiments by Wang and Li, [4] can be described with the fictitious crack approach. The approach
taken is similar to the approach taken by Li and Liang in the investigation of fracture processes in
concrete and fiber reinforced cementitious composites, [5].

Theoretical background
Material model
In this paper a crack in mortar is assumed to be cohesive and the cohesive law is simplified by
a bilinear stress-separation curve as shown in Figure 1, where the area under the curve can be
interpreted as the fracture energy GF . The material is assumed to be linear elastic until the tensile
strength ft is reached. After crack initiation the material softens and follows the bilinear stress-
separation relationship.
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Figure 1: Bilinear stress-separation curve.

(a) Crack length. (b) Solution 1. (c) Solution 2.

Figure 2: Center cracked sheet.

Center cracked sheet

An infinite sheet with a center crack loaded in uniaxial tension is considered. The initial stress
free crack is a slit of length 2a0 and the total length of the propagated crack is 2a, see Figure 2(a).
The cohesive crack is assumed to be stable when the stress intensity factor KI is equal to zero.
The equilibrium condition for a given crack length 2a and far-field stress σ1 can be found by
superposition of the two fundamental solutions illustrated in Figure 2(b) and 2(c).

The first fundamental solution is the trivial one. The stresses, σ1 on the crack faces cause the
stress state to be uniform in the sheet, the opening of the crack to be zero v1(x) ≡ 0 and therefore
KI1 is zero. The second fundamental solution is a crack in an infinite sheet loaded along the crack
face by the stresses σ2(x). This solution is found by integration of an exact solution for a pair of
opposite point loads, see Tada [6]. This leads to the following expressions for KI2 and v2(x).

1
2
w(x) = v2(x, 0) = −

∫ a

−a

2σ2(ξ)
πE′ cosh−1 a2 − ξx

a|x − ξ|dξ (1)

KI = 0 = KI2±a = −
∫ a

−a

σ2(x)√
πa

√
a2 − x2

a ± x
dx (2)

where ξ is a variable along the x-axis, w(x) is the total crack opening, σ2(x) is positive as outward
normal to the crack face and E′ = E for plane stress. By use of the cohesive law (see Figure 1)
and obtaining equilibrium by superposition of the two fundametal solutions the stress distribution
along the crack face is:

σ2(x) = σw (w(x)) − σ1 with σw(x) = 0 for |x| ≤ a0 (3)

By satisfying both (1) and (3) the opening profile v2(x) can be found for a given far-field stress
σ1 and an imposed crack length a. Then KI can be found from (2). Requiring KI to be zero it is
possible from (1), (2) and (3) to find matching values for the crack length a and the far-field stress
σ1 for a cohesive crack. The solution is found by numerical integration and by use of MATLAB’s
algorithms for solving non-linear equations. The displacement interpolation along the crack face
is done by use of cubic splines. A numerical study, modelling only half the crack face due to
symmetry, has shown that it is sufficient to use 11 discrete points.
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First crack strength
Material data
The influence of the initial crack length a0 as well as the shape of the stress-separation curve on
the first crack strength σfc has been investigated.

The results of the present investigation are compared to the results by Wang and Li [4]. For
a mortar with the same mixing as mix 3 in [4], material data has been obtained from an inverse
analysis of a wedge splitting test (WST) [7] [8]. The following material data was found: the tensile
strength ft = 2.83 MPa, the stress-separations constants a1 = −1.556 · 105 m−1, a2 = −9.735 ·
103 m−1 and b2 = 0.241, the fracture energy GF = 14.05 N/m and the elastic modulus E =
31 GPa. The tensile strength ft obtained from an inverse analysis of a WST will be less than the
ideal strength of a defect free material. Therefore, in the following calculations the fracture energy
GF and the second part of the stress-separation curve a2, b2 are held constant, while ft and thereby
a1 will be varied, keeping GF constant.

The dependency of ft and a0

For values of ft between 3-6 MPa, the relationship between the far-field stress σ1 and the crack
length a are calculated and the results for ft equal to 3 and 5 MPa are plotted in Figure 3, for
different sizes of the initial crack length a0. In Figure 3 the present solutions as well as the solution
according to LEFM are plotted (σ1

√
πa = KIC =

√
EGF ). Figure 3 shows that the peak stress
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(b) Tensile strength ft = 5 MPa.

Figure 3: Far-field stress σ1 and matching crack length a.
drops when the initial crack length a0 is increased, which was expected. In the following the peak
stress will be identified with the first crack strength, σfc. Another tendency is that a high value of
ft results in a high sharp peak, while a low value of ft results in low flat peak. This is caused by
the fact that the fracture energy GF is the same in all cases. All curves approach the LEFM curve
asymptotically for large cracks. This is in good agreement with the theory of LEFM where the
fracture process zone is regarded as a point.

The materials with the different tensile strength ft all show the same tendency regarding the
development of the process zone. Figure 4 illustrates the development of the process zone for an
initial crack length a0 of 1 mm. For a tensile strength ft of 5 MPa the transition opening on the
stress-separation curve w12 is 2.59 μm, see Figure 1. For a tensile strength ft of 5 MPa and an
initial crack length a0 of 1 mm the first crack strength will appear for a crack length a of 7 mm, see
Figure 3(b). On Figure 4 it is seen that for this crack length the entire process zone will be related
to the first branch of the stress-separation curve (w < w12). For a crack length a of 12.5 mm the
beginning of the process zone is seen to cross the the transition opening on the stress-separation
curve w12. Finally, for a crack length a of 25 mm the process zone is seen mostly to be related to
the second branch of the stress-separation curve, and the process zone is still not fully evolved.
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Figure 4: Tensile strength ft = 5 MPa and initial crack length a0 = 1 mm
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In Figure 5 the first crack strength σfc is plotted as a function of the initial stress free crack
length a0. In the figure, furthermore, the results from Wang and Li [4] are plotted.

Figure 5 shows that even though mortar is often regarded as brittle, LEFM can not be used
to calculate the first crack strength σfc when reasonable initial crack lengths are considered. The
results from Wang and Li [4] show good agreement with the present results since the slope of the
experimental curve almost coincides with the present model curves in Figure 5. Through a linear
interpolation the tensile strength of the matrix is found to be 5.17 MPa.

According to the exact solutions in Tada [6] using the crack length at the peak load (ft = 5MPa
and a0 = 1mm) it is found that by altering the shape of the initial stress free crack from a slit to
a circular hole the KI will change less than 1 %. This indicates that the shape of the original
stress free crack is not that important for the first crack strength. Therefore, the present analysis is
expected to give a reasonable result regardless of the initial shape of the stress free crack.

Concluding remarks
The present results show that even though mortar commonly is regarded as brittle, LEFM can not
be used for calculation of the first crack strength. In the investigated interval of the initial crack
length a0, it is shown that the first crack strength σfc is lower than the apparent tensile strength ft.
According to LEFM the first crack strength and the apparent tensile strength will be identical in
this interval.
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Abstract 
This paper discusses the mechanism appearing during fiber debonding in fiber reinforced cementitious composites with 
special emphasis on Engineered Cementitious Composites (ECC). The investigation is performed on the micro scale by 
use of a Finite Element Model. The model is 3 dimensional and the Fictitious Crack Model (FCM) and a mixed mode 
interface model are implemented. It is shown that the cohesive law for a unidirectional fiber reinforced cementitious 
composite can be found through superposition of the cohesive law for mortar and the fiber bridging curve. A 
comparison between the numerical and an analytical model for fiber pull-out is performed. 

1 Introduction 

Fiber bridging, i.e. fibers bridging a propagating and 
opening matrix crack, is a fundamental mechanism 
governing the nonlinear behavior of fiber reinforced 
cementitious composites. The stresses carried across the 
crack by the bridging fibers are often described with an 
(average) cohesive law. When a cohesive law is applied 
for the matrix crack as well, an average cohesive law 
emerges describing the crack in the composite.1 23

Li et al. (1993) suggested using a superposition scheme 
for the fiber bridging cohesive stresses and the matrix 
cohesive law (the Fictitious Crack Model, FCM, 
Hillerborg et al., 1976) in order to derive an average 
cohesive law for fiber reinforced concrete. Engineered 
Cementitious Composite (ECC), (see e.g. Li, 2003) is a 
high performance, discontinuous fiber reinforced 
cementitious composite, which - in contrast to 
conventional fiber reinforced concrete - is characterized 
by its ability to undergo strain-hardening in tension. 
Strain-hardening is achieved through multiple cracking 
of the material. For strain-hardening to occur in an ECC 
material it is required, that the criteria for multiple 
cracking are satisfied. These criteria require that (1) the 
maximum fiber bridging stress is higher than the stress 
at which cracking is initiated and that (2) the cracks 
propagate in a steady state manner in an infinitely large 
specimen (see Li et al. 1992). Both criteria can be 
expressed in terms of the average cohesive law for the 
composite. Thus, in order to engineer ECC materials it 
is essential to be able to predict the average cohesive 
law for the composite. The cohesive law for the mortar 
can be found e.g. from a wedge splitting test and an 
inverse analysis (see e.g. Østergaard 2003). A closed 
form solution for the total response of the fibers has 
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been derived (see e.g. Lin et al. 1999). The approach in 
the derivation is first to derive an analytical solution for 
the fiber debonding and pull-out case and then integrate 
this solution over the crack surface for random 
orientation and position of the fibers. Having arrived at 
the cohesive laws for the matrix and the fibers 
respectively, the remaining question now is: can the 
cohesive law for the ECC material be found through a 
simple superposition of the two fundamental laws or 
will there be effects that make superposition invalid? Or 
in other words, is the debonding and subsequent pull-
out case representative of the fiber bridging, which 
takes place in the composite?  

One effect that might be able to cause superposition to 
be invalid is described by Cook and Gordon (1964). In 
their paper they describe how a tensile stress field is 
formed in front of a crack tip and how this tensile stress 
field can cause debonding of a weak interface in front of 
the crack. If significant fiber-matrix debonding takes 
place before the crack tip reaches the fiber, the fiber 
debonding case with an initially perfect fiber-matrix 
interface would not be representative of the fiber 
bridging case and a direct superposition would not be 
valid during crack initiation. In the present paper this 
effect will be denoted the Cook/Gordon effect. Another 
effect possibly invalidating superposition could be 
matrix spalling (Leung and Li 1992, Leung and Chi 
1995) taking place at the crack surface during inclined 
fiber debonding and pull-out. However, here matrix 
spalling is assumed to be a phenomenon primarily 
associated with fiber pull-out and thus not associated 
with the initial matrix crack propagation and fiber-
matrix debonding. In the present investigation only 
initial matrix crack propagation and the associated fiber-
matrix debonding is investigated thus matrix spalling is 
not included and only a fiber oriented perpendicular to 
the matrix crack surface is modeled.  

Though the present approach has many similarities with 
other investigations of the fiber-matrix debonding and 
pull-out problem (e.g. Stang et al. 1990, Naaman et al. 
1991, Leung and Li 1991 and others) and matrix crack 
formation in fiber composites (e.g. Aveston, Cooper and 
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Kelly 1971, Budiansky, Hutchinson and Evans 1986), 
emphasis is here placed on the interaction between 
fiber-matrix debonding and matrix crack formation. In 
the present approach matrix cracking is described using 
cohesive crack modeling originating from the FCM. 
Though the ECC matrix is often considered brittle, 
Dick-Nielsen et al. (2004) found the cohesive fracture 
mechanical approach to be more suitable than Linear 
Elastic Fracture Mechanics (LEFM) for modeling of 
crack propagation in paste and mortar. The cohesive 
crack model assumes the presence of a process zone and 
implicitly links this process zone to various micro-
cracking and bridging mechanisms in the matrix. 

The analysis presented is based on the concept of a 
Representative Volume Element (RVE). An RVE can 
traditionally be thought of either as an element 
containing a sufficiently number of microstructural 
inhomogeneities in order for it to be considered 
macroscopically homogeneous. Alternatively, it can be 
thought of as a (small) repetitive element from which a 
true RVE can be constructed. In both cases the element 
is subjected to boundary conditions which would 
introduce a homogeneous stress and strain state in the 
element, if the element was homogeneous, thus 
allowing for simple interpretation of the behavior of the 
inhomogeneous element in terms of average properties 
such as stiffness. Here the latter approach will be taken. 

In the present paper the validity of the superposition 
scheme of the fundamental cohesive laws in order to 
obtain the average cohesive law for a typical ECC 
composite is investigated. To investigate whether 
superposition of the cohesive laws for the mortar and 
fiber bridging is valid, a Finite Element Method (FEM) 
model is set up. The three basic cases: debonding of a 
straight fiber perpendicular to the crack face, crack 
propagation in pure mortar and crack propagation in a 
RVE with mortar and fiber are analyzed and a 
parameter study is performed. Finally, a comparison 
between the numerical and an analytical model for fiber 
debonding and pull-out is performed. 

2 Model description 

2.1 Mesh 
To investigate crack propagation in a RVE, a FEM 
model is used. Symmetry is assumed and the RVE is 
only representing one side of the crack (see Fig. 1). The 
aim of the investigation is to determine whether 
superposition of the cohesive laws for the fiber and the 
mortar can be applied in order to find the cohesive law 
for the RVE. Particularly, it will be investigated how the 
initial fiber-matrix debonding takes place in the fiber 
pull-out case and in the model involving matrix 
cracking, respectively. Therefore only the first part of 
the fiber-matrix debonding is relevant and the height of 
the RVE is chosen so the debonding of the fiber will not 
reach the end of the model for relevant matrix crack 

openings. To control where the crack propagation starts 
a straight notch is introduced in the crack plane. 

Notch 
Fiber

Symmetry plane (x, y)
Mortar 

x

y hz = 4 mm 

bx = 251 μm

by = 251 μm

Fig. 1 The applied mesh and dimensions for the total 
model. Height, hz = 4 mm and width, bx = by = 251 �m.

For modeling of the fiber, 15 node, wedge shaped, solid 
elements are used and for the mortar 20 node, cubic 
shaped, solid elements are used. The elements are based 
on quadratic interpolation and Gauss integration. 
Between the mortar and the fiber and in the symmetry 
crack plane 8+8 nodes interface elements are used. The 
model contains 3984 elements. The computation time 
was in the order of 14 hours on a computer with a 2.4 
GHz Intel Xeon processor and 3 Gb RAM. 

In the model the fiber is assumed to have a diameter of 
40 �m and the length of the sides, b in the (x,y)-plane 
are 251 �m (symmetry plane). This gives a fiber volume 
percent of 2, which is typical for ECC. The height, hz of 
the RVE is 4 mm. The length of the PVA fibers are 
typically 12 mm, but because the simulations end before 
the debonding of the fiber is completed, only 4 mm is 
modeled. 

The model containing the fiber as well as the mortar 
crack (in the symmetry crack plane) is referred to as the 
total model. When the mortar crack is replaced with a 
free surface, the model can be used to simulate fiber 
debonding and pull-out. For convenience this model is 
referred to as the fiber pull-out model. Replacing the 
fiber by mortar and letting the mortar crack interface 
cover the entire bottom surface the model can simulate 
crack propagation in pure mortar. 

2.2 Constraints 
The displacements perpendicular to the end planes in 
the (x,y)-plane are constrained. This causes the load to 
be applied as a displacement load. The nodes in each 
side of the RVE in the (z, x)- and (z, y)-plane are tied 
together in the direction perpendicular to the plane. This 
causes the edges in the (x, z)- and (y, z)-planes to 
remain plane and result in a stress state throughout the 
RVE in average equal to plane stress.   

2.3 Mixed mode cohesive crack model 
The fiber-matrix interface crack as well as the mortar 
crack is modeled using a mixed mode cohesive model 
where the normal stresses, �, and the shear stress, �,
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depend on both the displacement in the tangential �t and 
the normal �n direction (see Walter et al. 2005). 

( , )t n� � � ��  (1) 

( , )t n� � � ��  (2) 

In addition to the usual softening relations between 
normal deformation and normal stress and shear 
deformation and shear stress, softening of the cohesive 
normal stress law takes place due to a shear deformation 
and the same apply for the shear stress law and 
deformations in the normal direction. The model is 
incremental and has been implemented into the 
commercial finite element program DIANA.  

2.4 Deriving the average cohesive law from 
the RVE 

The aim is to derive an average cohesive law (�w, w) for 
the RVE. Here �w is the applied stress and w is the 
average crack opening. The average crack opening, w
can be found by taking the total elongation, � of the 
RVE and subtract the elastic elongation (see Fig. 2)
where the total elongation is found from the FEM 
calculation.  

LLC

δ σ

w/2

A

B

Fig. 2 Relationship between the average crack opening, 
w/2 and the applied stress, �.

The average crack opening, w can be found from the 
relation below, where the elastic strain, � can be found 
from the applied stress, � and the composite stiffness. 
Using these equations all effects from non-uniform 
crack opening and initial debonding will be included in 
the average crack opening. 

� 	� 	
/ 2

/ 1 / 2f f f m

L w
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� � �

� � �  � � �
  (3) 

� 	� 	/ 2 / 1f f f mw E E L� � 
 
�  � �  � �  (4) 

Here Ef and Em are the plane stress elastic moduli for the 
fiber and the mortar respectively, 
f is the fiber volume 
concentration and � is the average stress applied by the 
prescribed displacement. This formulation enables the 
determination of an average crack opening without 
integrating over the actual crack opening profile.  

Equation (4) is applied in the interpretation of the fiber 
pull-out model as well as the pure mortar model. This 
makes comparison between the obtained (�w, w)-
relations from the different models consistent.  

2.5 Material parameters 
In the next section the results from the performed 
investigations are presented. First the results for one set 
of material parameters are presented and afterwards a 
parameter study is performed. Typical data from a PVA 
fiber ECC material are considered.  

To perform the FEM calculation two sets of cohesive 
laws are needed for each calculation, one for the mortar 
crack and one for the interface between mortar and the 
fiber. The cohesive law for the mortar is based on 
experimental investigations on a typical ECC matrix 
(obtained by Shuxin Wang, University of Michigan) 
where a bi-linear cohesive law is determined from 
wedge splitting tests and inverse analysis. The cohesive 
law for the interface between the mortar and the fiber is 
difficult to measure. Therefore values determined by 
Shao, Li and Shah (1993) are taken as a basis for the 
mode II cohesive law, while the mode I cohesive law is 
estimated. To get a better understanding of the influence 
of these cohesive laws a parameter study is performed.  

The mode I cohesive law for the mortar is assumed to 
be bi-linear as shown in Fig. 3. The following 
parameters were determined: the tensile strength ft =
2.83 MPa, the stress-separation constants a1 = -156 mm-

1, a2 = -9.74 mm-1 and b2 = 0.241, the fracture energy GF
= 14.1 N/m, the elastic modulus E = 31.0 GPa and the 
Poisson’s ratio � = 0.2. The cohesive law for the shear 
stresses (mode II) in the mortar is not significant, since 
the crack will mainly propagate in a mode I. This is 
confirmed by calculations performed during the present 
investigation. The cohesive mode II law for the mortar 
is chosen as a linear relation: �max = 3.0 MPa and the 
slope of the stress-separation curve a1 = -50 mm-1.
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a1

a2
b2

1

δ1-2                                     δc

σw / ft

Fig. 3 Bi-linear stress-separation curve and the 
associated terminology. 

The Young’s modulus for the PVA fibers is Ef = 42.8 
GPa and the Poisson’s ratio is chosen to � = 0.2. This 
Poisson’s ratio is chosen in order to isolate the 
Cook/Gordon effect from any influence of a possible 
Poisson’s effect. In the parameter study the effect of the 
Poisson’s ratio will be investigated separately. The 
cohesive mode II law for the fiber-matrix interface is 
also bi-linear and has the following values: The shear 
strength �max = 3 MPa, constants a1 = -222 mm-1, a2 = -
19.6 mm-1 and b2 = 0.392. These values are based on 
measurements of Shao et al. (1993), where a shear 
strength of 3 MPa was the largest measured. The mode I 
cohesive law for the fiber-matrix interface is estimated 
to vary linearly with a tensile strength of 0.5 MPa and a 
constant a1 of -1000 mm-1. Because of the difficulty in 
measuring the fiber-matrix cohesive law a parameter 
study will be performed.  

3 Results 

The approach now is to determine average cohesive 
laws in terms of stress-separation curves for the pure 
mortar model, the fiber pull-out model and total model. 
When these three curves are determined, the 
interrelationship between the curves is investigated and 
discussed.  

3.1 Stress-separation curves 
In Fig. 4 average cohesive laws for the mortar model, 
the fiber pull-out model and total model are shown. In 
addition to these curves a curve made from 
superposition of the pure mortar curve and the fiber 
pull-out curve is shown. It appears from the figure that 
the average cohesive law from the total model can be 
found from a direct superposition of the pure mortar 
cohesive law and the fiber pull-out curve. 
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Fig. 4 Average cohesive laws. 

In the next sections some of the mechanisms that appear 
during the crack propagation and fiber debonding will 
be discussed.  This will give a better understanding of 
why superposition is valid for the present choice of 
material parameters.    

3.2 Crack propagation in symmetry plane 
In Fig. 5 the crack front in the mortar interface is 
plotted for different loading stages. For an applied stress 
of 2.32 MPa only the elements close to the notch are 
open. The crack front is the point where the crack 
initiation takes place and the normal stress, � is equal to 
the tensile strength, ft.

2.32

2.77

2.80

2.84

2.32 

2.77 

2.80 
2.84 

Fig. 5 Crack front for different loading stages (Load in 
MPa). 

In the figure it is shown that the crack does not 
propagate directly across the fiber with a straight crack 
front. When the crack front gets close to the fiber the 
crack starts to propagate around the fiber leaving a 
section behind the fiber closed. As the load is increased, 
the section behind the fiber opens but in the opposite 
direction than the rest of the crack. The crack opening is 
less than 10 nm after the crack has propagated through 
the entire cross section of the RVE. 

3.3 Debonding along the fiber 
Fig. 5 illustrates how the crack propagates around the 
fiber in the mortar crack interface. Another interesting 
mechanism to illustrate is the mortar crack propagation 
versus the fiber debonding. In Fig. 6 (a) the lines at 
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which the crack propagation in the mortar and the fiber 
debonding will be compared are marked with two fat 
lines. Fig. 6 (b) shows the crack propagation in the 
mortar compared with the debonding of the fiber for an 
applied stress of 2.80 MPa. In Fig. 6 (b) the 
deformations are scaled with a factor 104 and the opened 
nodes are marked with a circle. 

Fig. 6 (a) Cut in model. 
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Fig. 6 (b) Debonding versus crack propagation. 

The fiber starts to debond for an applied stress of 2.80 
MPa, but debonding is only initiated at the node at the 
bottom. The debonding process continues when the 
crack in the mortar hits the fiber. At this point in time 
debonding has progressed 22 µm along the front of the 
fiber. It is seen that the Cook/Gordon effect is present 
but insignificant for the present choice of material 
parameters.  

3.4 Stresses along the fiber-matrix interface 
in the total model 

In sections 3.4 and 3.5 the stresses along the fiber-
matrix interface at the front of the fiber (where the 
matrix crack first meets the fiber) will be discussed for 
the total model and the fiber pull-out model 
respectively. The fiber front is marked with a thick line 
in Fig. 6. Fig. 7 (a) shows the applied stress for the 
total model, Fig. 7 (b) the shear stresses on the fiber-
matrix interface and Fig. 7 (c) the normal stresses on 
the fiber-matrix interface. In Figs. 7 (b) and (c) the 

curves refer to the values for the different load levels 
indicated in Fig. 7 (a).
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Fig. 7 (a) Applied load. 
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Fig. 7 (b) The shear stresses on the fiber-matrix 
interface. The curves refer to the values for the different 
load levels indicated in Fig. (a). 

Fig. 7 (c) The normal stresses on the fiber-matrix 
interface. The curves refer to the values for the different 
load levels indicated in Fig. (a). 

The maximum normal and shear stress in the cohesive 
laws for the mortar/fiber interface are 0.5 MPa and 3.0 
MPa, respectively. In the Fig. 7 it is seen that neither of 
the maximum stresses are reached due to the mixed 
mode material model applied to the interface. From the 
figures it is seen that debonding of the fiber in the total 
model is initiated by a combination of normal and shear 
stresses. But this mixed mode debonding process is not 
a phenomenon that is strictly related to the initiation 
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phase of the debonding process. Early in the debonding 
process a characteristic shear and normal stress profile 
are formed and these profiles then move up along the 
fiber. Further it should be noted that the Poisson’s ratio 
in the fiber and the mortar in this calculation are 
identical. A separate investigation of the effect of 
different Poisson’s ratio in the fiber and matrix is 
performed later. 

3.5 Stresses along the fiber-matrix interface 
in the fiber pull-out model 

In the previous section the stresses along the fiber front 
was discussed for the total model. In this section a 
similar investigation is performed for the fiber pull-out 
model. Fig. 8 (a) shows the applied stress for the fiber 
pull-out model, Fig. 8 (b) the shear stresses on the 
fiber-matrix interface and Fig. 8 (c) the normal stresses 
on the fiber-matrix interface. In Fig. 8 (b) and (c) the 
curves refer to the values for the different load levels 
indicated in Fig. 8 (a).
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Fig. 8 (a) Applied load. 
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Fig. 8 (b) The shear stresses on the fiber-matrix 
interface. The curves refer to the values for the different 
load levels indicated in Fig. (a). 
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Fig. 8 (c) The normal stresses on the fiber-matrix 
interface. The curves refer to the values for the different 
load levels indicated in Fig. (a). 

The results from the fiber pull-out model are very 
similar to the results obtained from the total model. 
Again the debonding is initiated due to a mixed mode 
stress combination. The tensile stress field in front of 
the debonding zone is not present in the analytical fiber 
pull-out model, which is the foundation for the 
derivation of the fiber bridging relation by Lin et al. 
(1999). The influence of leaving out the tensile stress 
field in the derivation of the analytical fiber pull-out 
model will be discussed in section 3.9. As stated in the 
previous section these tensile stresses are present even 
without a difference in the Poisson’s ratio in the fiber 
and the matrix. 

The similarity of the stress profiles for the total model 
and the fiber pull-out model, together with the weak 
effect of the Cook/Gordon mechanism and the fact that 
the mortar crack propagates through the RVE without 
initiating significant debonding, explains why 
superposition between the stress-separation curves for 
the mortar and fiber is valid. 

3.6 Comparison of the Cook/Gordon 
approach and the cohesive approach 

In order to investigate the effect of the applied fracture 
mechanical approach on the significance of the 
Cook/Gordon effect, the stress field ahead of the crack 
model applied by Cook and Gordon (1964) is compared 
with the stress field ahead of the cohesive crack applied 
in the present approach. 

Cook and Gordon analyzed the stress state around a 
crack shaped as a flat ellipsoidal hole in an infinite sheet 
loaded in uni-axial tension. The ellipse has the semi-
axes a and b resulting in a crack tip radius r (r = b2/a). 
They assumed that the crack tip radius is of molecular 
dimensions and that it remains constant during crack 
propagation in a brittle medium. In Fig. 9 the stress 
state in front of the crack tip is plotted according to 
Cook and Gordon (1964) for the ratio a/b = 100. In the 
figure �xx are the stresses parallel with the crack plane 
and �yy are perpendicular to the crack plane. Stresses 
have been normalized with respect to the maximum 
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normal stress, �yy, which is identified as the tensile 
strength of the material.      
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Fig. 9 Stress state in front of crack tip according to Cook 
and Gordon (1964). 

The magnitude of the crack tip radius is assumed by 
Cook and Gordon to be 0.2 nm. This means that the 
peak in the normal stresses parallel to the crack plane 
�xx will appear very close to the crack tip. The ratio 
between the two peak stresses is found to be just below 
1/5. To relate these results to the cohesive approach a 
sheet with the width 0.6 m and the height 0.5 m is 
modeled using FEM. The sheet is loaded in uni-axial 
tension and contains a slit like stress free crack with the 
length 4 mm (2 a0). The dimensions are chosen such 
that the sheet can be regarded as infinite compared to 
the initial crack. The model contains an interface in 
which the crack can propagate. The model consist of 20 
x 412 (height x width) quadrilateral, 8 nodes plane 
stress elements. The element size increase with a factor 
1.025 from the crack tip towards the edge along the 
width, and with a factor 3 from the crack towards the 
ends along the height. The material used is identical to 
the mortar described in section 2.5 (ft = 2.83 MPa). In 
Fig. 10 (a) matching values of the far field stress and 
the half crack length, a are plotted.  
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Fig. 10 (a) Matching values of far-field stress and crack 
length.  
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Fig. 10 (b) Ratio between the normal stresses at the 
crack tip.  

In Fig. 10 (b) the ratio between the two normal stresses 
at the crack tip in the cohesive approach is plotted for 
different crack lengths, a. The ratio found in the 
cohesive approach is of the same magnitude as in the 
approach adopted by Cook and Gordon. For crack 
lengths in the micro scale the ratio between the normal 
stresses found in the cohesive model are significant 
higher than predicted by Cook and Gordon. The 
Cook/Gordon effect is therefore more pronounced in the 
cohesive approach. 

3.7 Parameter study of the cohesive laws 
In sections 3.1-3.5, the cracking and debonding process 
for one set of material parameters have been 
investigated. In order to evaluate the sensitivity of the 
conclusions on the choice of material parameters, a 
parameter study is carried out. The parameters being 
varied are the parameters characterizing the mixed 
mode cohesive law for the mortar/fiber interface as 
shown in Fig. 11.

   

τ

Fig. 11 Cohesive laws for the mortar/fiber interface with 
indication of the parameter variation in the parameter 
study undertaken. 
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For the normal stresses the tensile strength undergoes 
the values 0.125 MPa, 0.25 MPa and 0.5 MPa. For the 
shear stresses the slope of the first branch is varied. This 
is done by letting the shear strength undergo the values 
1.5 MPa, 2 MPa and 3 MPa. Calculations for all 
combinations of normal and shear strength have been 
performed. The results obtained in this study are very 
similar to the ones obtained in the previous sections. 
The new results will therefore not be illustrated here.  

An interesting combination was a low tensile strength 
(0.125 MPa) and a high shear strength (3 MPa). This 
could cause debonding in the total model to be initiated 
due to the Cook/Gordon effect while debonding in the 
fiber pull-out model would be initiated mainly due to 
shear stresses. The analysis showed that the low tensile 
strength did in fact lower the shear stress needed to 
initiate debonding in the total model. But because the 
same was valid in the fiber pull-out model, 
superposition between the cohesive laws for the mortar 
and fiber pull-out was still valid. 

3.8 Parameter study of the Poisson’s ratio 
In the previous sections the fiber and mortar had the 
same Poisson’s ratio. This was chosen in order to isolate 
the Cook/Gordon effect on the fiber debonding in the 
total model. In this section the fiber is given a more 
realistic Poisson’s ratio of 0.35 in order to investigate 
the effect of the Poisson’s ratio.  For the present 
investigation four calculations are performed. The 
normal strength in the mode I cohesive law is varied 
from 0.125 MPa to 0.5 MPa.  Finally, a pure mode II 
calculation is performed. In all calculations the cohesive 
mode II law with a shear strength of 3 MPa is used (see 
section 3.7). Fig. 12 illustrates the stresses on the fiber-
matrix interface at the fiber front (see Fig. 6) for the 
mode I law with a tensile strength of 0.5 MPa. In Fig. 
12 (b) and (c) the curves refer to the values for the 
different load levels indicated in Fig. 12 (a). The 
results from the calculation where the fiber has a 
Poisson’s ratio of 0.35 are shown with thick lines and 
the corresponding results for at Poisson’s ratio of 0.2 are 
shown with thin dotted lines.  
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Fig. 12 (a) Applied load. 
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Fig. 12  (b) Shear stresses on the fiber-matrix interface. 
The curves refer to the values for the different load 
levels indicated in Fig. (a). 
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Fig. 12 (c) Normal stresses on the fiber-matrix interface. 
The curves refer to the values for the different load 
levels indicated in Fig. (a). 

In the figures it is seen that increasing the Poisson’s 
ratio in the fiber causes the normal stresses on the front 
of the fiber to increase as expected. Due to the mixed 
mode material model the increase in normal stresses 
causes the shear stresses to decrease. The shear stress 
profile for a Poisson’s ratio of 0.2 has a higher peak 
stress but is a little slimmer compared to the 
corresponding results for a Poisson’s ratio of 0.35. In 
total the fiber pull-out curves for the two Poisson’s 
ratios end up being very similar, with the curve for a 
Poisson’s ratio of 0.2 slightly higher than the curve 
corresponding to a Poisson’s ratio of 0.35. 

In Fig. 13 fiber pull-out curves are plotted to illustrate 
the effect of the Poisson’s ratio for different mode I 
cohesive laws on the interface. 
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Fig. 13 Fiber pull-out curves as functions of fiber 
Poisson’s ratio for different mode I cohesive laws on the 
interface: (a) Pure mode II. 
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Fig. 13 Fiber pull-out curves as functions of fiber 
Poisson’s ratio for different mode I cohesive laws on the 
interface: (b) tensile strength of 0.5 MPa. 
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Fig. 13 Fiber pull-out curves as functions of fiber 
Poisson’s ratio for different mode I cohesive laws on the 
interface: (c) tensile strength of 0.125 MPa. 

In the extreme case where the mode I law is so strong 
that debonding will occur in pure mode II, the Poisson’s 
effect can be neglected. When comparing Fig. 13 (a)
and (b) it is observed that a mode I law with a tensile 
strength of 0.5 MPa results in a fiber pull-out curve 
close to the one obtained in the pure mode II 
calculation. This explains why the Poisson’s ratio has so 
little influence when applying a mode I law with a 
tensile strength of 0.5 MPa. For a mode I cohesive law 
with a tensile strength of 0.125 MPa the difference in 
Poisson’s ratio between the mortar and the fiber is seen 
to have a significant influence of results. This is because 

the increase in normal stresses becomes significant 
compared with the tensile strength. The conclusion is 
that if the interface between the fiber and the mortar has 
a week mode I cohesive law, it is important to include 
the effects introduced by the Poisson’s ratio. In this 
investigation all fibers have been pulled out normal to 
the crack plane. Another relevant investigation is the 
Poisson’s effect on pull-out of fibers inclined to the 
crack plane. When pulling out a fiber inclined to the 
crack plane, the Poisson’s effect might be insignificant 
compared to the large contact pressure between fiber 
and crack face or possible spalling of the matrix.  

3.9 Comparison of the analytical and 
numerical model for fiber pull-out 

In this section a comparison is made between the 
present numerical model for fiber pull-out and the 
corresponding analytical model by Lin et al. (1999). 
Three assumptions are made in order to derive the 
analytical model: (1) an aspect ratio larger than 100. 
(This is fulfilled for most fibers and this is also valid for 
the present numerical model). (2) The slip between 
matrix and fiber during debonding is negligible hence 
the shear stresses are constant, �0. (This is not valid in 
the numerical model when applying a cohesive law. As 
illustrated in Fig. 8 a shear stress profile is formed after 
debonding is initiated and as the debonding propagates 
the shear stress profile travels with the debonding). The 
Poisson’s effect is negligible. As shown in the previous 
section the Poisson’s effect can be neglected, but only in 
the case where the mode I cohesive strength between 
fiber and mortar is strong. Apart from these three 
assumptions the analytical model does not take into 
consideration the tension stress field in front of the 
debonded zone, hence debonding in the analytical 
model is pure mode II. The relation between the pull-out 
force, P, and the relative displacement, �, between the 
fiber and the matrix in the analytical model is given by 
the expression below: 

2 3 2 3
0 (1 )

2 2
f f d f fE d G E d

P
� � � �

�
�

� �  (5) 

Here Ef and df are Young’s modulus and diameter of the 
fiber respectably, and � = VmEm/VfEf where Vm and Vf  is 
the volume fraction of mortar and fiber respectively. 
The chemical bond strength, Gd is related to the fracture 
energy, Gf of the mode II cohesive law, however in the 
analytical model, Gd is assumed to be dissipated in a 
point. Because of the difficulties in deciding which 
constant frictional bond strength, �0 correspond to the 
applied cohesive law, a direct comparison between the 
numerical model and the analytical model is not 
performed. Instead an investigation is performed with 
the numerical model on the effect of the mode I 
cohesive law, which is left out in the analytical model. 
This is done by comparing fiber pull-out curves 
obtained from applying a fixed mode II law with a shear 
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strength of 3 MPa together with a variation of the 
cohesive mode I laws. The cohesive laws used are the 
ones shown in section 3.7. In Fig. 14 the fiber pull-out 
curves are plotted for a Poisson’s ratio in the fiber of 
0.35. 
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Fig. 14 Fiber pull-out curves for different mode I 
cohesive laws and a fixed mode II law using the 
numerical model with a Poisson’s ratio in the fiber of 
0.35. 

In the figure it is seen that the pull-out load decreases 
for a decreasing tensile strength in the mode I cohesive 
law. If the analytical model is calibrated with a fiber 
pull-out test, the influence of leaving out the mode I part 
is probably not so significant, because the constants will 
be affected by the mixed mode conditions. If on the 
other hand the fiber pull-out is modeled based on 
independently obtained mode II constants then a 
significant error can be made by leaving out the mode I 
part, particularly if the mode I properties are relatively 
weak. 

4 Concluding remarks 

In the present investigation it has been examined 
whether superposition of the average cohesive law for 
the fiber pull-out and the cohesive law for mortar was 
valid in order to find the average cohesive law for the 
total model. Special attention was given to the tensile 
stress field in front of the crack tip, possibly leading to 
the so-called Cook/Gordon effect, while the 
investigations were limited to the case of straight fibers 
arranged perpendicular to the crack surface. The present 
investigation showed that in general superposition is 
valid. Furthermore it was found that a low mode I 
strength in the mortar/fiber interface did lower the shear 
stress needed to initiate debonding in the total model. 
However, because the same applied in the fiber pull-out 
model superposition of the cohesive laws was still valid.  

The present investigation further showed that the mortar 
crack propagation and the subsequent fiber debonding 
and pull-out essentially are two separate mechanisms in 
the sense that the mortar crack propagated through the 
RVE without initiating any significant debonding: the 
mortar crack grows past the fiber and then gradually 

back towards the fiber before significant debonding 
begins.  

The influence of a difference in the Poisson’s ratio 
between mortar and fiber was examined. It was found 
that the Poisson’s ratio did not have any influence on 
the problem and the debonding would propagate in an 
almost pure mode II, when the strength of the mode I 
interface between fiber and mortar was sufficient high. 
If on the other hand the mode I strength was low, then 
the increase in normal stresses due to the Poisson’s 
effect did lower significantly the force needed to pull-
out the fiber due to the mixed mode condition. 

Finally, a comparison between an analytical and 
numerical model for fiber pull-out was conducted. In 
the analytical model the mixed mode stress condition is 
not taken into consideration. The conclusion is that as 
long as the analytical model is calibrated with fiber pull-
out tests then the influence of leaving out the mode I 
part is not significant, because the material constants 
will be affected by the mixed mode conditions. If the 
mode I strength is low and the analytical model is not 
calibrated with tests then leaving out the mode I part can 
lead to overestimation of the load carrying capacity. 
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Abstract: The paper addresses the conditions for strain-hardening in uniaxial test specimens made from Engineered 
Cementitious Composites (ECC) by investigating crack propagation in ECC material. Unlike previous 
investigations, a cohesive approach is taken for the mortar crack. The ECC crack is also assumed to be cohesive and 
the cohesive law applied takes into account both fiber and mortar properties. The investigation was carried out using 
a semi-analytical model as well as a Finite Element Model allowing the effect of specimen shape and boundary 
conditions to be taken into account. The simulations were for one crack propagating in finite and infinite sheets 
under uniaxial tension. The results show that the maximum crack opening during crack propagation in various test 
specimen geometries was small, 20 �m, which is also small compared to typical deformations at peak bridging 
stress.
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1. Introduction 
Fiber-reinforced cementitious materials are often classified based on their mechanical behavior when subjected 

to uniaxial tension. In such classification, a distinction is typically made between materials undergoing tension-
softening and strain-hardening when subjected to uniaxial tension (Stang, 1992) and (Naaman and Reinhardt, 1996). 
It should be noted that the classification is based on the predominant behavior, because even materials undergoing 
tension-softening will always to a small extent, initially, undergo strain-hardening (see e.g. van Mier 2004) and 
materials undergoing strain-hardening will eventually undergo tension-softening when the final failure occurs 
(Naaman and Reinhardt, 1996). Tension-softening is typically associated with the formation of one or a few 
localized cracks, while strain-hardening is associated with the formation of multiple cracks. The two types of 
material behavior have significant consequences in terms of structural behavior, see e.g. (Li, 2003) and (Walter et al, 
2007), where superior structural behavior from strain-hardening materials has been demonstrated. From a 
computational point of view, the two types of behavior also have wide-ranging consequences due to the fact that the 
strain localization associated with tension-softening requires a fracture mechanical approach, while strain-hardening 
materials can be described using continuum mechanics.  

Not surprisingly, a lot of effort has been put into developing strain-hardening materials and a large number of 
different cementitious strain-hardening materials have been developed over the years. A targeted micromechanics-
based engineering approach was taken by Li and co-workers in developing a strain hardening material with extreme 
strain-hardening capacity and crack width control see e.g. (Li, 1992). One of the objectives of the engineering 
approach was to develop a theoretical framework for the conditions in which strain-hardening occurs under uniaxial 
tension. Li and Leung (1992) showed that for strain-hardening to occur in an ECC specimen it is required that (1) 
the maximum stress carried by the fibers across an open mortar crack, the so-called fiber-bridging stress, is higher 
than the stress at which cracking is initiated, and that (2) the cracks propagate in a so-called steady-state manner in 
an infinitely large specimen (known as flat-crack propagation). These criteria were intended as guidelines 
identifying the important parametric dependencies and have served as such in material development and 
optimization, see e.g. (Li, 1998), (Li et al., 2002) and (Wang and Li, 2006). However, the criteria are simplified and 
do not take into account the finite size of a test specimen, the geometry and boundary conditions of the specimen, 
and the interaction between cracks and initial defects (localization). Furthermore, it should be noted that the criterion 
related to steady-state crack propagation is based on a linear elastic fracture mechanical description of the mortar.  

The present paper investigates the stability of crack propagation under the influence of finite specimen size and 
boundary conditions. Dick-Nielsen et al. (2004) found the cohesive fracture mechanical approach to be more 
suitable than Linear Elastic Fracture Mechanics (LEFM) for modeling crack propagation in paste and mortar. In our 
modeling, the crack propagation was therefore assumed to be governed by cohesive fracture mechanics and a 
cohesive law was applied to the mortar, fibers and the ECC-material. The cohesive law for the ECC-material was 
found through superposition of the cohesive law for the mortar and the fiber-bridging curve; Dick-Nielsen et al. 
(2005) demonstrated the validity of this approach. To investigate crack propagation in an infinite sheet (in order to 
shed light on the criterion for steady-state flat-crack propagation originally derived by Marshall and Cox (1988)), a 
semi-analytical approach and Finite Element Method (FEM) simulations were employed. A series of numerical 
simulations of uniaxial tensile tests were carried out on specimens containing one predefined flaw. The simulations 
were performed to get a better understanding of the influence of finite specimen size and specific boundary 
conditions. A parameter study was performed to investigate the influence of mortar and fiber properties, specimen 
size, boundary conditions, and the position and size of the initial flaw.  

Only the propagation of a single crack is considered here; the analysis relies on the implicit assumption that 
when the first-crack strength (peak far-field stress) is less than the maximum stress on the fiber-bridging curve (the 
peak fiber-bridging stress), and when the first crack propagates with crack openings less than the deformation 
associated with the peak on the fiber-bridging curve, then the fiber-bridging stress will eventually produce more 
cracks adjacent to the first and thus create multiple cracking and strain-hardening. 

2. Fracture mechanics basis 
Intuitively, it is clear that for strain-hardening to occur in an ECC specimen, the maximum crack opening has to 

be small during crack propagation compared to the crack opening at peak fiber-bridging stress, assuming that the 
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fiber response during debonding and pullout is on average a smooth curve with an ascending part, a peak, and a 
subsequent descending part. In contrast, if the maximum crack opening is not controlled during crack propagation 
and exceeds the deformation at peak fiber-bridging stress, this would lead to a zipper type of crack propagation 
leaving the fibers on the descending part of the fiber-bridging response and thus creating a softening response from 
the composite material crack. According to Griffith (1920), the crack opening in a linear elastic material can be 
found from equation (1) and matching values of the crack length, 2a and the applied far-field stress, � can be found 
from equation (2), (where KIC is the critical mode I stress intensity factor).

2 22( )v x a x
E
�

� 
 (1) 

   
ICK
a

�
�

�
 (2) 

The Griffith crack mode results in a crack opening shaped like an ellipse in which the opening at crack middle 
increases as the crack propagates. To avoid the opening increasing during crack propagation, the steady-state 
cracking criterion requires the crack to propagate in a flat-crack mode. Flat-crack propagation was first analyzed by 
Marshall and Cox (1988) applying the J-integral approach. According to Marshall and Cox the complementary 
energy, J'b, of the fiber-bridging curve has to be larger than the mortar toughness, Jtip, as stated in equation (3).

0
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0 0
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w

tip bJ w w dw J� ��  ��
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Here w is the crack opening, and �(w) is the average stress carried by the fibers, the so-called fiber-bridging 
curve with the peak point (w0, �0=�(w0)). Both this criterion and the Griffith theory are based on LEFM. Dick-
Nielsen et al. (2004) showed that although mortar is commonly regarded as brittle, LEFM cannot be used to 
accurately model crack propagation in such materials. A more adequate modeling can be achieved by the use of 
cohesive fracture mechanics in terms of the fictitious crack model (FCM) attributed to Hillerborg (1976). The FCM 
provides a good framework for the modeling of mode I propagation in most cementitious materials. In contrast to 
the cohesive models of Barenblatt (1962) and Dugdale (1960), the cohesive stresses in the crack in the FCM are not 
constant and not distributed over a predefined, short length, but depend on the crack-opening profile. Determining 
the cohesive laws for the materials in question is a fundamental issue when dealing with the FCM in connection with 
fiber-reinforced materials. For the average fiber response, the cohesive law is found by using a closed form solution 
derived by Lin et al. (1999). The cohesive law for ECC is then found through the superposition of the cohesive laws 
for the mortar and fibers; this approach has been suggested before by Li et al. (1993) and further concretized in 
numerical simulations by Dick-Nielsen et al. (2005). 

3. Geometry and material parameters 
At the present time, there is no global standard specimen geometry or test set-up for testing strain-hardening 

capabilities in ECC. However, a tendency in most approaches seen in the literature is that one dimension of the test 
specimen is significantly smaller than the other two. In order to arrive at some general conclusions, the majority of 
the simulations in the present paper were performed for an infinite sheet. Simulations for selected finite geometries 
were performed to relate these general conclusions to finite geometry. The simulations were all carried out for sheets 
loaded in uniaxial tension containing one initial stress-free slit-like flaw. 

The cohesive law for the mortar was simplified by a bilinear cohesive law (see Figure 1 A)), in which the area 
under the curve can be interpreted as mortar toughness, Jtip (or mortar fracture energy Gf). The following parameters 
were used to describe the bilinear cohesive law: the tensile strength, ft, the negative slope of the first linear part 
normalized with the tensile strength, a1, the cut-off on the x-axis (stress normalized with the tensile strength) of the 
second linear part, b2, and the negative slope of the second linear part normalized with the tensile strength, a2. The 
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material data for the mortar was obtained from Wang (2004) from an inverse analysis of a wedge-splitting test as 
described by Østergaard (2003). The following material data were found for the mortar: ft = 2.83 MPa, a1 = 156 mm-

1, a2 = 9.7 mm-1 and b2 = 0.24, the mortar toughness Jtip = 14.05 N/m and the elastic modulus E = 31 GPa.  

To calculate the fiber-bridging curve, a closed-form solution derived by Lin et al. (1999) was used. For the fibers, 
the following material constants were used, which correspond to standard values given in (Lin et al., 1999) and (Li 
et al., 2002) for a typical, randomly oriented PVA fiber ECC material: the slip-hardening coefficient for the 
fiber/mortar interface, � = 2.21, the fiber volume fraction, vf = 0.02, the snubbing coefficient, f = 0.3, the fiber 
strength reduction coefficient, f’ = 0.3, the fiber length, Lf = 12 mm, the frictional stress on the fiber/mortar 
interface, �0 = 0.3 MPa, the modulus of the fiber, Ef = 42.8 GPa, the Young modulus of the mortar, Em = 31 GPa, the 
chemical bond strength of the fiber/mortar interface, Gd = 4.71 N/m, the fiber diameter df = 39.6 �m, and the in-situ 
fiber strength �fu = 1400MPa.  

The resulting cohesive law for the particular ECC material was found from the superposition of the pure mortar 
law and the fiber-bridging curve (Li et al. 1993, Dick-Nielsen et al. 2005). The ECC was assumed to be linear elastic 
until the tensile strength, ft, for the ECC is reached. After crack initiation, the material follows the resulting cohesive 
law. During the present investigation, a parameter study of both the mortar data and the fiber data was performed. 
The cohesive laws for the mortar, fibers and ECC are shown in Figure 3 A).  

4. Method of analysis 
To investigate cohesive crack propagation in a sheet containing an initial flaw, a semi-analytical model and FEM 

calculations were used; the semi-analytical model was first employed by Dick-Nielsen et al. (2004). The model 
describes crack propagation in an infinite sheet loaded in uniaxial tension and containing a center crack. The length 
of the initial stress-free flaw is 2a0, and the total length of the propagated crack is 2a; see Figure 1 B). The cohesive 
crack is assumed to close smoothly so that the stress intensity factor KI is equal to zero. The equilibrium condition 
for a given crack length, 2a, and far-field stress, �1, can be found by the superposition of the two fundamental 
solutions for a crack in an infinite sheet illustrated in Figure 1 C) and D).  

In the first fundamental solution, the stresses, �1, are added to the crack faces, causing the crack to close (v1(x) �
0, where v1 is the displacement of the crack surface due to the first fundamental solution) and the stress state to be 
uniform in the sheet, so that the stress intensity factor due to the first fundamental solution, KI,1, is zero. In the 
second fundamental solution the crack is loaded along the crack face by the stresses, �2(x). This solution is found by 
integration of an exact solution for a pair of opposite point loads, see Tada (1985). The following expressions for the 
stress intensity factor and the displacement of the crack surface, KI,2 and v2(x), can then be found:

          

Figure 1. A) Average cohesive law for mortar. B) Geometry. C) Solution 1. D) Solution 2.
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Here 
 is the integration variable along the x-axis, w(x) is the total crack opening, �2(x) is positive as outward 
normal to the crack face, and E’ = E for plane stress. It is required that the superposition of the two fundamental 
solutions leads to equilibrium and bridging stresses in agreement with the applied cohesive law. Thus, �2(x) can then 
be found:  

2 1 0( ) ( ( ))    with    ( ) 0   for   | |w wx w x x x a� � � ��  � �  (6) 

For any given crack length, a > a0, it is possible to find a matching far-field stress, �1 by fulfilling (4), (5) and 
(6). The solution was found by numerical integration and using MATLAB’s algorithms for solving non-linear 
equations. The displacement interpolation along the crack face was done using cubic splines. Due to symmetry, only 
half the crack was modeled and a numerical study showed that it was sufficient to use in the order of 14 discrete 
interpolation points. 

4.1. Validation of the semi-analytical model 
To validate the semi-analytical model, the results obtained for a simulation of a sheet of pure mortar were 

compared with the corresponding results from a FEM-model. The FEM model employed contains an interface in 
which the crack can propagate. The model has a height of 1000 mm and a width of 1200 mm and contains an initial 
slit-like center flaw with the length, 2a0 of 4 mm. The model consists of 30 x 206 (height x width) quadrilateral, 8 
nodes plane stress elements. The element size increases by a factor of 1.03 from the flaw tip towards the edge along 
the width, and by a factor of 1.55 from the flaw towards the loaded edges along the height. In the FEM simulations, 
the boundary conditions along the two loaded edges resulted in a uniform displacement in the load direction along 
the width. The results from the simulation are shown in Figure 2. 
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Figure 2. A) Half-crack length, a, and matching far-field stress, �. B) Crack opening profile at peak stress. 

As shown in Figure 2, the results from the two approaches were almost identical. The semi-analytical model was 
developed for center cracks only, so in the following, this model was employed for simulations of center cracks, 
while a FEM-model was employed for simulations of edge cracks. 

4.2. LEFM versus the cohesive crack approach 
A comparison between LEFM and the cohesive approach was performed for a single crack to assess the 

difference. Simulations of a crack propagating in mortar were carried out using the semi-analytical model as well as 
the Griffith theory. To investigate the influence of fibers, simulation of a crack propagating in ECC was also 
performed using the semi-analytical model. The cohesive laws related to the materials in the cohesive approach are 
shown in Figure 3 A). The Griffith simulation was done for mortar with a toughness equal to that used in the 
cohesive approach (KIC = 660 kN/m3/2). For both the mortar and the ECC, the results are for an infinite sheet 
containing an initial slit-like flaw of 4 mm (2a0) loaded in uniaxial tension. In Figure 3 B), matching values of the 
half-crack length, a, and the applied load, �, are shown. In Figure 3 C), the opening in the middle of the crack is 
shown during crack propagation for both the mortar and ECC.  
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4.3. LEFM versus the cohesive crack approach – Discussion 
A comparison of the Griffith and the cohesive approach for crack propagation in mortar shows that the Griffith 

approach predicts larger crack openings in pure mortar for crack lengths, a, up to 47 mm (see Figure 3 C)). After 
this crack length, the largest crack opening is predicted by the cohesive approach. Although the crack openings 
predicted by the two approaches do not match, they are of the same magnitude. For total crack lengths, 2a smaller 
than 400 mm, the predicted crack openings at crack middle are less than 20 �m.  

The effect of adding fibers to the mortar is shown in Figure 3 B) and C). Crack propagation in mortar and ECC 
was simulated applying the cohesive approach. For crack lengths, a, up to 47 mm, the opening at crack middle was 
largest in the ECC material. This is due to the higher force needed to drive the crack in the ECC material (see Figure 
3 B)). For crack lengths, a, larger than 80 mm, the crack opening is largest in the pure mortar material. The curve for 
the opening at crack middle has the same characteristic s-shape for both materials. Right after the peak stress has 
been reached, the slope of the crack opening curve increases. The slope declines but is still positive as the second 
branch of the two cohesive laws is reached (w = 5.2 �m). The second branch of the cohesive law for the mortar has 
a lower slope than the first, but it is still a softening branch. In contrast, the second branch of the cohesive law for 
the ECC is a hardening branch. This explains why the slope of the crack opening curve and the crack opening itself 
were smaller for the crack in the ECC material. For total crack lengths, 2a, smaller than 400 mm, flat-crack growth 
is not obtained with or without fibers. 

According to the steady-state, flat-crack propagation criterion for multiple cracking, the complementary energy 
of the fibers has to be larger than the toughness of the mortar for the crack to propagate in a flat-crack mode. The 
total complementary energy, J'b, for the fibers was 81.2 N/m and the mortar toughness, Jtip, was 14.05 N/m. In 
Figure 3 B), the peak stress for the ECC specimen occurred at a load of 5.06 MPa and a crack length, a, of 33.5 mm. 
At this point, the crack opening in the middle was 3.87 �m as shown in Figure 3 C) and 3.30 �m at x = 2 mm (the 
beginning of the cohesive zone). The utilized complementary energy at peak stress in a point at the beginning of the 
process zone was 0.75 N/m, which corresponds to only 5% of the mortar toughness. The crack opening has to be 
larger than 19 �m for complementary energy larger than the mortar toughness to be utilized in a point at the 
beginning of the process zone. For a total crack length, 2a, of 400 mm, the crack opening at crack middle was less 
than 15 �m.  

5. Results and discussion 
5.1. Influence of initial flaw size – Results 

Simulations were performed for infinite ECC sheets containing initial flaws with various realistic lengths. The 
results are shown in Figure 4 and Figure 5 for center and edge cracks respectively. The entire length of the center 
flaw is denoted 2a0, while the entire length of the edge flaw is denoted a0. Thanks to this definition, flaw lengths in 
the two situations can be directly compared. 
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5.2. Influence of initial flaw size – Discussion 
As shown by Dick-Nielsen (2004), increasing the length of the initial stress-free flaw results in a decrease in 

first-crack strength (peak stress – see Figure 4 C)). For center cracks, the decrease in first-crack strength is weak, 
while the decrease is a little more pronounced for edge cracks. Stability of crack propagation increases slightly with 
increasing flaw size, and again this effect is more pronounced for edge cracks. In the graph for the opening at crack 
middle, all the curves have the characteristic s-shape (see Figure 4 B) and Figure 5 B)). For crack lengths, a smaller 
than 200 mm, the maximal crack opening was less than 20 µm independent of crack position and initial flaw size. At 
no time during these crack propagations were the process zones fully evolved, which is the reason why LEFM 
cannot be used for crack propagation modeling. 

5.3. Influence of the slope of the first linear branch of the cohesive law for the mortar a1 – Results 
The influence of the slope of the first linear branch of the cohesive law for the mortar, a1, was investigated for 

infinite sheets (see Figure 6 A)). This was done by altering the shape of the cohesive law for the mortar: the opening, 
w, in the second point in the cohesive law was varied, while keeping the stress at this point fixed. The tensile 
strength, ft, and the opening at the end of the cohesive law were kept fixed as well (shown in Figure 6 A)). The new 
cohesive laws for the ECC material are shown in Figure 6 B). The results from the crack propagation analysis are 
shown in Figure 7 and Figure 8 for center and edge cracks respectively. 
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5.4. Influence of the slope of the first linear branch of the cohesive law for the mortar a1 – Discussion 
As shown in Figure 7 C), the first-crack strength decreases as a1 increases. The decrease in the first-crack 

strength was independent of the position of the initial flaw. As shown in Figures 7A and 8A, the stability of crack 
growth decreases with increasing slope. In Figure 7 B) and Figure 8 B), the opening in the middle of the crack 
during crack propagation is shown. When interpreting these results, one should keep in mind that the hardening 
branch in the cohesive laws begins at the following openings for the respective cohesive laws: 1.3 �m, 2.6 �m, 5.2 
�m and 10.4 �m. All the curves showing the evolution of the crack opening with crack length still have the 
characteristic s-shape. For the analysis with the slope, a1 of 311 mm-1 and 622 mm-1, the s-shape is not as 
pronounced as is the case for the two other slopes. This is caused by the fact that the hardening branch for the 
cohesive law for the ECC material for larger values of a1 takes over at relatively small crack openings.  

When we alter the slope of the first linear branch of the cohesive law for the mortar, a1, in the manner described, 
the toughness of the mortar is altered as well. An increase in a1 results in a decrease in mortar toughness. According 
to the criterion related to steady-state, flat-crack propagation, a decrease in mortar toughness should increase the 
chances for the crack propagating in a steady-state flat-crack mode and thus increase the chances of multiple 
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cracking. As shown in Figure 7 B) and Figure 8 B), an increase in a1 results in smaller crack openings, but generally 
only for relatively large crack lengths, with a larger than 100-200 mm. All crack openings in the analysis presented 
here are smaller than 20 �m. 

5.5. Influence of tensile strength of the mortar – Results 
A series of analyses were conducted to investigate the influence of the tensile strength of the mortar for infinite 

sheets. In the simulations, the second branch of the cohesive law, characterized by constants a2, b2, was held 
constant, while the tensile strength, ft and thereby a1 varied, keeping the mortar toughness, Jtip fixed. The cohesive 
laws for the mortar and for the ECC are shown in Figure 9. The results from the analysis are shown in Figure 10 and 
Figure 11 for center and edge cracks respectively. 
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5.6. Influence of tensile strength of the mortar – Discussion 
When the tensile strength of the mortar increases, the first-crack strength increases as well (see Figure 10 C)).

The increase for the center crack is most pronounced. An increase in the tensile strength results in larger crack 
openings for small crack lengths (see Figure 10 B) and Figure 11 B)). This is caused by the fact that the mortar 
toughness is fixed and an increase in tensile strength results in a larger part of the fracture energy being associated 
with the first, very small crack opening (see Figure 9 A)). This increase in fracture energy associated with a small 
crack opening, results in an increase in the force required to drive the crack and thus larger crack openings for small 
crack lengths. For larger crack lengths, the load/crack-length curves gradually coincide. Within the analyzed interval 
of crack length, the process zone is not fully evolved, but when the hardening part of the cohesive law begins to 
have a larger influence, the crack openings begin to coincide as well.  

As shown in Figure 10 and Figure 11 A+B), the effect of tensile strength vanishes for large crack lengths. For 
crack lengths smaller than 300 mm, the tensile strength of the mortar, and thereby the shape of the cohesive law, has 
a large influence on the crack opening during crack propagation. The conventional steady-state, flat-crack criterion 
deals only with fracture energy and not the shape of the cohesive law because the criterion is based on LEFM, in 
which the entire energy is dissipated in a point. This criterion is therefore valid for brittle materials, but because the 
process zone in this analysis reaches lengths of over 300 mm, the shape of the cohesive law becomes important. 

In Figure 11 C), the crack length at peak stress, apeak, is plotted as a function of the tensile strength of the mortar. 
Here apeak is half the crack length for center cracks and the total length for edge cracks. For a mortar with high 
tensile strength, the crack propagation becomes highly unstable for relatively small crack lengths (less than 23 mm), 
while the crack propagation remains stable up to relatively large crack lengths for mortars with small tensile 
strength. This means that if a mortar with low tensile strength is tested, only stable crack growth will appear for 
normal-sized test specimens. 

5.7. Influence of fiber type – Results 
In the analysis above, the cohesive law for the mortar has been investigated. According to the criteria for 

multiple cracking, a large complementary energy of the fibers is preferable in the process of achieving strain-
hardening. In this series of analyses, the complementary energy of the fibers was varied. The new fiber curve was 
obtained by scaling the w-axis by a factor 0.5 (see Figure 12 A)). The fibers applied so far are referred to as type 1 
and the new fibers as type 2. The cohesive laws for the fibers and ECC are shown in Figure 12 A). The results from 
the analysis are shown in Figure 12 B) and C). The simulations were only performed for center cracks. 
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5.8. Influence of fiber type – Discussion 
In this analysis, the complementary energy was reduced to see whether this would have a negative influence on 

the chances of achieving steady-state, flat-crack propagation. Although the total complementary energy for fiber 
type 2 was reduced, the utilized complementary energy for fiber type 2 for small crack openings was larger than for 
fiber type 1 due to the higher slope at the beginning. The first branch of the cohesive law for the ECC was raised and 
the slope of the second branch was increased. This resulted in higher first-crack strengths and smaller crack 
openings. This tendency was also observed in tests performed by Li et al. (2002), where a reduction in 
complementary energy led to an increase in first-crack strength. To make use of complementary energy larger than 
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the mortar toughness at a point at the beginning of the process zone, the crack opening in the ECC-material 
containing fiber type 2 has to be larger than 16 �m. For crack lengths, a, smaller than 200 mm, the opening at crack 
middle is less than 11 �m. Reducing the complementary energy leads to an increase in crack propagation stability 
according to Figure 12B). 

5.9. Influence of specimen geometry – Results 
To investigate the influence of finite specimen geometry, six new FEM-models were employed. The material 

properties in all models are the same as in the original analysis presented in section 3. Like the previous FEM 
simulations, the boundary conditions along the two loaded edges result in a uniform displacement in the load 
direction along the width. When the influence of the specimen geometry was investigated, the finite sheet with the 
dimensions 30 mm x 80 mm (breadth/width x height) was taken as a point of reference. These dimensions were 
chosen so that they match the dimensions of the instrumented part of test specimens in the JSCE – Tentative 
Guideline for Design and Constructions of Engineering Cementitious Composites – ECC (2005). In Figure 13 A) 
and B), results for various geometries are shown for a center crack and an edge crack respectively. The center flaws 
all have a total length, 2a0 of 4 mm, while the edge flaws have a total length, a0, of 2 mm. In Figure 13 C), the 
opening at crack middle is shown for various crack lengths, for both a finite geometry and an infinite geometry.  
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5.10. Influence of specimen geometry – Discussion 
For center cracks and edge cracks in the sheet with dimensions 30 mm x 80 mm (width x height) the force 

needed to drive the crack is small compared to the corresponding force for an infinite sheet; see Figure 13 A) and 
B). This is due to the smaller stiffness, caused by the small width in the finite sheet. If we keep the width fixed at 30 
mm and increase the height to 1000 mm, the results do not change for the center crack. For the edge crack, 
increasing the height causes the first-crack stress, �fc, to decrease by 7%. If we increase the height, the model 
becomes less stiff, caused by the increased distance to the fixed boundaries. Due to the symmetry of the center crack 
model, it is not sensitive to the change of stiffness. If we keep the height fixed at 80 mm and increase the width to 
300 mm, the first-crack strength in both models increases, compared to that obtained for a width of 30 mm. This is 
due to the fact that the stiffness is increased and for these dimensions the center crack model is affected as well. In 
all cases, crack propagation stability increases with increasing first-crack strength.  

In Figure 13 C), the opening at crack middle during crack propagation is shown for the infinite sheet containing a 
center crack and for a sheet with the dimensions 30 mm x 80 mm. As shown in the figure, the opening at crack 
middle in the finite sheet is identical to the opening in the infinite sheet up to a crack length, a, of 13 mm. After this 
crack length, the opening in the finite sheet becomes larger than that in the infinite sheet. This was expected due to 
the stiff boundary conditions and small width of the finite specimen. At a crack length, a, of 15 mm in the finite 
sheet, the crack has run through the sheet.

5.11. Influence of boundary conditions – Results 
A series FEM of simulations were conducted to investigate the influence of the boundary conditions of the test 

specimen. A sketch of the test setup employed is shown in Figure 14. It is basically similar to the setup employed by 
the JSCE (2005). There is a hinge at the end of each bar (A and B). The rotation in these hinges can be fixed or free. 
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The FEM mesh employed is shown in Figure 15 (due to symmetry only half the model is shown). It is assumed that 
the displacement of the specimen within the steel jaws is fixed. In the FEM model, this part is modeled by a series of 
rigid bars. The steel bars from the jaws to the hinges have a diameter db. The dog-bone specimen has a thickness of 
13 mm and is modeled by plane stress elements. The width of the center part of the dog-bone specimen is 30 mm 
and the ends have a width of 60 mm. To obtain a fine mesh near the crack and a coarse mesh near the ends, a series 
of triangular element rows were employed. The model employed has 16 elements along the width in the coarse part 
and 128 elements in the fine part. The fine mesh consists of 10 elements along the height on each side of the 
symmetry line and each of these elements has a height of 0.63 mm. 

Figure 14. Test set-up – all dimensions in [mm]. 

Figure 15. The FEM mesh employed for the dog-bone specimen. 

Due to double symmetry in the model containing the center flaw, this model cannot react to the hinges in the 
setup, therefore only specimens containing edge flaws were simulated. In Figure 16, matching values of the total 
crack length, a, and the far-field stress, �, are plotted. The far-field stress in these simulations refers to the average 
stress in the section between the inclined and narrow part. For comparison, the results from the rectangular sheets 
with a width of 30 mm and heights of 80 mm and 1000 mm have been plotted as well (from the previous section). 
For the rectangular sheets, the boundary conditions along the two loaded edges result in a uniform displacement in 
the load direction along the width.  
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5.12. Influence of boundary conditions -- Discussion 
In Figure 16 A), results from the dog-bone test setups with a bar diameter, db of 20 mm are compared to results 

obtained from the rectangular sheets whose boundary conditions along the two loaded edges result in a uniform 
displacement in the load direction along the width. The results from the dog-bone simulation with free-free rotations 
at the hinges are very similar to those obtained from the rectangular sheet with the dimension 30 mm x 1000 mm 
(width x height). Although the displacements are fully fixed at the ends of the rectangular sheet, the large height 
reduces the bending stiffness of the specimen. When the rotations are fixed-fixed or fixed-free in the hinges, the 
setup becomes stiffer and the first-crack strength increases approximately 2% compared to that obtained with free-
free rotations. The simulations show that one fixed hinge is sufficient to control the rotation at the hinges. The 
results from the rectangular sheet with the dimensions 30 mm x 80 mm (width x height) show a first-crack strength 
approximately 8% higher than that obtained for the free-free model. Because of the imposed boundary conditions,
the small rectangular sheet is the stiffest test setup one can obtain when the instrumented part has these dimensions, 
and it was therefore expected that the first-crack strength here would be the highest. An important tendency that can 
be concluded from Figure 16 A) is that the stiffer the boundary conditions the more stable the crack growth.  

In Figure 16 B) results are shown for simulations employing a bar diameter of 30 mm. Increasing the bar 
diameter by 50% does not change the results for the model with the free-free hinges. As long as the hinges are free-
free, the stiffness of the test setup does not play a role, the rotation will take place in the hinges leaving the bars 
straight. In the simulations where the rotations at the hinges are fixed-free or fixed-fixed, the increased stiffness 
increases the first-crack strength by approximately 2% compared with those obtained when the diameter was 20 
mm. As the bar diameter increases, the results get closer to those obtained for the rectangular sheet with the 
dimensions 30 mm x 80 mm (width x height). In Figure 16 C), the crack opening, w, at the edge is plotted as a 
function of the crack length, a, for a bar diameter of 30 mm. The openings are compared with the corresponding 
opening for an infinite sheet (taken from Figure 13 B)). For crack lengths less than 13 mm, the crack openings in the 
four simulations are almost identical. For larger crack lengths, the opening at the edges in the dog-bone specimens 
becomes significantly larger than the corresponding opening in the infinite sheet due to the smaller stiffness in the 
dog-bone test setup. When at least one hinge is fixed, the opening increases by a factor of 2.2 compared with the 
corresponding opening for the infinite sheet for a crack length of 30 mm. When both hinges are free the opening for 
a crack length of 30 mm increases by a factor of 7.7 compared with the opening in the infinite sheet. This means that 
potential strain-hardening may be hindered by flexible boundary conditions simply due to the large crack openings 
experienced during crack propagation.  

6. Conclusions and discussion 
In the present investigation, conditions for strain-hardening in ECC materials were investigated. The 

investigation was based on the assumption that mortar crack propagation is adequately described by cohesive 
fracture mechanics in the form of the FCM and that a cohesive law for the composite can be constructed through the 
superposition of the mortar cohesive law and the fiber-bridging curve. In both the present analysis and in the 
derivation of the steady-state, flat-crack propagation criterion, the propagation of just one crack is examined. When 
ECC undergoes strain-hardening, an interaction between the cracks takes place, which is not taken into 
consideration in this analysis. However, the analysis relies on the implicit assumption that when the first-crack 
strength (peak far-field stress) is less than the peak fiber-bridging stress, and when the first crack propagates with 
crack openings less than the deformation associated with the peak on the fiber-bridging curve, then the fiber-
bridging stress eventually is able to produce more cracks adjacent to the first and thus create multiple cracking and 
strain hardening.  

A comparison between the LEFM approach and the cohesive approach for crack propagation in mortar was 
made. The magnitude of the crack openings were the same, but the far-field stress and the sensitivity to initial flaw 
size were significantly different. For crack lengths, a, up to 200 mm, the crack openings found were less than 20 
�m.  
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It was found that during crack propagation the opening at crack middle in pure mortar was larger than the 
corresponding opening in ECC material, but only for crack lengths, a, longer than 80 mm. For crack lengths in the 
investigated range, the addition of fibers to the mortar did not make the crack propagate in a steady-state mode. In 
the analysis with the original material parameters, the utilized complementary energy in a point at the beginning of 
the process zone at peak stress and at a crack length, a, of 200 mm only amounted to 5% and 47% of the toughness 
of the mortar respectively. The steady-state crack propagation criterion states that the crack will propagate in a 
steady-state flat-crack mode when the complementary energy of the fibers is larger than the toughness of the mortar. 
According to the cohesive approach, utilizing complementary energy of the same order of magnitude as the mortar 
toughness will not occur for crack lengths, a, smaller than 200 mm. This means that the steady-state crack criterion 
cannot be proved experimentally by using test specimens of normal size. With the finite dimensions of the sheet, the 
load/crack-length curves alter the crack opening, but the opening at crack middle is still of the same magnitude. The 
boundary conditions of the applied test specimen, on the other hand, have an influence on the crack openings 
observed during crack propagation and potential strain-hardening may be hindered by flexible boundary conditions 
due to the large crack openings experienced during crack propagation.  

A parameter study of the influence of initial flaw sizes, the initial slope a1 of the cohesive law for the mortar, the 
tensile strength of the mortar, and the fiber type was performed. The study showed that first-crack strength and the 
evolution of the opening at crack middle are influenced primarily by the cohesive law of the mortar and the fiber-
bridging curve and only weakly by the initial flaw size, Reducing the mortar toughness (keeping the tensile strength 
constant) and reducing the tensile strength (keeping the toughness constant) both promote multiple cracking because 
the first-crack strength of the ECC material is reduced. Increasing initial flaw size was found to have a weak 
reducing effect on the first-crack strength. The complementary energy of the fiber-bridging curve was found to have 
little influence on the multiple cracking potential, as long as the deformation at peak stress on the fiber-bridging 
curve was kept larger than the maximum crack opening during propagation. The maximum crack opening observed 
during crack propagation in various test specimen geometries was small, typically less than 20 �m, and also small 
compared to typical deformations at peak bridging stress.  

The investigated parameters all had an influence on the stability of crack propagation in the ECC material. In 
particular, tensile strength had a pronounced influence on the crack length at first-crack strength (peak far-field 
stress). However, the significance of stability of crack growth and its influence on multiple cracking is not clear and 
cannot be assessed with the present models.  
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Notation 

The following symbols are used in this paper: 

E = Elastic modulus 
Gd  = Chemical bond strength of the fiber/mortar interface  
Gf  = Fracture energy of mortar
J'b  =   Complementary energy of the fiber-bridging curve 
Jtip  = Mortar toughness, 
KIC  =  Critical mode I stress intensity factor 
Lf  = Fiber length 
a = Crack length 
a0  = Initial stress-free crack length 
a1 = Negative slope of the first linear part of the cohesive law for the mortar  
  (normalized with the tensile strength) 
a2 = Negative slope of the second linear part of the cohesive law for the mortar  
  (normalized with the tensile strength) 
apeak = Crack length at peak stress 
b2 = The cut-off on the x-axis (stress normalized with the tensile strength) of the second linear part  
  of the cohesive law for the mortar 
df = Fiber diameter  
db =  Diameter of steel bar 
f  = Fiber snubbing coefficient 
f’ =  Fiber strength reduction coefficient 
ft = Tensile strength of mortar 
v = Displacement of the crack surface (v = ½ w)
vf  = Fiber volume fraction 
w  = Crack opening 
w0  = Crack opening at peak load 
x =  Axis in the crack parallel with the crack direction 
�� �� Slip-hardening coefficient for the fiber/mortar interface  

  = Integration variable along the x-axis
� = Far-field stress 
�0 =  Far-field stress at peak load 
�fc = First-crack strength (peak stress)  
�fu  = In-situ fiber strength  
�(x) = Stresses along the crack face 
�0 = Frictional stress on the fiber/mortar interface
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Abstract: This article discusses the establishment of a plasticity-based damage mechan-
ics model for Strain-Hardening Fiber-Reinforced Cementitious Composites (SHFRCC). The
present model differs from existing models by combining a matrix crack and a fiber-bridging
model to describe the behavior of SHFRCC material. The model provides information about
crack opening, orientation and spacing, which makes it possible to assess the condition of a
structure. A simple simulation is performed to demonstrate the capability of the model.
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1 INTRODUCTION

In contrast to conventional Fiber-Reinforced Concrete (FRC), Strain-Hardening Fiber-Rein-
forced Cementitious Composite (SHFRCC) is characterized by its ability to undergo multiple
cracking in tension. Conceptually, the cementitious matrix in SHFRCC is assumed to contain
initial flaws which are randomly distributed throughout the composite material. Micro-cracks
start to develop from the initial flaws due to stress concentration at the tip of the flaws when
the material is loaded in tension. Micro-cracks form and propagate under increasing load and,
together with fiber-bridging in the cracks, give rise to multiple cracking and strain-hardening.
Investigations into the conditions in which matrix and fiber properties achieve strain-hardening
through multiple cracking have been carried out by a number of authors, see e.g. (Naaman
1987), (Li & Leung 1992), (Li & Chan 1994), (Leung 1996), (Kanda & Li 1999), (Dick-
Nielsen, Stang & Poulsen 2006a) and (Dick-Nielsen, Stang & Poulsen 2007).

Thanks to the strain-hardening behavior of SHFRCC material, smeared-crack models avail-
able in commercial Finite Element Method (FEM) programs can be used to simulate the behav-
ior of SHFRCC structures (Dick-Nielsen, Stang & Poulsen 2006b). An overview of smeared
models is given by Jirasek (2004). An example of a model specifically developed for SHFRCC
is that derived by Han, Feenstra & Billington (2003). This model is a total-strain, rotating
smeared-crack model. The model is characterized by its detailed description of the unloading
phase, which makes it suitable for cyclic loading simulations. In the SHFRCC model pro-
posed by Kabele (2002), the cracks are fixed, once initiated. The model is characterized by the
scheme used to describe resistance against relative sliding of crack surfaces. This resistance is
assumed to occur solely due to fiber bridging, while fibers are described as randomly oriented
Timoshenko beams.

A number of finite element simulations on the micro- and meso-scale have been carried out
in previous investigations by the authors. These simulations were performed to get a better
understanding of the strain-hardening process in SHFRCC. On the micro-scale, the mecha-
nism during micro-crack propagation and subsequent fiber-debonding and pull-out has been
investigated (Dick-Nielsen, Stang & Poulsen 2005). On the meso-scale, investigations on the
propagation of single and multiple cracks have been carried out (Dick-Nielsen et al. 2006a),
(Stang, Olesen, Poulsen & Dick-Nielsen 2007) and (Dick-Nielsen et al. 2006b). On this scale,
it was found that matrix cracks can reach significant lengths before they become stress-free.
For a material model to be effective in the state where the matrix cracks initiate and propagate,
a separate matrix crack and fiber-bridging description is needed. The present model is based
on the smeared, fixed, multiple-cracking approach. The model differs from existing models by
describing the behavior of the cracks through a separate matrix crack and fiber-bridging model
and by giving detailed information on crack opening and spacing.

The matrix crack is described by employing an elasto-plastic material model for damage
initiation and propagation, which is a modified version of a model originally developed by
Carol, Prat & López (1997) for plain concrete. The model employs a modified Mohr-Coulomb
yield surface, which enables a mixed-mode cohesive description of the cracks. Although the
fracture energy of the SHFRCC matrix is low, it has been shown in (Stang et al. 2007) that it
is best described by a cohesive approach. During the sliding of a crack, the model is able to
capture the dilation in the normal direction. For the fibers, the normal stiffness is described
using a multi-linear strain-stress curve which can be found from a uniaxial tensile test. The
shear stiffness of fiber bridging has been described as randomly oriented Timoshenko beams
bridging the crack (Kabele 2002).



The present article is the first of two companion articles. In the first article the plasticity-
based damage mechanics model for the macro-scale is derived. The theory is described in
detail and the model is demonstrated using a simple example. In the second article the capa-
bility of the model is demonstrated by comparing simulation results with experimental results.
Furthermore, the use of the model in material design is demonstrated by means of a parameter
study.

2 PLASTICITY DAMAGE MODEL

The behavior of the SHFRCC material in the present model is based on the concept of a Repre-
sentative Volume Element (RVE). An RVE is traditionally thought of as an element containing
a sufficiently large number of microstructural inhomogeneities for it to be considered macro-
scopically homogeneous. The RVE concept is not adequate as long as the number of cracks is
small, but the concept is employed for lack of a better. As the number of cracks increases, the
concept becomes more adequate. Here, a two-dimensional RVE in plane stress with the side
length, l, is considered. For the model to be effective the length, l, must be large enough to en-
sure that the RVE contains a sufficient number of parallel cracks in the strain-hardening phase.
In this way, the RVE can be considered as a material point, where the constitutive equations
are solved. The RVE is subject to average total stress, σ, and strain, ε, and can contain several
series of parallel multiple cracks, where each series has different orientation. In this section,
the constitutive equations for an RVE containing multiple cracks in multiple directions will be
derived for the elastic and plastic states.

2.1 Model input

As input to the model, data on the composite level, the fibers and the matrix are required.

On the composite level, the following data are needed (see figure 1): the initial E-modulus,
E0, Poisson’s ratio, ν, the tensile strength, ft,SH,0, a constant, b, that describes the crack ope-
ning at which the crack becomes stress-free during unloading, and the threshold angle, φ, which
limits the angle between two crack systems. This threshold angle must be related to physical
observations. Furthermore, the relationship between the total normal strain, ε, and the normal
stress, σ, is required. Figure 1 shows the uniaxial tensile response for the SHFRCC material
up to localization. In the figure, the normal stress in the matrix crack and fiber-bridging stress
on a crack surface are plotted as a function of the normal strain. It is assumed that all cracks in
one direction associated with a material point have the same crack opening, δ. Interaction be-
tween micro-cracks and initial defects leads to a jagged strain-stress relationship (Dick-Nielsen
et al. 2006b), which has also been observed in tests (Wang & Li 2004). To avoid numerical
problems during computations, an idealized smooth curve is employed as shown in the figure,
and interactions between micro-cracks are therefore not considered in the present model. The
tensile curve for the SHFRCC material can be found from a uniaxial tensile test or through
a four-point bending (FPB) test and an inverse analysis (Østergaard 2003). Furthermore, the
length of the RVE, l, should be related to the test specimen from which the uniaxial stress-strain
relationship was found. The length should be chosen so that the RVE contains a sufficient num-
ber of cracks. Finally, a crack evolution law giving the relationship in the RVE between the
total normal strain and the number of parallel cracks per length, n, is needed (see figure 2).
The crack evolution law has to be continuous, since a smooth overall stress-strain response is
aimed for. It is assumed that the dependency between the number of cracks per length, n, and
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the normal strain can be described by a piecewise linear relationship. The crack evolution law
creates a link between the behavior of a single crack, the (δ, σ)-relationship, and the behavior
of the continuum, the (ε, σ)-relationship. In the current version, the crack evolution law was
calibrated through experiments. Examples of micro-mechanical models for the crack evolu-
tion law can be found in the literature, see e.g. (Aveston, Cooper & Kelly 1971) and (Wu &
Li 1995).

For the fibers the following input is needed: a shear stiffness constant, k, which gives the
relationship between crack opening and sliding and the shear bridging stress. This constant
depends on the fiber volume fraction, Vf , the shear modulus for the fibers, Gf , and the shape of
the fibers (Kabele 2002). The shear stiffness constant must be calibrated through experiments.

The material parameters required for the matrix are the tensile strength, ft,0, the cohesion,
c0, two friction coefficients for the yield surface, μf , and μ0, a friction coefficient for the plastic
potential, μg,0, and the mode I and II fracture energy, GF,I , and GF,II .

ft,SH,0

ft

SHFRCC: ESH(ε)

Fibers

Matrix

σ

εεu

Figure 1: The relationship between the normal strain and normal stress in the continuum, the
stress in the matrix crack and the normal fiber-bridging stress.

n

1/l

2/l

3/l

1
F

εt ε

Figure 2: Crack evolution law: normal strain vs. number of cracks per length.

2.2 The constitutive equations

In the first part of the theory, the crack is treated as a unified whole. Later, the behavior of a
crack is split into a fiber part and a matrix part, as shown in figure 1. In general, a crack is
initiated as the stress reaches the yield surface, according to plasticity theory. In the current
investigation, the cohesion chosen is sufficiently high for the first crack to be initiated under
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pure mode I conditions. Due to this, the first crack is perpendicular to the direction of the
first principal stress and after initiation the crack direction remains fixed. Furthermore, it is
assumed that the stress, σ, is equal to the stress in the crack, σcr, and the stress in the uncracked
elastic part of the material, σe. The strain, ε, however is split into two parts, one related to the
uncracked elastic material, εe, and one related to the additional deformations due to the opening
of cracks, εcr:

ε = εe + εcr (1)

Figure 3 shows the local coordinate system in a crack. The relationship between the global
strain in a crack, εcr, and the local strain in a crack, ecr, can be written as:

x
y

n

m

Figure 3: Local coordinate system in crack.

εcr = Tecr (2)

⎡
⎢⎢⎣

εcr
x

εcr
y

γcr
xy

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

n2
x nxmx

n2
y nymy

2nxny nxmy + nymx

⎤
⎥⎥⎦

⎡
⎣ εcr

nn

γcr
nm

⎤
⎦ (3)

taking only εcr
nn and γcr

nm into account, and T is the transformation matrix. A similar relationship
can be found between the global stress, σ, and the stress, s, in the crack:

s = T T σ (4)

The relationship between the local strain in the crack, ecr, the crack opening for a single
crack, δ, the length of the RVE, l and the number of parallel cracks in the RVE, N can be
written as:

ecr = N/lδ = nδ (5)
Thus the total strain formulation (eq. (1)) can then be rewritten as:

ε = εe + Tnδ (6)
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In incremental form splitting the strain gives:

dε = dεe + T dnδ + Tndδ (7)

The relationship between the elastic strain increment, dεe, and stress increment, dσ, is:

dσ = Dedεe = De(dε− T dnδ − Tndδ) (8)
where De is the elastic stiffness matrix, which refers to the intact material between the cracks
and is therefore constant throughout the entire analysis.

De = [Ce]
−1 =

E0

1− ν2

⎡
⎢⎢⎢⎣

1 ν 0

ν 1 0

0 0 1− ν
2

⎤
⎥⎥⎥⎦ (9)

The relationship between crack opening for a single crack, δ, and stress in the crack, s, in
incremental form can be written as:

dδ = Ccrds = CcrT
T dσ (10)

where the stress, ds, is substituted using eq. (4) and Ccr is the tangent compliance matrix for
a single crack. To solve the differential equation (eq. (8)), the crack evolution law needs to be
introduced in incremental form:

dn = F (εnn)dεnn (11)
where dεnn is the normal component of total strain normal to the crack direction (dεnn =
[1 0]T T dε) and F is the slope of the crack evolution law (see figure 2). Inserting eq. (10) and
(11) in eq. (8) the differential equation can now be written as:

dσ = De(dε− TFdεnnδ − TnCcrT
T dσ) (12)

To obtain a relationship between total strain increment, dε, and the stress increment, dσ,
eq. (12) is rearranged:

(Ce + TnCcrT
T )dσ = (dε− TFδdεnn) ⇔

(Ce + TnCcrT
T )dσ = (I − TFδ[1 0]T T )dε ⇔

dσ = (Ce + TnCcrT
T )−1(I − TFδ′T T )dε

(13)
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where I is a 3-by-3 unit matrix and δ′ is a 2-by-2 matrix containing the displacement compo-
nents (see eq. (14)).

δ′ =

[
δnn 0

δmn 0

]
(14)

The tangent stiffness matrix, Dep, is readily identified from eq. (13) and for multiple crack
directions T , nCcr, and Fδ′ can be written as:

T = [ T 1 T 2 ... T j ] (15)

nCcr =

⎡
⎢⎢⎢⎢⎢⎣

n1C
cr
1 0 ... 0

0 n2C
cr
2 0

: :

0 0 ... njC
cr
j

⎤
⎥⎥⎥⎥⎥⎦ (16)

Fδ′ =

⎡
⎢⎢⎢⎢⎢⎣

F1δ
′
1 0 ... 0

0 F2δ
′
2 0

: :

0 0 ... Fjδ
′
j

⎤
⎥⎥⎥⎥⎥⎦ (17)

where j refers to the current crack direction.

The constitutive equations presented here are only valid up before localization occurs in a
crack thanks to the assumption that all cracks associated with a material point have identical
crack openings. For the model to be valid after localization takes place, an extension has to be
made.

2.3 Matrix crack model

The matrix crack is modeled employing an elasto-plastic material model for damage initiation
and propagation in plain concrete. The model employed is a modified version of the model
originally developed by Carol et al. (1997). The model employs a modified Mohr-Coulomb
yield surface, f allowing the crack to propagate under mixed-mode conditions. During the
sliding of the crack, the model is able to capture the dilation in the normal direction. The
dilation phenomenon is important when modeling crack propagation in cementitious materials.
If a crack opening is confined in the normal direction during sliding, large normal-compression
forces can build up on the crack surface. The model includes damage parameters and, as the
material softens, the shape of the yield surface will gradually tend towards the Coulomb yield
surface. The normal and shear crack openings are organized in the matrix δ, and the associated
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matrix stress components on the crack surface are organized in the matrix sm:

δ =

[
δnn

δmn

]
(18)

sm =

[
sm

nn

sm
mn

]
(19)

2.3.1 Yield surface

The modified Mohr-Coulomb yield surface, f1, can be written as:

f1 = (sm
mn)2 − (c− sm

nnμ)2 + (c− ftμ)2 (20)
where c is the cohesion, μ, is the friction coefficient and ft is the tensile strength of the matrix.
In compression, the yield surface is cut off and enclosed by a circular surface, f2, as shown
in figure 4. This helps to avoid too large stresses in compression and ensures that the dilation
effect vanishes with large openings. The expression for the circular surface is given as:

f2 = (sm
nn − sc)

2 + (sm
mn)2 − r2 (21)

where sc is the normal stress in the center of the yield surface and r is the radius of the yield
surface. The normal stress at which the two surfaces intersect is denoted s′. The circular
surface and the Coulomb surface have coinciding tangents at the intersection to create a smooth
transition between the two surfaces (see figure 4). To ensure this, the center of the circle, sc,
and the radius, r, are functions of the material parameters, c, μ, ft and s′. The normal stress at
the center of the circular surface, sc, the circle radius, r, and the uniaxial compression strength,
fc can be found as:

sc = −μc + μ2s′ + s′ (22)

r =

√
(s′ − sc)

2 + (c− s′μ)2 − (c− ftμ)2 (23)

fc = sc − r (24)
assuming that the normal stress at the intersection, s′, is known.

The material softens as the crack opens. The softening is described through the damage
parameter, κ1:
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Figure 4: Modified Mohr-Coulomb yield surface. The transition between the Coulomb surface,
f1, and the circular surface, f2, is marked by a dashed line.

c = c0(1− κ1) κ1 < 1

μ = μ0(1− κ1) + μf

ft = ft,0(1− κ1)

s′ = s′0(1− e−aκ1

(1 + (e−a − 1)κ1)
)

(25)

where a is a constitutive parameter. In the present model, the yield surface can only contract and
the contraction will occur as the crack opens and slides. An extension to the model would be to
allow the yield surface to reestablish partly as the crack closes, and thereby partly reestablish
the friction and compression capacity.

2.3.2 Flow rule

The crack opening increment, dδ, is perpendicular to the plastic potential surface, g. A non-
associated plastic flow rule is applied for the Coulomb surface and the circular surface:

g1 = (sm
nm)2 − (c− sm

nnμg)
2 + (c− ftμg)

2 sc > 1 (26)

g2 = (sm
nm)2 + (c− sm

nnμg)
2 + (c− ftμg)

2 sc ≤ 1 (27)
where μg is a friction coefficient for the plastic potential and g1 is employed for normal stresses
larger than the normal stress at the center of the circular surface, sc and g2 for stresses smaller
than sc.

The flow rule can be written as:
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dδ = dλ
∂g

∂sm

(28)

The normals for the two potentials are:

∂g1

∂sm

=

[
2μg(c− sm

nnμg)

2sm
mn

]
(29)

∂g2

∂sm

=

[ −2μg(c− sm
nnμg)

2sm
mn

]
(30)

The sign change in the normal for the circular potential ensures that the crack closes when
the stress point reaches the back of yield circular surface. The physical interpretation of this is
that the dilation effect falls as the shear or normal opening of the crack increases. The friction
coefficient for the plastic potential, μg, degrades as a function of the damage parameter, κ2:

μg = μg,0(1− κ2) κ2 < 1 (31)

2.3.3 Damage law

The increase in damage, dκ, is related to the flow rule through the damage law:

dκ =

[
dκ1

dκ2

]
= dλh (32)

where h is the damage function. The choice of damage function depends on the normal stress
in the crack and the current yield surface. In tension work hardening, h1, is used:

h1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

sm

∂g1

∂sm
GF,I

sm

∂g1

∂sm
GF,II

⎤
⎥⎥⎥⎥⎥⎥⎦

sm
nn ≥ 0 (33)

If we insert eq. (33) and (28) in the damage law (eq. (32)), the increase in damage can be
rewritten as:
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dκ =

⎡
⎢⎣

smdδ
GF,I

smdδ
GF,II

⎤
⎥⎦ (34)

The damage parameter, κ, is thereby a normalized measure for the amount of fracture energy
consumed. The applied hardening function in tension gives the following relationship between
normal crack opening, δnn, and normal stress, sm

nn, in a pure mode I crack opening.

sm
nn = ft,0e

−δnnft,0/GF,I (35)
where ft,0 is the initial tensile strength of the matrix and GF,I is the mode I fracture energy.

A modified version of work hardening, h2, is employed in compression, when the normal
stress is greater than the normal stress at the center of the yield circular surface, sc. Only shear
stress greater than the friction stress (σμf ) is assumed to give rise to work.

h2 =

⎡
⎢⎣

sm
mn + μfσsign(sm

mn)
GF,II

∂g
∂sm

mn

sm
mn + μfσsign(sm

mn)
GF,II

∂g
∂sm

mn

⎤
⎥⎦ sc ≤ sm

nn < 0 (36)

Another modified version of work hardening, h3, is employed during compression, when
the normal stress is smaller than the normal stress in the center of the circle, sc.

h3 =

⎡
⎢⎣

sm
mn

GF,II

∂g
∂sm

mn
+

sm
nnd

GF,I

∂g
∂sm

nn

sm
mn

GF,II

∂g
∂sm

mn
+

sm
nnd

GF,I

∂g
∂sm

nn

⎤
⎥⎦ sm

nn < sc (37)

where d is a constitutive parameter determining how fast the softening will take place. In this
damage function, h3, the normal opening is related to the mode I fracture energy, GF,I and the
shear opening to the mode II fracture energy, GF,II .

2.3.4 Consistency condition

The consistency condition makes sure that the stress in the matrix remains on the yield surface
during plastic loading. The condition can be derived by making a first-order Taylor expansion
of the yield condition, f :

f +
∂fT

∂sm

dsm +
∂fT

∂κ
dκ = 0 (38)
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where κ is the damage parameter and the derivative of the yield function with respect to the
damage parameter can be found in the Appendix. Because f is equal to zero in the plastic state,
eq. (38) can be rewritten employing eq. (32).

∂fT

∂sm

dsm +
∂fT

∂κ
dλh = 0 (39)

Introducing the hardening modulus, A, the consistency condition is written as:

∂fT

∂sm

dsm −Adλ = 0 (40)

The plastic multiplier, dλ, can be found from eq. (40):

dλ =
∂fT

∂sm

dsmA−1 =
∂fT

∂sm

A−1Tdσglobal (41)

where dσglobal is the global stress increment.

2.3.5 The compliance matrix

The relationship between the stress increment, dsm, and the crack opening increment, dδ, can
be found by inserting eq. (41) in eq. (28):

dδ =
∂g
∂sm

dλ ⇔

dδ =
∂g
∂sm

∂fT

∂sm
dsmA−1

(42)

The compliance matrix is then given in eq. (42):

Cm
cr =

∂g

∂sm

∂fT

∂sm

A−1 (43)

where the hardening modulus, A, is given in eq. (39) and 40:

A = −∂fT

∂κ
h (44)
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2.4 Fiber-bridging model

The stiffness of the fibers in the direction normal to the crack surface, eb, can be found using
information about the global normal stiffness of the SHFRCC, ESH , the initial E-modulus for
plane stress, E = E0/(1 − ν2), the number of parallel cracks per length, n, and the stiffness
of the matrix crack for pure mode I opening, em

nn,I . If we consider only the stiffness in the
direction normal to a crack, eq. (13) gives:

(1/E + nCcr
11)

−1(1− Fδnn) = ESH (45)
By substituting the crack compliance, Ccr

11, with the sum of the mode I matrix and fiber stiffness,
Ccr

11 = 1/(eb + em
nn,I), the mode I fiber stiffness, eb, can be found:

eb =
nESHE + em

nn,I(ESH −E + EδnnF )

E −ESH −EδnnF
(46)

where the pure mode I stiffness of the matrix, em
nn,I , can be found as a function of the current

normal opening of a single crack. Thanks to the present formulation, the global tangent stiff-
ness computed agrees with the global tangent stiffness, ESH , found from an idealization of an
uniaxial tensile test, when the cracks open in pure mode I. If the cracks open in mixed mode,
the actual normal stiffness for the matrix, em

nn, will be lower than the pure mode I stiffness,
em

nn,I , due to the mixed-mode crack formulation. It is assumed that the fiber normal stiffness,
eb, is unaffected by mixed mode crack opening.

During the sliding of a crack the fibers are modeled as randomly oriented Timoshenko beams
and the relationship between crack deformations and shear stresses can be found by solving a
boundary value problem (Kabele 2002). Assuming that the bending effect of a short stubby
beam can be neglected and its deformation is dominated by uniform shearing only, the rela-
tionship can be given as:

sb
nm = k

δnm

δnn

(47)

where k is a constant calibrated by test, and δnn and δnm are the mode I and II crack openings,
respectively. The tangent matrix for the average fiber stiffness can then be written as:

Db
cr =

⎡
⎣ eb 0

−kδnm

δ2
nn

k
δnn

⎤
⎦ (48)

In the current version of the model, the stiffness of the fiber-bridging has to be calibrated
through experiments. If the changes are made to the matrix mix or the fiber amount or type
is changed, a calibration is needed. An analytical model of the relationship between crack-
opening and fiber-bridging normal stress has been derived by (Lin, Kanda & Li 1999).
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2.5 The total compliance crack matrix

Because the matrix and fiber-bridging in the crack work in parallel, the total stiffness of the
crack can be written as:

Dcr = Db
cr + Dm

cr (49)

The superposition of stiffness in the crack remains a hypothesis until the model has been
validated by experimental results.

2.6 Unloading and reloading

During unloading and reloading, three different elements need to be considered: matrix, fibers
and composite level.

The yield surface governs the unloading and reloading of the matrix crack . As observed in
experiments (Kesner & Billington 1998), the elastic E-modulus tends to degrade as a function
of the largest crack opening obtained. A simple scheme taking this degrading of normal stiff-
ness into consideration is employed during unloading and reloading of the matrix crack (figure
5 and eq. (50)).

ft,0

bδmax

1
em
nn

(δmax, sm,pl
nn )

Figure 5: Unloading and reloading of the matrix crack.

em
nn,un =

⎧⎪⎪⎨
⎪⎪⎩

sm,pl
nn /((1− b)δmax) δnn > bδmax

0 bδmax > δnn > 0

∞ δ = 0

(50)

where b is a constant calibrated by experiments, sm,pl
nn is the normal stress before unloading

and δmax is the maximal normal crack opening before unloading. The normal crack opening,
δnn, cannot assume negative values, because this means that the crack surfaces would overlap.
Giving the crack infinite normal stiffness causes the stiffness of the SHFRCC material in the
crack-normal direction to be equal to the initial stiffness in compression. Eq. (50) is only valid
when unloading occurs and while the normal stress is positive. If the normal stress is negative
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before unloading (this can occur during sliding), then the normal stiffness will be equal to
infinity, because the matrix crack is then under compression. If the normal stress becomes
positive, eq. (50) will again be valid. For the stress point to be able to move quickly from
one side of the yield surface to the other ((sm

nn, sm
nm) → (sm

nn, −sm
nm)), when the tangential

displacement increment changes direction, the elastic shear stiffness of the matrix crack is set
to ft / (1 μm). The magnitude of the elastic shear stiffness influences the distribution of shear
stresses between the matrix crack and fibers in the elastic state. An experimental investigation
of this phenomenon can decide the real magnitude.

The crack opening governs the unloading and reloading of the fibers. The scheme applied to
determine the relationship between the crack opening and the bridging stiffness normal to the
crack surface resembles that applied for the matrix crack (figure 5). The fibers become elastic
when the normal crack opening decreases:

eb
nn,un =

⎧⎨
⎩

sb,pl
nn /((1− b)δmax) δnn > bδmax

0 bδmax > δnn > 0
(51)

When the crack has closed, the normal stress is transferred entirely through the matrix crack.
It is assumed for simplicity that the fiber-bridging stress cannot become negative. The bridging
stiffness normal to the crack surface is given by eq. (46), when the crack normal opening
reaches the previous maximal opening, δmax. It is assumed that the stiffness parallel with the
crack surface can be found using eq. (47).

The total normal strain in the crack normal direction governs the unloading and reloading at
the SHFRCC (composite) level. If the normal strain decreases, the number of cracks per length,
n, remains constant. The SHFRCC becomes plastic and the number of cracks per length, n,
can again increase when the normal strain in the crack normal direction exceeds the previous
maximal strain in the crack normal direction.

2.7 Initiation of second crack direction

The first crack is initiated when the first principal stress reaches the tensile strength of the
SHFRCC material, ft,SH,0. The normal to the crack surface is parallel with the first principal
stress, and the crack direction remains fixed after crack initiation. An angle threshold limits
the angle between two crack systems, and the size of the angle threshold must be determined
through experiments. A second crack system is initiated when the stress state in the matrix
outside the angle threshold reaches the yield surface. The normal to the second crack system is
parallel to the normal to the yield surface.
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3 SIMULATION OF MIXED-MODE CRACK OPENING

3.1 Introduction

The capability of the material model can be demonstrated by considering the opening of a
single crack at a material point (see figure 6). The dimension of the RVE associated with the
material point is 10 mm x 10 mm (l x l). The load is applied along the upper boundary in two
steps. In step I a displacement, uI , of 0.15 mm perpendicular to the crack plane is applied
and in step II uI is held constant, while a tangential displacement, uII , of 0.1 mm is applied.
Figure 7 shows the displacement load as a function of the time increment, t.

uI

(a) Step I: Pure
mode I crack ope-
ning.

uII

(b) Step II: Mixed
mode crack ope-
ning.

Figure 6: Opening of a single crack in a RVE.

0 0.5 1 1.5 2
0

0.05

0.1

0.15

0.2

 uI  uII

t

 u
 [m

m
]

Figure 7: Displacement load, u, as a function of the time increment, t.

3.2 Model input

The material data applied for this simulation are: the tensile strength, ft,SH,0 = 2.6 MPa, the
initial E-modulus, E0 = 33 GPa, the strain-hardening E-modulus, ESH = 0.24 GPa and the ul-
timate strain before softening, εu = 0.007. Poisson’s ratio, ν, is assumed to be 0.2. These
material data are similar to those found by Østergaard, Walter & Olesen (2006) from the FPB
experiments and an inverse analysis for the mix proportions given in table 1.
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Table 1: Mix proportions of SHFRCC by weight (Østergaard et al. 2006).
Cement Sand Quarts FA (milled) FA Water SP Fibers

1.00 0.40 0.40 0.36 0.84 0.54 0.014 0.045

The number of cracks per length, n, is assumed to be constantly equal to one. Finally
the applied matrix properties related to the elasto-plastic matrix crack model are: the matrix
tensile strength, ft,0 = 2.0 MPa, the friction coefficient, c0 = 6 MPa, the mode I fracture energy,
GF,I = 30 N/m, the mode II fracture energy, GF,II = 30 N/m, the friction coefficients μf = 0.4,
μ0 = 0.2 and μg = 0.3 and the unloading constant b = 0.5.

3.3 Simulation results

The evolution in the matrix crack stress components is shown in figure 8. The current yield-
surface is plotted for each stress point. In load-step I, the crack is initiated and opens in pure
mode I. In this step, the matrix crack is only bridged by normal stress, and by the end of the
step this is reduced to 39 % of the initial tensile strength, ft,0. In step II, a mixed-mode opening
is applied to the crack by adding pure sliding deformation at the upper RVE boundary, while
keeping the normal deformation on this boundary constant. Because of the dilation effect,
compression stress builds up in the matrix crack. After a certain amount of sliding, the dilation
effect wears off and the stress in the matrix crack is reduced towards zero.

−2 −1 0 1
−1

−0.5

0

0.5

1

 t = 1.0

 t = 1.2

 t = 1.65

sm
nn / ft,0

sm m
n / 

f t,0

Figure 8: The matrix crack stress components are plotted together with the matching yield
surface history. The arrows indicate the direction of the stress evolution.

In figure 9, the normal to the plastic potential, g, is plotted for a selected number of stress
points. For each stress point the yield surface is plotted as well. Figure 10 shows the crack
opening as a function of the step number. The relationship between the normal to the plastic
potential and the increase in crack opening is described through the flow rule (eq. (28)). In step
I, only mode I opening occurs in the crack and the normal to the plastic potential points straight
forward. In step II, both normal and tangential opening occurs, where the normal opening is
due to the dilation effect and the finite elastic stiffness of the continuum. As soon as the stress
point reaches the back of the yield circular surface, the normal to the plastic potential begins to
point backwards. As this happens, the dilation effect begins to wear off and the compression
stresses decrease, causing the crack opening to decrease.
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Figure 9: The normal to the plastic potential, g is plotted for a selected number of stress points.
For each stress point the matching yield surface is plotted.
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Figure 10: Crack opening as function of the time increment, t.

Figure 11 shows the stress history in the crack as a function of the time increment. In step
I, the crack opens in pure mode I. At crack initiation there is a difference between the stress in
the SHFRCC material, s, and the stress in the matrix crack, sm, which is in good agreement
with numerical observations (Dick-Nielsen et al. 2005), where a crack with an opening of only
a few nanometers runs through the matrix before debonding of the fibers take place. Similar
experimental observations have been made by (Wang & Li 2004). The SHFRCC mix 3 in these
experiments had a first crack strength of 4 MPa, while experiments performed by Wang at the
Technical University of Denmark, showed that the matrix in mix 3 had a tensile strength of 2.8
MPa. After crack initiation the matrix stress, sm, decreases, the fiber-bridging, sb, increases
and the slope of the total strain-stress-relationship is ESH . At the beginning of step II, the
matrix crack stress decreases due to dilation. As the dilation effect wears off, the total stress,
s, converges towards the fiber stress. This example demonstrates clearly the need to separate
the matrix crack and the fiber descriptions. The fiber-bridging remains almost constant during
sliding, while the matrix crack stress (and thereby the total stress) decreases significantly due
to the dilation effect.
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Figure 11: Normal stress history in the crack as a function of the time increment, t.

4 CONCLUSIONS

In the present article, a plasticity-based damage mechanics model for Strain-Hardening Fiber-
Reinforced Cementitious Composite (SHFRCC) has been introduced. The present model dif-
fers from existing models by combining a matrix crack and a fiber model to describe the behav-
ior of the SHFRCC material, and by giving detailed information on crack opening, orientation
and spacing. The information provided by the model makes it possible to assess the state of an
SHFRCC structure.

The behavior of a crack at a material point during mixed-mode opening has been simulated.
This simulation demonstrated the need to separate the matrix crack and fiber-bridging behavior.
During sliding, the change in fiber stresses was insignificant, but because of the dilation effect,
the matrix crack stresses, and thereby the composite stresses, were significantly decreased.

In addition to information on global stresses and deformations, data about crack stress, ope-
ning, orientation and spacing was also obtained. Although the example is a simple one, it
demonstrates the capability of the model. The simulation with the crack at the material point
only contained a single crack. In part II, simulations of constructions containing multiple cracks
will be carried out and compared with experimental data.
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Notation

The following symbols are used in this paper:

A Hardening modulus
Ccr Tangent compliance matrix for a single crack
De Elastic stiffness matrix
Dep Tangent stiffness matrix for the composite
E0 E-modulus
ESH Strain-hardening modulus for the composite
F Slope of the crack evolution law
I Unit matrix
N Number of parallel cracks associated with a material point
GF,I Mode I fracture energy for the matrix
GF,II Mode II fracture energy for the matrix
Gf Shear modulus for the fibers
T Transformation matrix
Vf Fiber volume fraction
a Constitutive parameter for the matrix
b Unloading constant
c0 Cohesion in the matrix
d Constitutive parameter for the matrix
e Stiffness of crack
ecr Local strain in a crack
f1 Mohr-Coulomb yield surface
f2 Circular yield surface
fc Uniaxial compression strength of the matrix
ft,0 Tensile strength of the matrix
ft,SH,0 Tensile strength of the composite
g Plastic potential
h Damage function
k Shear stiffness constant for the fibers
l Side length of RVE
n Number of cracks per length
r radius of the yield surface, f2

s Local stress in a crack
sc Normal stress in the center of the yield surface, f2

s′ Normal stress at which the two surfaces intersect
t Time increment
u Displacement
δ Crack opening
ε Strain
εcr Strain related to the cracks
εe Strain in the uncracked elastic material
εt Normal strain at first crack initiation
εu Ultimate strain (before localization)
σ Stress
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σcr Stress in the crack
σe Stress in the uncracked composite
φ Threshold angle between two crack systems
κ Damage parameter
λ plastic multiplier
μ0 Friction coefficients for the yield surface
μf Friction coefficients for the yield surface
μg,0 Friction coefficients for the plastic potential
ν Poisson’s ratio
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6 APPENDIX

6.1 The derivative of the Coulomb surface with respect to the damage parameter

Since the yield function is only a function of κ1 the derivative of the Coulomb surface with
respect to the damage parameter can be found with the expression below:

∂f1

∂κ
=

⎡
⎣ ∂f1

∂κI

0

⎤
⎦ =

⎡
⎣ ∂f1

∂c
∂c
∂κI

+
∂f1

∂μ
∂μ
∂κI

+
∂f1

∂ft

∂ft

∂κI

0

⎤
⎦ (52)

The derivatives for the yield function (eq. (20)) with respect to the material parameters can
be written as:

⎡
⎢⎢⎢⎢⎢⎣

∂f1

∂c

∂f1

∂μ

∂f1

∂ft

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎣

2μ(σ − ft)

2(c− σμ)σ − 2(c− ftμ)ft

−2(c− ftμ)μ

⎤
⎥⎥⎦ (53)

The derivatives for the material parameters (eq. (25)) with respect to the damage parameter,
κ1, are given as:

⎡
⎢⎢⎢⎢⎢⎣

∂c
∂κI

∂μ
∂κI

∂ft

∂κI

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎣

−c0

−μ0

−ft0

⎤
⎥⎥⎦ (54)

6.2 The derivative of the circular surface with respect to the damage parameter

Since the yield function is only a function of κ1, the derivative of the function describing the
circular surface with respect to the damage parameter can be found with the expression below:

∂f2

∂κ
=

⎡
⎣ ∂f2

∂κI

0

⎤
⎦ =

⎡
⎣ ∂f2

∂sc

∂sc
∂κI

+
∂f2

∂r
∂r
∂κI

0

⎤
⎦ (55)

Substituting the expression for the material parameters (eq. (25)) into the expression for the
circle center, sc, and the radius, r, leads to two very complicated expressions. So the expression
for the derivative for these parameters with respect to the damage parameter, κ1, has been split
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into two expressions that are more transparent:

∂r

∂κI

=
∂r

∂c

∂c

∂κI

+
∂r

∂ft

∂ft

∂κI

+
∂r

∂μ

∂μ

∂κI

+
∂r

∂s′
∂s′

∂κI

(56)

∂sc

∂κI

=
∂sc

∂c

∂c

∂κI

+
∂sc

∂ft

∂ft

∂κI

+
∂sc

∂μ

∂μ

∂κI

+
∂sc

∂s′
∂s′

∂κI

(57)

where the derivatives of the circle radius, r, and center, sc, can be found from eq. (23) and
(22) with respect to the material parameters, c, ft and μ and the derivative for the material
parameters c, ft, and μ are given in eq. (54). The derivative for the intersection normal stress
between the two yield surfaces, s′, can be written as:

∂s′

∂κI

= − s′0 e−a(
1 + κI e−a − κI

)2 (58)

The derivatives of the function of the circular yield surface (eq. (21)) with respect to the
circle center, sc, and radius, r, are given as:

⎡
⎢⎣

∂f2

∂sc

∂f2

∂r

⎤
⎥⎦ =

[ −2sm
nn + 2sc

−2r

]
(59)
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1 Introduction

Fiber-reinforced cementitious materials are often classified based on their predominant behav-
ior under uniaxial tension. A distinction is then made between tension-softening and strain-
hardening materials (Stang 1992), (Naaman & Reinhardt 1996), and the latter are often referred
to as strain-hardening fiber-reinforced cementitious composites (SHFRCC). Strain-hardening
is associated with the formation of multiple parallel cracks, while only a few cracks usually ap-
pear in tension-softening materials. The two kinds of material behavior have a large influence
on the structural behavior of a structure, and SHFRCC-materials have often proved superior,
see e.g. (Li 2003) and (Walter, Olesen, Stang & Vejrum 2007). Also the modeling approach is
influenced by the material behavior under uniaxial tension. Tension-softening materials are of-
ten modeled employing a fracture-mechanical approach in which the behavior of a single crack
is described, see e.g. (Hillerborg, Modeer & Petersson 1976), (Belytschko & Black 1999),
(Asferg, Poulsen & Nielsen 2007) and (Dick-Nielsen, Poulsen, Stang & Olesen 2004). In
contrast to this, the ductile behavior of SHFRCC materials often makes the use of continuum
models more suitable, see e.g. (Kabele 2002) and (Han, Feenstra & Billington 2003).

A large number of continuum models for cementitious materials have been derived over
the last 50 years. Two types of models often employed are damage mechanics models and
smeared models. In the damage mechanics models, the elastic material parameters degrade as
the damage parameters increase, see e.g. Kachanov (1958). In the smeared models, the strain
is split into two parts: one related to the cracks and the other related to the elastic material
between the cracks, see e.g. Rashid (1968) and Bazant & Oh (1983). The smeared models
were originally intended for tension-softening materials, but the concept can be extended to
strain-hardening materials as well.

Very few continuum models have so far been derived to capture the special behavior of
SHFRCC materials, see e.g. (Han et al. 2003) and (Kabele 2002). Both of these models are
based on the smeared-crack approach; the first is a total-strain, rotating smeared-crack model
and the latter is a smeared fixed-crack model. The models give no detailed information about
the crack pattern and do not capture the dilation effect of the matrix during the sliding of a
crack. Stang, Olesen, Poulsen & Dick-Nielsen (2007) found that cracks in the SHFRCC matrix
reach significant lengths before the matrix becomes stress-free. A realistic description of the
SHFRCC material during the propagation of the matrix cracks should therefore include both
the matrix and the fiber behavior as shown in (Dick-Nielsen, Stang & Poulsen 2005) and (Dick-
Nielsen, Stang & Poulsen 2006).

In Part I of this article, a plasticity-based damage mechanics model for SHFRCC based on
the smeared fixed, multiple-cracking approach was presented. The behavior of the SHFRCC-
material in the present model is based on the concept of a Representative Volume Element
(RVE), where the RVE is thought of as an element containing a sufficient number of microstruc-
tural inhomogeneities for it to be considered macroscopically homogeneous. This model differs
from existing SHFRCC models by combining a matrix crack model and a fiber model, and it is
capable of giving detailed information about crack openings and spacing. In figure 1, the nor-
mal stress in the composite, the normal stress in the matrix crack, and the normal fiber-bridging



stress are plotted as a function of the normal strain. The magnitude of the crack openings in
PVA-SHFRCC is of the order of 50-200 μm before localization occurs (Li 2003) and (Fischer,
Stang & Dick-Nielsen 2007) and 50-130 μm for SHFRCC reinforced with high strength steel
fibers (Liao, Chao, Park & Naaman 2006). For larger crack openings the cracks will mainly be
bridged by the fibers, but for openings of this magnitude the cracks will be bridged by cohesive
matrix stresses as well. The matrix part especially influences the crack behavior during the
sliding of the crack, where dilation effects will appear.

ft,SH,0

ft

SHFRCC: ESH(ε)

Fibers

Matrix

σ

εεu

Figure 1: The normal stress in the composite, the normal stress in the matrix crack and the
normal fiber-bridging stress plotted as a function of the normal strain.

The first crack is initiated as the first principal stress reaches the tensile strength of the
composite, ft,SH,0. At initiation, the normal for the crack surface is perpendicular to the first
principal stress, and after crack initiation, the crack orientation remains fixed. As input, infor-
mation about the number of cracks per length in the RVE, n as a function of the normal strain,
is needed (see figure 2). This relationship constitutes a crack evolution law, that must be deter-
mined experimentally. The crack evolution law is assumed to be continuous to avoid numerical
problems during computations. The chosen length of the RVE, l, should be sufficiently large
to represent the behavior of the material. All cracks associated with one material point are
assumed to have identical crack openings, δ.

n

1/l

2/l

3/l

1
F

εt ε

Figure 2: Crack evolution law: strain vs. crack number per length, n.

The matrix cracks are modeled using an elasto-plastic material model for damage initiation
and propagation; this is a modified version of the model by Carol, Prat & López (1997) orig-
inally intended for unreinforced concrete. The model employs a closed Mohr-Coulomb yield
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surface and is able to capture the dilation effect during crack sliding. The model includes dam-
age parameters and as the damage increases, the shape of the yield surface will gradually tend
towards a point after which the matrix crack becomes traction-free.

The mode I fiber-bridging stiffness, eb, was found through an inverse analysis based on
information on of the global stiffness, ESH , for a given normal strain (see figure 1), the initial
E-modulus for plane stress, E = E0/(1− ν2), the number of parallel cracks per length, n, and
the pure mode I stiffness for a given crack opening, em

nn,I . The shear stiffness of the fibers was
modeled as randomly orientated elastic Timoshenko beams (Kabele 2002).

The constitutive equations for the model can be found in the companion paper (Part I) to
this article. In the present part, the capability of the model will be demonstrated by comparing
simulation results with corresponding results from experiments.

2 Four Point Bending Beam Simulation

2.1 Introduction

The model was implemented in a user supplied routine in the commercial FEM package ’DI-
ANA’. A simulation of a four-point bending (FPB) beam was carried out as a test of the present
model (see figure 3). Corresponding experimental results were found by Østergaard, Walter &
Olesen (2006). In contrast to the simulation of the crack opening at the material point (in Part
I), multiple cracking occurred in the beam. For the simulation, only half the beam was modeled
due to symmetry, and here a 70-by-17 element mesh was employed. The elements employed
were 8-node, quadrilateral isoparametric plane stress elements. The elements were based on
quadratic interpolation and Gauss integration. The dimensions of the beam were: length 500
mm, height 60 mm and width 100 mm. The beam was simply supported and loaded as shown
in the figure. Points A and B were used for measuring of vertical displacement, u, and point C
was used to evaluate the state of the material.

AB

C
60 mm

125 mm 125 mm

CLP/2

Figure 3: Four-point bending beam. Due to symmetry, only half the beam is modeled. Points
A and B are used to measure a relative deflection, while point C is used to evaluate the state of
the material.
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Table 1: Mix proportions of SHFRCC by weight (Østergaard et al. 2006).
Cement Sand Quarts Fly Ash (milled) Fly Ash Water SP Fibers

1.00 0.40 0.40 0.36 0.84 0.54 0.014 0.045

2.2 Model input

The material data was found from the FPB experiments and an inverse analysis (Østergaard
et al. 2006) (the mix proportions are given in table 1): the tensile strength, ft,SH,0 = 2.6 MPa,
the initial E-modulus, E0 = 33 GPa, the strain-hardening E-modulus, ESH = 0.24 GPa and the
ultimate strain before softening, εu = 0.007. Poisson’s ratio, ν, was assumed to be 0.2.

To obtain information about crack opening and spacing from the simulation, information
about the number of cracks per length, n, as a function of the total normal strain in the crack
normal direction, εnn, is required (see figure 2). These data were not measured in the experi-
ments, so some reasonable values were assumed. These additional input data only had little in-
fluence on global results like global stresses and the deflection of the beam, because the cracks
mainly opened in mode I. The relationship between the number of cracks per length, n, and
strain, εnn, was chosen as: (εnn; n [mm−1]), (7.9·10−5; 0.02), (1·10−4; 0.04), (1·10−3; 0.06 ),
(3·10−3; 0.08) and (6·10−3; 0.1). Finally, the matrix properties related to the elasto-plastic
matrix model were chosen as: the matrix tensile strength, ft,0 = 2.0 MPa, the friction coef-
ficient, c0 = 6 MPa, the mode I fracture energy, GF,I = 30 N/m, the mode II fracture energy,
GF,II = 30 N/m, the friction coefficients μf = 0.4, μ0 = 0.2 and μg = 0.3, and the unloading
constant b = 0.5.

2.3 Simulation results

Figure 4 plots the relative load-deflection curve from the simulation together with the upper
and lower bounds from the experiments. In contrast to the experiments, a partial unloading was
performed in the simulation to demonstrate the chosen unloading and reloading scheme. The
load was applied in three steps: first the load was increased until a deflection of approximately
0.7 mm was reached at load point I, then a partial unloading was performed until load point
II was reached, and finally the load was increased in the remaining part of the simulation. As
shown in the figure, the model was able to reproduce the experimental results very well. The
simulation was stopped as soon as the ultimate strain, εu, was reached, which corresponds to
when localization of a crack would occur.

Figure 5 shows the relationship between the normal stress, s, at point C and the relative
deflection. The total stress, s, reached a peak at a relative deflection of approximately 1.1 mm.
After the peak point was reached, the SHFRCC material began to soften and the simulation was
stopped. The unloading scheme worked as intended, leaving a permanent plastic deformation
after unloading. At a deflection of 1 mm, the matrix had become stress-free and the crack was
therefore only bridged by the fibers.

Figure 6 shows the crack pattern at a deflection of approximately 0.9 mm, before localiza-
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Figure 4: Relative load-deflection curve. Points A and B at which the deflection, u, was mea-
sured can be found in figure 3. Load points I and II indicate the beginning of the unload and
reload branches respectively.
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Figure 5: Total stress, s, fiber-bridging stress, sb, and matrix normal stress, sm, at point C vs.
deflection.

tion takes place at the bottom of the beam. The thickness of the line corresponds to the crack
opening. Cracks along the entire bottom in the middle section are about to localize, due to the
constant moment in this section.

CLP/2

Figure 6: Crack pattern in the beam at a deflection of 0.9 mm. The line thickness corresponds
to the crack opening.

Figure 7 shows the relationship between the relative deflection and the average normal
crack opening, δnn, associated with point C. During unloading from load point I to II, the
average crack opening associated with point C decreased linearly towards zero. At a relative
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deflection of 1.1 mm, the average crack opening associated with point C was 70 μm, which is a
typical magnitude for SHFRCC specimen before localization takes place (Fischer et al. 2007).
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Figure 7: Average crack opening associated with point C vs. deflection.

The average crack spacing associated with point C was plotted as a function of the relative
deflection in figure 8. After the first crack was initiated, the average crack-spacing was 50
mm. The spacing decreased until load point I was reached. During unloading from load point
I to II, the deflection decreased, while the crack spacing remained constant as intended. After
reloading to load point II, the crack spacing decreased until a spacing of 10 mm was reached,
after which the spacing remained constant.
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Figure 8: Average crack spacing associated with point C vs. deflection.

3 Infill Panels

3.1 Introduction

In the United States, steel moment-frames are a common structural system. However, brittle
failure has been detected in beam-column welded connections during earthquakes (SB 1994).
To avoid these brittle failures, it has been suggested by Kesner & Billington (2005) and Olsen
& Billington (2007) that steel moment frames can be retrofitted by inserting ductile, precast
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concrete infill panels to increase the stiffness and energy dissipation of the frame during seismic
loading (see figure 9). The infill panels are bolted into the steel frames with pretensioned bolt
connections, which makes the system rapidly replaceable if damaged. The infill panels are
made of SHFRCC; one proposed mix is shown in table 2 (Olsen & Billington 2007). The fibers
are made of steel, have a length of 30 mm, a diameter of 0.38 mm, an minimum strength of
2300 MPa, and they have a twist at the end to improve pull-out behavior.

Table 2: Mix proportions of SHFRCC by weight (Olsen & Billington 2007).
Cement Water Sand Fly Ash Stones SP Viscous High Strength

13 mm Agent Steel Fibers

1 0.6 1.7 0.5 1 0.003 0.0095 0.244

Existing Slab 

Existing Steel Frame 

SHFRCC Infill Panels 

Figure 9: Retrofit schematic (Olsen & Billington 2007).

Experiments have been performed on single panels (Olsen & Billington 2007) with a test
setup as shown in figure 10(a), in which the dimensions of the panel were 914 x 457 x 70 mm
(36 x 18 x 2.75 inches). In the single panel tests, the panel was connected to a steel U-shaped
channel, which was half of a HSS14x4x1/2 (h1xh2xt in inches) tube section with 25.4 mm-
diameter pretensioned bolts. The U-profile was bolted to a steel beam (representing a floor
beam) through a concrete slab. The U-profile was then filled with grout below and along the
sides of the panel to facilitate a slip-critical connection with the pretensioned bolts. The panel
contained a No. 3 reinforcing bar along the perimeter of the panel (diameter of 9.5mm) as
well as welded wire fabric with a wire grid of 76 mm (3 inches) and a diameter of 3.3 mm as
shown in figure 10(b). In the experiments the panel was loaded through a loading arrangement
at the top of the panel, which dictated a horizontal displacement, u. The displacement was
increased 8 times, starting with a displacement, ucycle, of 0.92 mm and ending with a 27.4 mm
displacement. The first three load steps (up to a displacement of 3.4 mm) consisted of three
load cycles, while the last steps consisted of two cycles. In each step the load was reversed
from positive to negative, ±ucycle.

A number of uniaxial tensile tests have also been carried out (Olsen & Billington 2007). The
specimens in these tests were dog-bone shaped, where the narrow section was 203 mm long
with a 51 x 25 mm cross section and the deformation was measured over a length of 175 mm.
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u, P

U-profileBolts

A
B

(a) Test setup for infill panel experiments. A and B were points
from which the state of the material was analyzed. Point B is
located 50 mm above point A.

(b) Reinforcement arrangement.

Figure 10: Infill panel: test-setup and reinforcement arrangement

Figure 11 shows the results from the uniaxial tensile tests. The same SHFRCC mix was used
for all the tensile specimens and the large scatter is attributed to a variation in the distribution of
fibers. The curve emphasized with the thick line was used as a reference curve in simulations
of the panel behavior. This curve was chosen, because it is located in the lower part of the
results. Since the dog-bone specimen was 25 mm thick and the length of the fibers was 30
mm, the fibers were mostly distributed in two dimensions. The panel being simulated was 70
mm thick, which results in a fiber distribution close to three dimensions. Three-dimensional
fiber distribution results in a lower bridging stress than two-dimensional fiber distribution, as
has been shown for example by Lin, Kanda & Li (1999). For this reason the lowerbound of
tensile response was selected from the data in figure 11 to represent the tensile response of the
SHFRCC in the panel simulations.

Figure 12 illustrates how the crack evolution law can be found from the uniaxial tensile
curve. The crack evolution law gives the relationship between the normal strain, εnn, and the
number of cracks per length, n. In this case the length, l, is the length over which the elongation
was measured in the dog-bone specimen (175 mm). It is assumed that a crack is formed each
time the stress in the tensile test drops by more than 1.5 percent. This assumed crack formation
is indicated with vertical dashed lines in figure 12.

The material model presented in Part I is intended as a tool for the design engineer in the
design phase. Once the material parameters are known/obtained from uniaxial experiments,
information about the behavior of a structure and information about crack opening, orientation
and spacing can also be obtained. It is also possible to investigate the effects of material mod-
ifications on the global (structural) response as well as on the local (material) response such
as the cracking pattern. In the next section, a simulation of the infill panel with the reference
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Figure 11: Uniaxial tensile stress-strain response of (Olsen & Billington 2007).
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Figure 12: Uniaxial reference curve from the experiment and the corresponding smooth curve
used in the simulation.

material parameters will be described along with a parameter study of the influence of matrix
and fiber properties on simulated response. Since the yield surface cannot be reestablished once
it has softened, it is not recommended to let the material undergo compression once the cracks
are initiated. Therefore the simulations stop, when the cracks close.

3.2 FEM model

The FEM model employed is shown in figure 13. The elements in gray are the part of the panel
that is fixed in the U-profile. The elements employed were 8-node, quadrilateral isoparamet-
ric plane stress elements, based on quadratic interpolation and Gauss integration. The rein-
forcement was modeled using embedded reinforcement elements positioned as shown in figure
10(b). Modeling the reinforcement as embedded implies that the reinforcement has perfect
bond to the SHFRCC material. The simulations were performed using the commercial finite-
element package, DIANA.

The bolts and the bottom of the U-profile act as springs along the lower support when loaded
in tension. So four springs were employed to transfer the tensile stresses and a fixed support
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(a) Mesh applied for the FEM model. (b) Supports applied for the FEM-model.

Figure 13: The mesh and supports applied for the FEM model of the infill panel.

was employed to transfer the compression stresses as shown in figure 13(b). The four springs
were positioned with a spacing, b, of 51 mm (2 inches), which coincides with the distance from
bolt center to bolt center. The bottom of the U-profile was modeled as a series of plates as
shown in figure 14, where u and Pb are matching values of the midspan deflection and load
transferred through a bolt. The vertical spring stiffness in the simulation, k, was then estimated
(k = Pb / u) disregarding the bolt holes and the bolts:

(u,Pb)

b

t

L

Figure 14: A section of the U-profile and an interpretation of how the bottom of the U-profile
can be modeled as a series of parallel beams with the length, L width b and thickness t.

k = 192EI/L3 = 16Ebt3/L3 = 300MN/m (1)
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where t is the thickness of the profile, L, the length of the beam and E is Young’s modulus for
steel. Due to the bolt holes, which reduce the cross-section and the axial stiffness of the bolts,
the spring stiffness was set at 200 MN/m.

3.3 Material data

The tensile curve employed for the SHFRCC material is shown in figure 12, where the curve is
simplified as a multi-linear strain-stress relationship. The tensile strength, ft,SH,0, is 1.7 MPa,
Young’s modulus, E, is 23 GPa, the ultimate stress, σu, is 2.66 MPa, and Poission’s ratio ν is
set to 0.15. The relationship between normal strain, εnn, and the number of cracks per length,
n, is shown in figure 15(b). The unloading parameter, b, is assumed to be 0.5.

The material data for the matrix were not measured in the experiments. To perform the
simulations the reference material data for the matrix were assumed as follows: the tensile
strength, ft,0, is 1.6 MPa, the cohesion, c0, is 5 MPa, the mode I and II fracture energy, GF,I

and GF,II , are 50 N/m, the friction coefficients, μf , μ0 and μg, are 0.2, 0.4 and 0.3, the initial
normal stress at the intersection between the Coulomb and the circular yield surface, sc, is -20
MPa and the constant related to the rate at which the yield circle subtract, a, is -1.

A parameter study investigating the influence of fiber distribution, fiber amount and matrix
properties was performed. In the parameter study three variations were made in relation to the
reference material parameters. The strain-hardening and evolution curves employed are shown
in figure 15. The material model is only valid up to the point where localization occurs, so
only the part of the strain-hardening curves up to localization is shown. Figure 16 shows the
relationships between the mode I crack opening and the normal bridging stress.

In variation 1, the reference fiber-bridging curve and matrix properties were kept unchanged
(see figure 16), while the crack evolution law was modified. The modification gave rise to a
larger number of cracks for a given normal strain. The change of crack evolution law could
represent better fiber distribution. The larger number of cracks results in a larger normal strain
at localization. The stress level of the strain-hardening curve remains unchanged compared
with the reference parameters, because only the number of cracks is changed.

In variation 2 the tensile strength, ft,SH,0, was increased from 1.7 MPa to 2.0 MPa and
the ultimate stress, σu, was increased from 2.66 MPa to 5.32 MPa, while the crack evolution
law and the matrix properties were kept constant compared with the reference material. These
changes could represent an increased amount of fibers

In variation 3, the tensile strength, ft,SH,0, and the matrix tensile strength, ft,0, and fracture
energy were all increased compared with the reference parameters, while the crack evolution
law was kept unchanged. The fiber-bridging curve in variation 3 was very close to that used in
variation 2 (see figure 16). The fracture energy of the matrix, GF , was increased from 50 N/m
to 75 N/m, the tensile strength, ft,0, from 1.6 MPa to 3.2 MPa, and the resulting tensile strength
from 1.7 MPa to 3.5 MPa.
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Figure 15: Material curves for the parameter study.
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Figure 16: Stress separation curves for matrix and fiber-bridging curves.

3.4 Results and discussions

Figure 17 illustrates the crack pattern observed in the experiment during the different load
stages, while the results from the simulation with the reference material are shown in figure 18
and 19. The simulation only covered a drift of 0.1 %, and at this drift, no visible cracks were
observed in the experiment. As shown in figure 18(b) and 18(c), most crack openings in the si-
mulation are less than 50 μm and therefore not visible for the naked eye. Furthermore the crack
pattern observed in the simulation matches that found in the experiment in the final load step,
where the localization occurs at the bottom left-hand corner. Also the load-displacement pre-
dicted by the simulation is very similar to that found in the experiment as shown in figure 18(a).

In figure 23(a) the normal stress is plotted as a function of the average crack opening as-
sociated with points A and B. The average crack opening at points A and B is 185 μm and 61
μm respectively at a horizontal displacement, u, of 0.92 mm. Figure 19(b) shows the average
crack spacing associated with points A and B respectively for the simulation with the reference
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Figure 17: Observed cracks in the experiment (Olsen & Billington 2007).

material. The crack evolution law shown in figure 15(b) for the reference material was derived
using the data from the uniaxial tensile test for the dog-bone specimen (figure 12), where the
elongation was measured over a length of 175 mm. At the instance when the tensile strength
is reached in the panel, it is assumed that the average crack spacing is 175 mm. The crack
spacing then decreases continuously as the normal strain (in a material point) increases, until a
normal strain of 0.22 % is reached (see figure 12). When increasing the normal strain beyond
0.22 % the number of cracks associated with one material point remains constant. The simu-
lation predicts that the number of cracks in the panel remains constant after a displacement, u,
of 0.59 mm. At this displacement, the average crack spacing is 58 mm. In the experiments a
crack spacing of approximately 30-50 mm was measured at the final drift. At point B in the
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(a) Experimental and predicted loop. (b) Crack orientation.
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Figure 18: Results from the simulation of the reference infill panel.
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simulation, the maximal number of cracks has not yet been reached at a displacement of 0.92
mm. The average crack distance at this point is 77 mm.
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Figure 19: Results at point A and B from the simulation of the reference infill panel.

For the parameter study three extra simulations were performed, with the material variations
presented in section 3.3. The load-deformation curves from the four simulations are shown in
figure 20. The load-deformation curves from the reference material parameters and for material
variation 1 are almost identical due to the very similar strain-hardening curves. Since the stress
level is increased in the strain-hardening curves in variation 2 and 3 the load, P , is increased as
well.
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Figure 20: Comparison of one loop for the simulations.

Figure 21 shows the crack pattern for the four simulations, and figure 22 shows contour
plots of the crack openings at a deformation, u, of 0.92 mm. Each element in the FEM models
contains four integration points at which information about average crack opening, orientation
and spacing was calculated. In the figures, only the crack with the largest opening in each
element is plotted.
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The crack pattern found in the simulation with material variation 1 resembles the pattern
found with the reference material parameters. The size of the damaged area and the orientation
of the cracks resemble the reference pattern, due to a similar stress level of the strain-hardening
curve and a matching tensile strength, ft,SH,0. The crack openings found for material variation
1 are smaller than those found for the reference material, due to the difference in the crack
evolution law. Figure 21(c) shows the crack pattern for the simulation with material variation
2. The size of the damaged area here is a little larger than the reference. The increase in
the stress level in the strain-hardening curve results in a larger crack opening at the bottom
of the panel and smaller crack openings in the rest of the panel. Finally figure 21(d) shows
the crack pattern for the panel employing material variation 3. Compared with the reference
material parameters the tensile strength, ft,SH,0, is increased from 1.7 MPa to 3.5 MPa. Due
to this increase the size of the damaged area is considerably reduced. The crack openings in
the damaged area are similar to those observed for variation 2, due to identical crack evolution
laws and a similar stress level on the hardening branch.

(a) Reference panel. (b) Variation 1. (c) Variation 2. (d) Variation 3.

Figure 21: Crack orientation in the simulations of the infill panels.

Figure 23 illustrates the normal stresses in the matrix and fibers as a function of the crack
opening at points A and B respectively for the four simulations. Material variation 1 represents
a material that has better fiber distribution than the reference material and thus more cracks
within the same length. This results in less crack opening at point A and B (115 μm and 53
μm, respectively) compared with the simulation with the reference material (185 μm and 61
μ, respectively). A better distribution of fibers and therefore the appearance of more cracks,
results in a larger strain capacity and less visible cracks. In variations 2 and 3, the impact of a
fiber-volume ratio increase is modeled, which results in an increased stress level in the strain-
hardening curve of the composite. The increased fiber volume ratio results in larger crack
openings at point A, while the crack openings at point B are reduced by a factor of 2 compared
with the results from the reference simulation. The crack openings are related to the strain level
and the crack evolution law. The crack evolution laws are identical for the reference material
and variation 2 and 3, but the higher stress level in the strain-hardening curve for the composite
in variation 2 and 3, causes the crack to begin to localize at point A, resulting in a lower strain
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Figure 22: Crack opening in the simulations of the infill panels.

and thereby crack opening at point B.
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(a) Normal stresses at point A.
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(b) Normal stresses at point B.

Figure 23: Normal stresses in the matrix (M) and the fiber-bridging (F) stresses.

In figure 24, the average crack displacement associated with points A and B for the four
simulations are shown, as a function of the displacement. In variation 1, the average crack
distance is reduced from 58 mm to 34 mm at point A compared with the simulation for the
reference material, and before unloading the number of cracks has not yet reached a constant
level. This makes sense, because for a given normal strain the associated number of parallel
cracks is highest for variation 1 (see figure 15(b)), and the normal strain at which localization
occurs is twice as large in variation 1. In variation 2, the crack spacing is increased compared
with the reference simulation. The reason for this is that the tensile strength, ft,SH,0, is increased
from 1.7 MPa to 2 MPa, which in turn increases the displacement, u, at which the first crack
is initiated compared to the panel with the reference material parameters. At a displacement,
u, of 0.62 mm, the number of cracks associated with one material point reaches a constant
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level at point A. In variation 3 the tensile strength, ft,SH,0, is increased from 1.7 MPa to 3.5
MPa, which is why the first crack at point A is initiated at a displacement, u, of 0.22 mm
compared to a displacement of 0.12 mm in the panel with the reference material parameters.
The crack spacing reaches a level similar to that obtained for variation 2 and the reference case
at a deformation, u, of 0.92 mm, due to identical crack evolution laws. Common for all the
simulations is that the crack spacing has not yet become constant at point B before unloading,
because the normal strain here is less than 0.22 % and 0.5 % for material variation 1, which is
where the crack spacing spacing becomes constant (see figure 15(b)).
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(b) Point B.

Figure 24: Average displacement between cracks.

4 Conclusion

In Part I of this article a plasticity-based damage mechanics model was introduced. The model
is characterized by the detailed information it can provide about crack openings and spacing.
The model is meant as a tool for the design engineer to use in the design phase.

A demonstration of a plasticity-based damage mechanics model for Strain-Hardening Fiber-
Reinforced Cementitious Composite (SHFRCC) has been performed by simulating the behav-
ior of a four-point bending (FPB) beam and an precast infill panel both made of SHFRCC
material.

The results obtained from the simulation of the FPB beam agree well with experimental
results. In addition to global stresses and deformations, information about crack traction, ope-
ning, orientation and spacing was obtained. This simple example demonstrates the capability
of the model.

In the simulation of the infill panel with the reference material parameters, good agreement
between the simulation results and experimental observation was reached. A parameter study
of the fiber and matrix properties showed that with relatively moderate changes it is possible
to alter the crack pattern. Such changes are possible through altering the material mix design.
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Thus this model could be used to assist in selecting a material (mix) design to achieve target
cracking performance in a structure fabricated with SHFRCC material.

The present version of the model is limited to handling the initial crack system, where no
cracks localize. Furthermore, the yield surface is not allowed to reestablish as the crack closes.
This means that if a stress-free crack closes, then it is not able to transfer compression or friction
stresses.

5 Acknowledgement

At special thanks to Cole Olsen from Stanford University for sharing his experimental results
for the infill panel.

19



Notation

The following symbols are used in this paper:

E0 E-modulus
ESH Strain-hardening modulus for the composite
F Slope of the crack evolution law
GF,I Mode I fracture energy for the matrix
GF,II Mode II fracture energy for the matrix
b Unloading constant
c0 Cohesion in the matrix
e Stiffness of crack
ft,0 Tensile strength of the matrix
ft,SH,0 Tensile strength of the composite
k Spring stiffness
l Side length of RVE
n Number of cracks per length
s Local stress in a crack
t Thickness
u Displacement
δ Crack opening
ε Strain
εt Normal strain at first crack initiation
εu Ultimate strain (before localization)
σ Stress
σu Ultimate stress
μ0 Friction coefficients for the yield surface
μf Friction coefficients for the yield surface
μg,0 Friction coefficients for the plastic potential
ν Poisson’s ratio
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