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Abstrakt (in Danish)
Størrelseseffekter i krystalplasticitet

Denne afhandling omhandler numeriske analyser af størrelseseffekter for en række pro-
blemer. En tøjningsgradient krystalplastisk teori er udviklet og anvendt til analyserne.
Teorien benytter højere ordens spændinger som arbejdskonjugerede til gradienten af de
krystallografiske slip og kræver højere ordens randbetingelser. De analyserede proble-
mer omfatter lokalisering af plasticitet i et enkeltkrystal, korngrænseeffekter i et bikry-
stal og kornstørrelseseffekter i et polykrystal. Mikroskopiske huller i enkeltkrystaller
er også analyseret under forskellige belastningssituationer. Disse analyser fokuserer på
spændings- og deformationsfelterne omkring hullerne, på hulvækst og interaktion med
omkringliggende huller samt på en sammenligning mellem den udviklede gradient kry-
stalplastiske model og en model baseret på en diskret modellering af dislokationer. Des-
uden er huller og inklusioner i et isotrop materiale analyseret med en isotrop tøjningsgra-
dient teori.
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Abstract
Size effects in crystal plasticity

Numerical analyses of plasticity size effects have been carried out for different problems
using a developed strain gradient crystal plasticiy theory. The theory employs higher order
stresses as work conjugates to slip gradients and uses higher order boundary conditions.
Problems on localization of plastic flow in a single crystal, grain boundary effects in a
bicrystal, and grain size effects in a polycrystal are studied. Single crystals containing
micro-scale voids have also been analyzed at different loading conditions with focus on
the stress and deformation fields around the voids, on void growth and interaction between
neighboring voids, and on a comparison between the developed strain gradient crystal
plasticity theory and a discrete dislocation plasticity theory. Furthermore, voids and rigid
inclusions in isotropic materials have been studied using a strain gradient plasticity theory
for isotropic solids.

iii



Publications

The following publications are part of the thesis:

[P1] Borg, U., Niordson, C.F., Fleck, N.A. and Tvergaard, V., 2006. A viscoplastic
strain gradient analysis of materials with voids or inclusions. International Journal
of Solids and Structures 43, 4906-4916.

[P2] Borg, U., 2007. Strain gradient crystal plasticity effects on flow localization. Inter-
national Journal of Plasticity, to appear.

[P3] Borg, U. and Fleck, N.A., 2007. Strain gradient effects in surface roughening.
Modelling and Simulation in Materials Science and Engineering 15, 1-12.

[P4] Borg, U., 2007. A strain gradient crystal plasticity analysis of grain size effects in
polycrystals. European Journal of Mechanics, A/solids 26, 313-324.

[P5] Borg, U. and Kysar, J.W., 2007. Strain gradient crystal plasticity analysis of a single
crystal containing a cylindrical void. International Journal of Solids and Structures,
to appear.

[P6] Borg, U., Niordson, C.F. and Kysar, J.W., 2007. Size effects on void growth in
single crystals with distributed voids. submitted

[P7] Hussein, M.I., Borg, U., Niordson, C.F. and Deshpande, V.S., 2006. Plasticity size
effects in voided crystals. submitted

iv



Contents

Preface i

Abstrakt (in Danish) ii

Abstract iii

Publications iv

Contents v

1 Introduction 1

2 Strain gradient plasticity 5
2.1 A viscoplastic version of Fleck and Hutchinson’s theory of 2001 . . . . . 5

2.1.1 Material model . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.2 Numerical formulation . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Strain gradient crystal plasticity . . . . . . . . . . . . . . . . . . . . . . 10
2.2.1 Material model . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.2 Grain boundary energy potential . . . . . . . . . . . . . . . . . . 16
2.2.3 Numerical formulation . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.4 Jaumann rate of Kirchhoff stress based on material rotations . . . 19

3 Summary of Results 23
3.1 Voids or inclusions in isotropic materials, [P1] . . . . . . . . . . . . . . . 23
3.2 Flow localization, [P2] . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3 Grain boundary effects, [P3] . . . . . . . . . . . . . . . . . . . . . . . . 29
3.4 Grain size effects, [P4] . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.5 Voids in single crystals, [P5]-[P7] . . . . . . . . . . . . . . . . . . . . . 34

3.5.1 Stress and deformation fields around a cylindrical void, [P5] . . . 35
3.5.2 Void growth, [P6] . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.5.3 Comparison to discrete dislocation plasticity predictions, [P7] . . 40

4 Concluding Remarks 45

References 47

v





Chapter 1
Introduction

Within recent years a significant amount of work has been performed on the observation
and prediction of size effects in metal plasticity. Several small scale experiments for plas-
tic deformation of metals have shown significant size effects. The measured indentation
hardness of metals has been observed to increase with decreasing width of the indenter
when the diameter of the indenter is in the micron range (Stelmashenko et al., 1993; Ma
and Clarke, 1995; Nix and Gao, 1998). Fleck et al. (1994) observed that the scaled shear
strength of polycrystalline copper wires during torsion increases by almost a factor of
three when the wire diameter is decreased from 170 μm to 12 μm, whereas the uniaxial
tensile behavior of the wires show no significant size effect. Stölken and Evans (1998)
observed an increased bending resistance of Nickel foils as the foil thickness is decreased
from 50 μm to 12.5 μm. Furthermore, the Hall-Petch relation describing the increase in
yield stress for decreasing grain sizes was determined experimentally by Hall (1951) and
Petch (1953).
The plastic deformation of metals can be modeled at various length scales. A phe-

nomenological continuum plasticity theory for isotropic materials is applicable for poly-
crystals containing a large number of grains (single crystals). In a crystal continuum
plasticity theory each grain is modeled in a discrete manner, such that a single crystal or a
polycrystal with a limited number of grains can be modeled. On the microscopic scale the
material behavior can be modeled with the so-called discrete dislocation plasticity theory
(Van der Giessen and Needleman, 1995) where the dislocations are treated as continuum
entities moving in fields determined by elasticity. Finally, on the nano scale the material
behavior can be modeled with direct atomistic simulations which typically can consider
hundreds of thousands of atoms, corresponding to a block of material having character-
istic dimensions of approximately 0.1 μm. The focus in this thesis is on the continuum
plasticity theories.
Classical phenomenological continuum theories and crystal plasticity theories have

no characteristic length scale included and therefore exhibit no size dependence. Such
plasticity theories are called local, because the stress in a material point only depends
on variables in the same point. A theoretical argument for the observed size effects can
be found in Nye (1953) and Ashby (1970) who argue that plastic strain gradients induce
geometrically necessary dislocations and the interaction of these dislocations with statisti-
cally stored dislocations leads to a size effect on the micron scale. The statistically stored
dislocations are the randomly trapped dislocations in a uniform strain field, whereas the
geometrically necessary dislocations can be thought of as a density measure of net Burg-
ers vector.
A variety of different nonlocal plasticity formulations incorporating work done by

plastic strain gradients have been suggested over the last two decades to capture the ex-
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2 Chapter 1 Introduction

perimentally observed size effects. One of the early strain gradient theories was that pro-
posed by Aifantis (1984) where the yield stress depends on gradients of the plastic strain.
In the models presented by Acharya and Bassani (2000) and Bassani (2001) the strain
gradient effects enter the expression for the tangent modulus only. Thus, this relatively
simple gradient theory does not include higher order stresses and boundary conditions,
and is therefore referred to as a lower order theory.
In the strain gradient theories of Fleck and Hutchinson (1993, 1997, 2001) the princi-

ple of virtual work contains a higher order stress quantity work conjugate to strain gradi-
ents. A finite strain generalization of the theory by Fleck and Hutchinson (2001) has been
presented by Niordson and Redanz (2004). Also, a modified version by Fleck and Willis
(2004) of the theory by Fleck and Hutchinson (2001) has been enhanced with an interfa-
cial potential that penalizes plastic strain at interfaces by Aifantis and Willis (2005). A
rate-dependent crystal plasticity formulation as an extension to the theory of Fleck and
Hutchinson (1997) has been presented by Shu and Fleck (1999), and later been general-
ized to finite strains by Shu and Barlow (2000).
In the gradient theory of single crystal viscoplasticity by Gurtin (2000, 2002) a mi-

crostress is work conjugate to the slip rate and a gradient microstress is work conjugate to
the slip rate gradients. The material length scale is incorporated through the free energy,
which is assumed to scale with the net Burgers vector. A gradient theory for isotropic
materials following the treatment of single crystal plasticity is given in Gurtin (2003).
An equivalent isotropic strain gradient formulation has been presented by Gudmundson
(2004).
Other nonlocal theories are the gradient dependent back stress formulations by Groma

(1997), Groma et al. (2003), Evers et al. (2004) and Kuroda and Tvergaard (2006), and
the so-called ‘mechanism-based strain gradient theory’ of Gao et al. (1999) and its crystal
plasticity counterpart by Han et al. (2005).
Predictions of the nonlocal crystal plasticity theory by Gurtin (2002) have been com-

pared with the behavior obtained from a discrete dislocation plasticity theory by Bitten-
court et al. (2003). Also, predictions of the theory by Shu and Fleck (1999) have been
compared with results obtained using discrete dislocation plasticity theory by Shu et al.
(2001).
The strain gradient plasticity formulations used for the results presented in the present

thesis are described in detail in chapter 2. Chapter 3 serves as a summary of the results
presented in the seven papers written during the authors PhD study, which are included at
the end of the thesis. Subsequently these papers are denoted by [P1]-[P7].
The first paper, ‘A viscoplastic strain gradient analysis of materials with voids or in-

clusions’, [P1], is coauthored with Christian F. Niordson, Norman A. Fleck and Viggo
Tvergaard. The paper presents a finite strain rate-dependent strain gradient plasticity for-
mulation for isotropic materials. The model is applied to study metals containing either
voids or rigid inclusions.
In ‘Strain gradient crystal plasticity effects on flow localization’, [P2], a rate-dependent

strain gradient crystal plasticity formulation for finite strains is presented. It uses the basic
formulation of the nonlocal theory by Gurtin (2000, 2002) and the constitutive framework
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of Fleck and Hutchinson (2001). Localization in shear bands within single crystals is
studied as an application of the model.
The paper ‘Strain gradient effects in surface roughening’, [P3], is coauthored with

Norman A. Fleck and studies the evolution of surface profile near grain boundaries dur-
ing plastic deformation. Both experimental and numerical results are presented. In the
numerical simulation a bicrystal is considered and a grain boundary potential is intro-
duced.
The grain boundary potential is also employed in the paper ‘A strain gradient crystal

plasticity analysis of grain size effects in polycrystals’, [P4], to simulate different higher
order boundary conditions at the grain boundaries in a polycrystal with hexagonal grains
of varying size.
The stress and deformation fields around a cylindrical void in a single crystal loaded

by a far-field equibiaxial tensile stress are studied in the paper ‘Strain gradient crystal
plasticity analysis of a single crystal containing a cylindrical void’, [P5], which is coau-
thored with Jeffrey W. Kysar.
The paper ‘Size effects on void growth in single crystals with distributed voids’, [P6],

which is coauthored with Christian F. Niordson and Jeffrey W. Kysar, focuses on size
effects in void growth and on the interaction between voids in a single crystal containing
periodically arranged cylindrical voids subjected to different stress triaxialities.
Finally, the paper ‘Plasticity size effects in voided crystals’, [P7], which is coauthored

with Mahmoud I. Hussein, Christian F. Niordson and Vikram S. Deshpande, compares
predictions for a single crystal containing periodically arranged rectangular voids ob-
tained with strain gradient crystal plasticity to predictions obtained with discrete disloca-
tion plasticity.
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Chapter 2
Strain gradient plasticity

This chapter gives a description of the strain gradient plasticity theories used for the nu-
merical simulations presented in the present thesis. As mentioned in the introduction,
different strain gradient plasticity theories have been presented by several authors. The
basic idea behind the theories is that a plastic strain gradient leads to enhanced hardening
due to the generation of geometrically necessary dislocations.
Section 2.1 describes a viscoplastic formulation of the strain gradient theory for iso-

tropic materials by Fleck and Hutchinson (2001). In the strain gradient theory by Fleck
and Hutchinson (1993, 1997) the work rate per unit volume depends on both the strain,
εij , and the spatial gradient of strain, εij,k, and a higher order stress emerges as the work
conjugate to εij,k. In the reformulated strain gradient theory by Fleck and Hutchinson
(2001) the displacement field, ui, and the effective plastic strain, εP , are treated as inde-
pendent kinematic quantities. The material work rate depends on the elastic strain, on the
effective plastic strain and on the spatial gradient of the effective plastic strain, εP

,i . Then,
the higher order stress emerges as work conjugate to εP

,i .
Section 2.2 presents a strain gradient crystal plasticity formulation. The basic formu-

lation of the theory is equivalent to the formulation of Gurtin (2002), where the internal
virtual power depends on the elastic strain, on the slip rate for each slip system and on
the spatial gradient of the slip rate for each slip system. The theory by Gurtin (2002) is
based on the fact that the free energy scales with the net Burgers vector and is assumed
to depend on the elastic part of the strain tensor and on the density of geometrically nec-
essary dislocations, which is related to the slip gradients through the relation by Nye
(1953). Then, in Gurtin’s model the constitutive equations are obtained from thermody-
namical arguments. In the theory presented here, the constitutive equations are based on
the strain gradient theory by Fleck and Hutchinson (2001) and differs significantly from
the constitutive framework of Gurtin (2002).
In the following, repeated lower-case Latin indices imply summation over the range

1-3. A bold character denotes a vector or a tensor, and an ascent dot denotes the time
derivative.

2.1 A viscoplastic version of Fleck and Hutchinson’s theory of 2001

This section presents a viscoplastic formulation that allows for finite strains of the rate-
independent strain gradient plasticity theory for isotropic materials presented by Fleck and
Hutchinson (2001). The kinematical basis is based on the rate-independent finite strain
generalization of the strain gradient theory by Niordson and Redanz (2004) formulated
within an updated Lagrangian framework.

5



6 Chapter 2 Strain gradient plasticity

2.1.1 Material model

Let ui denote the displacement vector and u̇i the velocity field. With Lij = u̇i,j denoting
the velocity gradient, the material spin, Ωij , is given by the skew symmetric part of the
velocity gradient as

Ωij =
1

2
(Lij − Lji) (2.1)

The strain rate is defined as the symmetric part of the velocity gradient, and is decomposed
into an elastic and plastic part as

ε̇ij =
1

2
(Lij + Lji) = ε̇E

ij + ε̇P
ij (2.2)

The direction of the plastic strain rate is given by mij = 3
2
Sij/σe, where Sij = σij −

1
3
δijσkk denotes the stress deviator and σe =

√
3
2
SijSij is Von Mises effective stress with

σij being the Cauchy stress tensor and δij the Kronecker delta function. The plastic strain
rate components can then be written as a product of its magnitude, ε̇P =

√
2
3
ε̇P
ij ε̇

P
ij , and its

direction
ε̇P
ij = mij ε̇

P (2.3)

A nonlocal measure of the effective plastic strain rate is defined on the basis of the
conventional effective plastic strain rate and the gradient of the conventional effective
plastic strain rate through the incremental relation

ĖP 2

= ε̇P 2

+ l2∗ ε̇
P
,i ε̇

P
,i (2.4)

where l∗ is a material length parameter introduced for dimensional consistency. The
theory by Fleck and Hutchinson (2001) also exist in a version with three length scale
parameters, but the present theory is only formulated using the single parameter version
related to the theory by Aifantis (1984).
Following Fleck and Hutchinson (2001), assuming that the plastic strain gradients

contribute to the internal work, the principle of virtual power in total form in the deformed
configuration may be formulated as∫

V

(
σijδε̇

E
ij + Qδε̇P + τiδε̇

P
,i

)
dV =

∫
S

(
Tiδu̇i + tδε̇P

)
dS (2.5)

Where Q is a generalized effective stress which is work-conjugate to the plastic strain
rate magnitude, ε̇P , and τi is a higher order stress which is work-conjugate to the gradient
of the plastic strain rate magnitude, ε̇P

,i . The current volume and surface are denoted V
and S, respectively. The surface traction is denoted by Ti and t denotes the higher order
surface traction. The formulation can also be written as∫

V

(
σijδε̇ij + (Q − σe) δε̇P + τiδε̇

P
,i

)
dV =

∫
S

(
Tiδu̇i + tδε̇P

)
dS (2.6)
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The strong form of the field equations is found by requiring the principle of virtual power
to hold for all admissible variations in u̇i and ε̇P . The classical force balance law and
boundary conditions are obtained as

σij,j = 0, Ti = σijnj (2.7)

where ni is the surface unit normal in the deformed configuration. In addition, the con-
sistency condition and higher order boundary condition read as

Q − σe − τi,i = 0, t = τini (2.8)

To obtain an expression of the principle of virtual power in the reference configuration,
Kirchhoff stress measures are now defined as (defining J as the determinant of the metric
tensor)

ςij = Jσij , σς
e = Jσe, q = JQ, ρi = Jτi (2.9)

Introducing the Jaumann rate of the Kirchhoff stress,
�

ς ij= ς̇ij − ςkjΩik − ςikΩjk, and
the convected rate of the higher order Kirchhoff stress,

∨
ρi= ρ̇i − Likρk, the incremental

version of the principle of virtual power, in an updated Lagrangian framework (where
the deformed configuration is taken as a reference), can be expressed as (Niordson and
Redanz, 2004)∫

V0

(
�

ς ij δε̇ij − σij (2ε̇ikδε̇kj − LkjδLki) + (q̇ − σ̇ς
e) δε̇P +

∨
ρi δε̇P

0,i

)
dV0 (2.10)

=

∫
S0

(
Ṫ 0

i δu̇i + ṫ0δε̇
P
)
dS0

where subscript “0” refers to the reference configuration.
Now, to obtain a viscoplastic version of the theory, a viscoplastic potential is to be

defined. In the rate-independent theory by Fleck and Hutchinson (2001) a plastic potential
can be defined as

Φ(EP ) =

∫ EP

0

σc

(
EP ′

)
dEP ′ (2.11)

where σc is an effective stress which is work-conjugate to the effective plastic strain, EP .
The function σc(E

P ) denotes the uniaxial tensile stress versus plastic strain curve of the
material. In this rate-dependent version, a viscoplastic potential is defined as

Φ(ĖP , EP ) =

∫ ĖP

0

σc

(
ĖP ′

, EP
)
dĖP ′ (2.12)

where the function σc(Ė
P , EP ) denotes the uniaxial tensile stress versus plastic strain

rate curve, and σc is work-conjugate to the effective plastic strain rate, ĖP . Taking the
variation of the potential by use of (2.4) gives

δΦ = σcδĖ
P = σc

(
ε̇P

ĖP
δε̇P +

l2∗ ε̇
P
,i

ĖP
δε̇P

,i

)
= qδε̇P + ρiδε̇

P
,i (2.13)
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with the generalized effective stress, q, and the higher order stress, ρi, defined by the
constitutive equations

q =
σc

ĖP
ε̇P (2.14)

ρi =
σc

ĖP
l2∗ ε̇

P
,i (2.15)

By substituting these expressions into the definition of the effective plastic strain (2.4) it
is seen that the effective stress is given as the following quadratic form in q and ρi

σc
2 = q2 + l−2

∗ ρiρi (2.16)

When excluding the material length scale by setting l∗ = 0, the effective stress, σc, re-
duces to the Von Mises stress and the effective plastic strain rate, ĖP , equals the conven-
tional effective plastic strain rate, ε̇P .
The viscous material behavior is modeled by a power law for the effective plastic

strain rate

ĖP = ε̇0

(
σc

g(EP )

)1/m

(2.17)

Here, m is the strain rate hardening exponent and ε̇0 is a reference strain rate. The hard-
ening function, g(EP ), is evaluated at EP instead of εP as it would be in conventional J2

flow theory. If the strain rate was prescribed such that ĖP = ε̇0, the hardening function,
g(EP ), would be equal to the effective stress, σc.
The incremental elastic constitutive equation for the viscoplastic material can be writ-

ten in the form
�
ς ij Δt = Rijkl

(
Δεkl − mklΔεP

)
(2.18)

where Δt is the time step and the elastic stiffness tensor is given by (ν denotes Poisson’s
ratio and E is Young’s modulus)

Rijkl =
E

1 + ν

(
1

2
(δikδjl + δilδjk) +

ν

1 − 2ν
δijδkl

)
(2.19)

The increments of the effective stress and the higher order stress can be obtained from
(2.14) and (2.15) using (2.17) and written on the form

q̇Δt =
σc

ĖP

(
(m − 1)

ε̇P

ĖP
ΔĖP + Δε̇P

)
+

(
ĖP

ε̇0

)m
dg
dEP

ε̇P Δt (2.20)

∨
ρi Δt = l2∗

(
σc

ĖP

(
(m − 1)

ε̇P
,i

ĖP
ΔĖP + Δε̇P

,i

)
+

(
ĖP

ε̇0

)m
dg
dEP

ε̇P
,i Δt

)
(2.21)

where the change in the effective plastic strain rate is taken asΔĖP = ε̇P

ĖP
Δε̇P +

l2
∗
ε̇P
,i

ĖP
Δε̇P

,i .
The values of ε̇P and ε̇P

,i are taken from the previous increment, such that only Δεij , Δε̇P

and Δε̇P
,i are treated as unknowns.
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2.1.2 Numerical formulation

The numerical solutions are obtained using a special kind of finite element method, where
increments of the plastic strain rate appear as degrees of freedom on equal footing with
displacement increments. The displacement increments,Δui, and the change of the effec-
tive plastic strain rate, Δε̇P , are interpolated within each element between nodal displace-
ment increments,ΔDN , and nodal effective plastic strain rate changes, Δε̇P

N , respectively

Δui =

2k∑
N=1

NN
i ΔDN , Δε̇P =

l∑
N=1

MNΔε̇P
N (2.22)

where NN
i andMN are shape functions and k and l are the number of nodes used for the

interpolations. The derivatives of the displacement increments and the effective plastic
strain rate increments are taken as

Lij =

2k∑
N=1

NN
i,jḊ

N , Δεij =

2k∑
N=1

EN
ij ΔDN , Δε̇P

,i =

l∑
N=1

MN
,i Δε̇P

N (2.23)

where EN
ij = 1

2

(
NN

i,j + NN
j,i

)
. Using these relations in the principle of virtual power, the

discretized equations can be written in the following form[
Ke 0

Kep Kp

] [
ΔD

Δε̇P

]
=

[
ΔF1

ΔF2

]
(2.24)

where

Ke
NM =

∫
V

(
EN

ij RijklE
M
kl + σij

(
NM

k,jN
N
k,i − 2EM

ik EN
jk

))
dV (2.25)

is the elastic stiffness matrix,

Kep
NM = −

∫
V

mijRijklE
M
kl M

NdV (2.26)

is the coupling matrix, and

Kp
NM =

∫
V

( (
ε̇P

ĖP
2 (m − 1)q +

σc

ĖP

)
MMMN (2.27)

+l2∗
ε̇P
,i

ĖP
2 (m − 1)qMMMN

,i +
ε̇P

ĖP
2 (m − 1)ρiM

M
,i MN

+l2∗
ε̇P
,i

ĖP
2 (m − 1)ρkM

M
,k MN

,i + l2∗
σc

ĖP
MM

,i MN
,i

)
dV

is the plastic stiffness matrix. The right-hand side in equation (2.24) consists of two
components

ΔF1
N =

∫
S

ΔTiN
N
i dS + Δt

∫
V

EN
ij Rijklmklε̇

PdV (2.28)
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which is the conventional load increment vector with an added volume force, and

ΔF2
N =

∫
S

ΔρiniM
NdS − Δt

∫
V

((
mijRijklmklε̇

P +
ε̇P

ε̇m
0

ĖP
m dg
dEP

)
MN

+ε̇P
,i Ė

P
m dg
dEP

l2∗
ε̇m
0

MN
,i

)
dV (2.29)

which is an additional higher order load term with a subtracted volume contribution.
Since the system of equations decouples, it is possible to first solve for the displace-

ment increments and afterwards solve for the effective plastic strain rate increments and
hereby exploit the symmetry of Ke andKp, respectively.
When the displacement increments and the effective plastic strain rate increments

are known, the Jaumann rate of the stress, the generalized effective stress rate and the
convected rate of the higher order stress can be found from the constitutive equations
(2.18)-(2.21). The increments of the Cauchy stress tensor and the higher order stress
vector is then calculated by

Δσij =
�
ς ij Δt + ΔtΩikσkj + ΔtσikΩjk − σijΔεkk (2.30)

Δτi =
∨
ρi Δt + ΔtLikτk − τiΔεkk (2.31)

Subsequently, the effective stress, σc, can be calculated from (2.16) and the effective
plastic strain rate, ĖP , is given by (2.17). The conventional effective plastic strain rate,
ε̇P , and its gradient, ε̇P

,i , is now obtained from equations (2.14) and (2.15).
The theory has been applied in papers [P1] and partly [P3] under plane strain assump-

tions. The elements used for those studies are isoparametric 8-node quadrilaterals with
quadratic interpolation of both displacement increments and effective plastic strain rate
increments (k = l = 8), as in Niordson and Tvergaard (2005) for a time independent
analysis. The integrations (2.25)-(2.29) are carried out using 3 × 3 point Gaussian inte-
gration.

2.2 Strain gradient crystal plasticity

This section presents a strain gradient crystal plasticity theory that allows for finite strains.
The basic formulation of the theory is equivalent to the formulation of Gurtin (2000,
2002) but with the constitutive equations based on the strain gradient theory by Fleck
and Hutchinson (2001). The kinematical basis is taken from Peirce et al. (1983), where
a quantitative description of plastic deformation in single crystals is based on crystallo-
graphic shearing.

2.2.1 Material model

It is assumed that a general homogeneous deformation can be represented by the deforma-
tion gradient tensor F that maps a line element dX in the reference configuration to dx



2.2 Strain gradient crystal plasticity 11

in the deformed configuration as dx = F · dX . The deformation gradient is decomposed
into an elastic and plastic part as introduced by Kröner (1960) and Lee (1969)

F = F ∗ · F P (2.32)

where elastic stretching and rotation of the crystal lattice are embodied in F ∗, and F P

represents the crystallographic shearing due to dislocation motion along specific slip sys-
tems, as illustrated in figure 2.1.

F P F ∗

F

m(α)

m(α)

s(α)

s(α)

m
∗(α)

s
∗(α)

Figure 2.1 Decomposition of the deformation gradient

A slip system (α) in the initial configuration is specified by the orthogonal unit vectors
s(α) and m(α), where s(α) is the slip direction and m(α) is the direction normal to the
slip plane. The lattice vectors are stretched and rotated according to F ∗ such that in the
deformed lattice the vectors are given by

s∗(α) = F ∗ · s(α), m∗(α) = m(α) · F ∗−1 (2.33)

In the deformed lattice the vectors s∗(α) andm∗(α) are still orthogonal, but in general not
unit vectors. The velocity gradient L can now by use of (2.32) be expressed as

L = Ḟ · F−1 = Ḟ
∗
· F ∗−1 + F ∗ · Ḟ

P
· F P −1

· F ∗−1 = L∗ + LP (2.34)

where the rate of the plastic part of the deformation gradient, Ḟ
P
, can be found by the

rate of shearing γ̇(α) on each slip system as

Ḟ
P

=
∑

α

γ̇(α)s(α)m(α) · F P (2.35)

The strain rate is taken as the symmetric part of the velocity gradient, ε̇ij = 1
2
(Lij +

Lji). Introducing μ
∗(α)
ij = 1

2

(
s
∗(α)
i m

∗(α)
j + s

∗(α)
j m

∗(α)
i

)
as the classical Schmid orientation
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tensor, the overall macroscopic plastic strain rate components can be expressed as

ε̇p
ij =

∑
α

γ̇(α)μ
∗(α)
ij =

1

2

(
LP

ij + LP
ji

)
(2.36)

To account for the effects of increased material hardening due to interaction of ge-
ometrically necessary dislocations caused by plastic strain gradients with statistically
stored dislocations, it is assumed that the slip rates and slip rate gradients contribute
to the plastic work, so that the principle of virtual power in total form in the deformed
configuration can be written as∫

V

(
σijδε̇

E
ij +

∑
α

Q(α)δγ̇(α) +
∑

α

(
ξ

(α)
S s

∗(α)
i + ξ

(α)
T t

∗(α)
i

)
δγ̇

(α)
,i

)
dV

=

∫
S

(
Tiδu̇i +

∑
α

r(α)δγ̇(α)

)
dS (2.37)

where σij is the Cauchy stress tensor and εE
ij is the elastic part of the strain tensor given

by ε̇E
ij = 1

2
(L∗

ij + L∗
ji). The stress field Q(α) is an effective stress work-conjugate to

the slip and ξ
(α)
S and ξ

(α)
T are higher order stresses work-conjugate to the slip gradients

along the slip direction and the transverse direction, respectively. The vector t(α) denotes
the transverse direction and thus forms a triad with vectors s(α) and m(α), i.e. t(α) =
s(α) × m(α). The surface stress traction is denoted Ti, while r(α) are the higher order
tractions. Following Fleck et al. (1994), the slip gradient in the s(α) direction is related
to geometrically necessary edge dislocations, and the slip gradient in the t(α) direction
is related to geometrically necessary screw dislocations. A slip gradient in the m(α)

direction does not induce any geometrically necessary dislocations and therefore it does
not contribute to the plastic work rate. The elastic part of the internal virtual power per
unit volume can be rewritten as

σijδε̇
E
ij = σij(δε̇ij −

∑
α

μ
∗(α)
ij δγ̇(α)) = σijδε̇ij −

∑
α

τ (α)δγ̇(α) (2.38)

where τ (α) = σijμ
∗(α)
ij is the classical Schmid stress (the resolved shear stress on slip

system (α)). The principle of virtual power in total form in the deformed configuration
can then be formulated as∫

V

(
σijδε̇ij +

∑
α

(
Q(α) − τ (α)

)
δγ̇(α) +

∑
α

(
ξ

(α)
S s

∗(α)
i + ξ

(α)
T t

∗(α)
i

)
δγ̇

(α)
,i

)
dV

=

∫
S

(
Tiδu̇i +

∑
α

r(α)δγ̇(α)

)
dS (2.39)

This relation must hold for arbitrary variations of u̇i and γ̇(α) which leads to the strong
form of the field equations. First we have the classical balance and boundary conditions

σij,j = 0 , Ti = σijnj (2.40)
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where ni is the surface unit normal in the current configuration. Next we have the consis-
tency condition and higher order boundary conditions

Q(α) − τ (α) − ξ
(α)
S,i s

∗(α)
i − ξ

(α)
T,i t

∗(α)
i = 0 (2.41)

r(α) =
(
ξ

(α)
S s

∗(α)
i + ξ

(α)
T t

∗(α)
i

)
ni (2.42)

The principle of virtual power in its weak form (2.39) and strong form (2.40-2.42) is a
special case of the formulation by Gurtin (2002). However, the formulations diverges
significantly with regard to constitutive equations.
To obtain the principle of virtual power in the reference configuration, Kirchhoff stress

measures are defined as (with J = det(F ))

ςij = Jσij , q(α) = JQ(α), τ ς(α) = Jτ (α), ρ
(α)
S = Jξ

(α)
S , ρ

(α)
T = Jξ

(α)
T (2.43)

The first Piola-Kirchhoff stress measure, sij, can be written as

sij = JF−1
ik σkj = F−1

ik ςkj (2.44)

The principle of virtual power in total form in the reference configuration can then be
formulated as∫

V0

(
sijδḞji +

∑
α

(
q(α) − τ ς(α)

)
δγ̇(α) +

∑
α

(
ρ

(α)
S s

∗(α)
i + ρ

(α)
T t

∗(α)
i

)
F−1

ik δγ̇
(α)
0,k

)
dV0

=

∫
S

(
T 0

i δu̇i +
∑

α

r
(α)
0 δγ̇(α)

)
dS0 (2.45)

where the subscript “0” refers to the reference configuration. The lattice Jaumann rate of
Kirchhoff stress is introduced as

�
ς
∗

ij= ς̇ij − ςkjΩ
∗
ik − ςikΩ

∗
jk (2.46)

where the lattice rotation rate is given by the skew symmetric part of the elastic part of
the velocity gradient, Ω∗

ij = 1
2
(L∗

ij − L∗
ji). Then, the incremental principle of virtual

power in an updated Lagrangian framework (where the deformed configuration is taken
as a reference, thus F ∗ = F P = I), can be expressed as
∫

V0

(
�
ς
∗

ij δε̇ij − σij

(
2ε̇ikδε̇kj −

(
Lkj − ΩP

kj

)
δLki + ΩP

kiδLjk

)
+

∑
α

(
q̇(α) − τ̇ ς(α)

)
δγ̇(α)

+
∑

α

(
ρ̇

(α)
S s

(α)
i − ρ

(α)
S

˙F P
iks

(α)
k + ρ̇

(α)
T t

(α)
i + ρ

(α)
T

(
ṫ
∗(α)
i − Ḟikt

(α)
k

))
δγ̇

(α)
0,i

)
dV0

=

∫
S0

(
Ṫ 0

i δu̇i +
∑

α

ṙ
(α)
0 δγ̇(α)

)
dS0 (2.47)
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where ΩP
ij = 1

2
(LP

ij −LP
ji) is the plastic spin. The time derivative of t

∗(α)
i = eijks

∗(α)
j m

∗(α)
k

(where eijk is the permutation symbol) can be written as

ṫ
∗(α)
i = eijk

(
s
(α)
l m

(α)
k Ḟ ∗

jl − s
(α)
j m

(α)
l Ḟ ∗

lk

)
(2.48)

The resolved shear stress rate is given by

τ̇ ς(α) = s
(α)
i m

(α)
j

(
�
ς
∗

ij −σik ε̇
E
jk + σjkε̇

E
ki

)
(2.49)

A nonlocal measure of the effective slip γ
(α)
e is defined on the basis of the slip rate and

the directional derivative of the slip rate through the incremental relation

γ̇(α)2

e = γ̇(α)2 +
(
lS γ̇

(α)
,i s

(α)
i

)2

+
(
lT γ̇

(α)
,i t

(α)
i

)2

(2.50)

where lS and lT are internal material length parameters introduced for dimensional con-
sistency.
A viscoplastic potential similar to (2.12) for the isotropic strain gradient formulation

is to be defined. For the present crystal plasticity version the viscoplastic potential is taken
as Φ =

∑
α Φ(α), where the potential for each slip system is given by

Φ(α)(γ̇(α)
e , γ(α)

e ) =

∫ γ̇
(α)
e

0

τ (α)
e

(
γ̇(α)′

e , γ(α)
e

)
dγ̇(α)′

e (2.51)

where τ
(α)
e is an effective stress work-conjugate to the effective slip rate, γ̇(α)

e . Taking the
variation of the potential one obtains by use of (2.37) and (2.43) that

δΦ(α) = τ (α)
e δγ̇(α)

e = q(α)δγ̇(α) + ρ
(α)
S s

(α)
i δγ̇

(α)
,i + ρ

(α)
T t

(α)
i δγ̇

(α)
,i (2.52)

Now, by inserting the variation of the effective slip rate given by (2.50) the constitutive
equations for the effective stress q(α) and the higher order stresses ρ

(α)
S and ρ

(α)
T are ob-

tained as

q(α) = τ (α)
e

γ̇(α)

γ̇
(α)
e

(2.53)

ρ
(α)
S = τ (α)

e

γ̇
(α)
,i s

(α)
i

γ̇
(α)
e

l2S (2.54)

ρ
(α)
T = τ (α)

e

γ̇
(α)
,i t

(α)
i

γ̇
(α)
e

l2T (2.55)

By substituting these expressions for γ̇(α), γ̇(α)
,i s

(α)
i and γ̇

(α)
,i t

(α)
i into the definition of the

effective slip (2.50), the introduced effective stress τ
(α)
e can be expressed in the following

quadratic form in q(α), ρ(α)
S and ρ

(α)
T

τ (α)2

e = q(α)2 + l−2
S ρ

(α)2

S + l−2
T ρ

(α)2

T (2.56)
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In the absence of slip gradients, the higher order stress vanishes and the effective stress
q(α) equals the classical Schmid stress τ (α). In that case the theory reduces to the classical
rate-dependent crystal plasticity theory as presented by e.g. Peirce et al. (1983).

A power-law creep model is adopted for the effective slip rate γ̇
(α)
e to model the vis-

cous material behavior

γ̇(α)
e = γ̇0

(
τ

(α)
e

g(α)

)1/m

(2.57)

where γ̇0 is a reference slip rate used as a scaling parameter to normalize the applied strain
rate, and m is a strain rate hardening index with m → 0 being the rate-independent limit.
The functions g(α), termed the slip resistance, characterize the current strain hardened
state of the crystal and harden from an initial value τ0 according to

ġ(α) =
∑

β

hαβ γ̇(β)
e (2.58)

Here, hαβ is the hardening matrix. It is noted that the slip resistance ġ(α) depends on γ̇
(α)
e

instead of |γ̇(α)| as it would in classical crystal plasticity, meaning that not only the slips
but also the slip gradients generate hardening. The form of the hardening matrix is taken
as

hαβ = hδαβ + ph (1 − δαβ) (2.59)

where the parameter p is a latent hardening index (usually in the range 1.0 ≤ p ≤ 1.4),
h is the self-hardening modulus and δαβ denotes the Kronecker delta function. The self-
hardening modulus is taken to be a function of the accumulated effective slip, γea , spec-
ified by γea =

∑
α

∫
γ̇

(α)
e dt. Different expressions for the self-hardening modulus have

been employed for the results presented in the present thesis.
Increments of the lattice Jaumann rate of Kirchhoff stress are given by the incremental

elastic constitutive equation

�
ς
∗

ij Δt = Rijkl

(
Δεkl − Δt

∑
α

γ̇(α)μ
(α)
kl

)
= Δςij − ΔtΩ∗

ikσkj − ΔtσikΩ
∗
jk (2.60)

where the elastic stiffness tensor is given by (2.19). The increments of the effective stress
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and the higher order stresses can be written as

q̇(α) = (m − 1)τ (α)
e

γ̇(α)

γ̇
(α)2
e

γ̈(α)
e + τe

1

γ̇
(α)
e

γ̈(α) + γ̇−m
0 γ̇(α)m−1

e γ̇(α)ġ(α) (2.61)

ρ̇
(α)
S = (m − 1)l2Sτ (α)

e

(
γ̇

(α)
,i s

(α)
i

)
γ̇

(α)2
e

γ̈(α)
e + l2Sτ (α)

e

1

γ̇
(α)
e

s
(α)
i γ̈

(α)
,i

+l2S γ̇−m
0

(
γ̇

(α)
,i s

(α)
i

)
γ̇(α)m−1

e ġ(α) (2.62)

ρ̇
(α)
T = (m − 1)l2T τ (α)

e

(
γ̇

(α)
,i t

(α)
i

)
γ̇

(α)2
e

γ̈(α)
e + l2T τ (α)

e

1

γ̇
(α)
e

t
(α)
i γ̈

(α)
,i

+l2T γ̇−m
0

(
γ̇

(α)
,i t

(α)
i

)
γ̇(α)m−1

e ġ(α) (2.63)

where the change in the effective slip rate is taken as γ̈
(α)
e = γ̇(α)

γ̇
(α)
e

γ̈(α) +
l2
S
γ̇
(α)
,k

s
(α)
k

γ̇
(α)
e

s
(α)
i γ̈

(α)
,i +

l2
T

γ̇
(α)
,k

t
(α)
k

γ̇
(α)
e

t
(α)
i γ̈

(α)
,i . The values of γ̇

(α)
e , γ̇(α) and γ̇

(α)
,i are taken from the previous increment,

so that only γ̈(α) and its spacial gradient γ̈(α)
,i are unknowns.

2.2.2 Grain boundary energy potential

To account for grain boundary resistances to dislocations crossing them, two surface en-
ergy potentials φ

(α)
− (γ

(α)
− ) and φ

(α)
+ (γ

(α)
+ ) acting at the two sides of a grain boundary Γ are

introduced. It is assumed that the total displacement fields are continuous across the grain
boundary, but that the presence of a grain boundary energy term causes jumps in the slips,
having γ

(α)
− on one side of the boundary and γ

(α)
+ on the other side of the boundary. The

principle of virtual power on total form in the deformed configuration can then be written
as (where φ

(α)′
− denotes ∂φ

(α)
− /∂γ

(α)
− , etc.)∫

V

(
σijδε̇

E
ij +

∑
α

Q(α)δγ̇(α) +
∑

α

(
ξ

(α)
S s

∗(α)
i + ξ

(α)
T t

∗(α)
i

)
δγ̇

(α)
,i

)
dV

+

∫
Γ

∑
α

(
φ

(α)′
− δγ̇

(α)
− + φ

(α)′
+ δγ̇

(α)
+

)
dΓ =

∫
S

(
Tiδu̇i +

∑
α

r(α)δγ̇(α)

)
dS (2.64)

Full constraint along Γ with γ(α) = 0 is obtained by letting φ
(α)′
− and φ

(α)′
+ tend to infinity,

whereas vanishing surface energy along Γ simulates that dislocations are free to cross
the grain boundary. The strong form of the field equations are given by (2.40)-(2.42).
Furthermore, the interface conditions are given by

[σijNj] = 0 (2.65)(
ξ

(α)
S−s

(α)
i− + ξ

(α)
T−t

(α)
i−

)
Ni = φ

(α)′
− (γ

(α)
− ) (2.66)(

ξ
(α)
S+s

(α)
i+ + ξ

(α)
T+t

(α)
i+

)
(−Ni) = φ

(α)′
+ (γ

(α)
+ ) (2.67)



2.2 Strain gradient crystal plasticity 17

where the unit normal vector Ni on Γ is directed from the (-) side to the (+) side and [f ]
denotes the jump f−−f+ across Γ. For the results presented in this thesis, the expressions
adopted for the grain boundary energy potentials are of the form

φ
(α)
− =

1

2
κ(γ

(α)
− )2, φ

(α)′
− = κγ

(α)
− (2.68)

φ
(α)
+ =

1

2
κ(γ

(α)
+ )2, φ

(α)′
+ = κγ

(α)
+ (2.69)

where κ is a material parameter describing the strength of the grain boundary. This
quadratic function of γ(α) is taken as a simple example. Other functions might give a
better description of the physics at the grain boundary, but this is still an open issue. The
grain boundary energy potential is employed in papers [P3] and [P4].

2.2.3 Numerical formulation

The numerical solutions are obtained using a special kind of finite element method where
the slip rate increments are taken as degrees of freedom on equal footing with the dis-
placement increments. The displacement increments, Δui, and the change of the slip
rates, Δγ̇(α), are interpolated within each element between nodal displacement incre-
ments,ΔDN , and nodal slip rate changes, Δγ̇

(α)
N , respectively

Δui =

2k∑
N=1

NN
i ΔDN , Δγ̇(α) =

l∑
N=1

MNΔγ̇
(α)
N (2.70)

where NN
i andMN are shape functions and k and l are the number of nodes used for the

interpolations. The derivatives of the displacement increments and the slip rate increments
are taken as

Lij =
2k∑

N=1

NN
i,jḊ

N , Δεij =
2k∑

N=1

EN
ij ΔDN , Δγ̇

(α)
,i =

l∑
N=1

MN
,i Δγ̇

(α)
N (2.71)

where EN
ij = 1

2

(
NN

i,j + NN
j,i

)
. Using these relations in the principle of virtual work, the

discretized equations can be written in the following form

KeΔD = ΔF1 (2.72)
Kp

(α)
Δγ̇(α) = ΔF2

(α) − Kep
(α)

ΔD (2.73)

where

Ke
NM =

∫
V

(
EN

ij RijklE
M
kl + σij

(
NM

k,jN
N
k,i − 2EM

ik EN
jk

))
dV (2.74)

is the elastic stiffness matrix,

Kep
NM (α)

=

∫
V

(
−s

(α)
i m

(α)
j

(
RijklE

N
kl + σkjE

N
ik − σikE

N
jk

)
MM (2.75)

+ρ
(α)
T

(
eijk

(
s
(α)
l m

(α)
k NN

j,l − s
(α)
j m(α)

n NN
n,k

)
− t

(α)
k NN

i,k

)
MM

,i

)
dV
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is the coupling matrix, and

Kp
NM (α)

=

∫
V

{[
(m − 1)τ (α)

e

γ̇(α)

γ̇
(α)3
e

(
γ̇(α)MN + l2S γ̇

(α)
,k s

(α)
k s

(α)
i MN

,i (2.76)

+l2T γ̇
(α)
,k t

(α)
k t

(α)
i MN

,i

)
+ τ (α)

e

1

γ̇
(α)
e

MN

]
MM

+

[
s
(α)
i

(
(m − 1)l2Sτ (α)

e

γ̇
(α)
,j s

(α)
j

γ̇
(α)3
e

(
γ̇(α)MN + l2Sγ̇

(α)
,k s

(α)
k s

(α)
l MN

,l

+l2T γ̇
(α)
,k t

(α)
k t

(α)
l MN

,l

)
+ l2Sτ (α)

e

1

γ̇
(α)
e

s
(α)
k MN

,k

)

+t
(α)
i

(
(m − 1)l2T τ (α)

e

γ̇
(α)
,j t

(α)
j

γ̇
(α)3
e

(
γ̇(α)MN + l2S γ̇

(α)
,k s

(α)
k s

(α)
l MN

,l

+l2T γ̇
(α)
,k t

(α)
k t

(α)
l MN

,l

)
+ l2T

τ
(α)
e

γ̇
(α)
e

t
(α)
k MN

,k

)]
MM

,i

}
dV

is the plastic stiffness matrix. The right-hand side vectors in equation (2.72) and (2.73)
can be written as

ΔF1
N =

∫
S

ΔTiN
N
i dS

+Δt

∫
V

(
EN

ij Rijkl
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N
k,i
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dV (2.77)

which is the conventional load increment vector with an added volume force, and
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∫
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+s
(α)
i m

(α)
j

(
Rijkl

∑
β

γ̇(β)μ
(β)
kl +

∑
β

γ̇(β)μ
(β)
ki σkj −

∑
β

γ̇(β)μ
(β)
jk σik

))
MM

+

(
s
(α)
i l2S

γ̇
(α)
,k s

(α)
k

γ̇m
0

γ̇(α)m−1

e

∑
β

hαβ γ̇(β)
e − s

(α)
k ρ

(α)
S

∑
β

γ̇(β)s
(β)
i m

(β)
k

+t
(α)
i l2T

γ̇
(α)
,k t

(α)
k

γ̇m
0

γ̇(α)m−1

e

∑
β

hαβγ̇(β)
e

−ρ
(α)
T eijk

(
s
(α)
l m

(α)
k

∑
β

γ̇(β)s
(β)
j m

(β)
l − s

(α)
j m(α)

n

∑
β

γ̇(β)s(β)
n m

(β)
k

))
MM

,i

)
dV



2.2 Strain gradient crystal plasticity 19

which is an additional higher order load term with a subtracted volume contribution. If the
grain boundary energy potentials of the form (2.68)-(2.69) are included in the analysis,
the term

Δt

∫
Γ

∑
α

κ
(
γ̇

(α)
− + γ̇

(α)
+

)
MMdΓ (2.79)

is to be subtracted from (2.78). In that case, double nodes for the slip rate increments
are placed at grain boundaries decoupling the slip on either side. The nodal displacement
increments are constrained to be equal on either side of the grain boundary.
The update procedure is as follows. When the displacement increments and slip rate

increments have been solved for, the stress rate σ̇ij , the effective stress rate q̇(α) and the
two higher order stress rates ρ̇

(α)
S and ρ̇

(α)
T can be found from the constitutive equations

(2.60)-(2.63). The effective stress τ
(α)
e can now be determined by equation (2.56) and the

effective slip rate γ̇
(α)
e is given by (2.57). The slip rate γ̇(α) and its gradients γ̇

(α)
,i s

(α)
i and

γ̇
(α)
,i t

(α)
i are now obtained from equations (2.53)-(2.55).
One can argue that the plastic and the total strain fields should have the same degree

of interpolation, and therefore the slips, and thereby the plastic strains, should have shape
functions of one degree lower than the displacements. The crystal plasticity results pre-
sented in this thesis are all plane strain studies. The elements used for the displacements
are 8-node quadrilaterals with quadratic shape functions, and the elements used for inter-
polation of the slip rate increments are 4-node quadrilaterals with bilinear shape functions,
i.e. k = 8 and l = 4. The coordinates of the nodes in the 4-node elements are identical to
the coordinates of the corner nodes in the 8-node elements.
The integrations can be carried out either by using the Jacobian from the 8-node el-

ements for the integrations of Ke and ΔF1, and the Jacobian from the 4-node elements
for the integrations of Kep, Kp andΔF2, or by using the same Jacobian for all integra-
tions. Using the first method the coordinates of the integration points in the two elements
will not necessarily coincide exactly if the element have high curvatures. This problem is
overcome with the latter method, though in that case the location of the integration points
may not be optimal for one of the element types. For both methods it is necessary to have
the same number of integration points for the two element types.
The studies presented in this thesis are all plane strain problems with in-plane slip

systems. Thus, there is no slip in the transverse direction, t(α), and all terms including the
length scale, lT , or the higher order stress, ρ

(α)
T , are vanishing. The other material length

scale, lS , is in chapter 3 simply denoted as l.

2.2.4 Jaumann rate of Kirchhoff stress based on material rotations

In the previous sections, the elastic constitutive relation is formulated in the lattice Jau-
mann rate of Kirchhoff stress given by (2.46) and (2.60). This relation is chosen because
most work on crystal plasticity follows the presumption by Hill and Rice (1972) that the
crystal elasticity is unaffected by slip, so the usual tensor of elastic moduli relates the lat-
tice Jaumann rate of Kirchhoff stress to the elastic rate of stretching. Another choice could
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be to formulate the elastic constitutive relation in terms of the Jaumann rate of Kirchhoff
stress based on material rotations as

�
ς ij= Rijklε̇

E
kl,

�
ς ij= ς̇ij − ςkjΩik − ςikΩjk (2.80)

where the material rotation rate is given by the skew symmetric part of the velocity gra-
dient, Ωij = 1

2
(Lij − Lji). The material Jaumann rate of Kirchhoff stress can be related

to the lattice Jaumann rate of Kirchhoff stress through the plastic spin rate by

�

ς ij=
�

ς
∗

ij −ςkjΩ
P
ik − ςikΩ

P
jk (2.81)

Thus, there is no difference between the lattice and the material Jaumann rate of Kirchhoff
stress when there is no relative rotation of the material and the lattice.
When using the material Jaumann rate of Kirchhoff stress, the first line in the incre-

mental principle of virtual power in the reference configuration (2.47) takes the form
∫

V0

(
�
ς ij δε̇ij − σij (2ε̇ikδε̇kj − LkjδLki) +

∑
α

(
q̇(α) − τ̇ ς(α)

)
δγ̇(α)

where the resolved shear stress rate is given by

τ̇ ς(α) = s
(α)
i m

(α)
j

(
�
ς ij −σik

(
ε̇jk − LP

kj

)
+ σjk

(
ε̇ik − LP

ki

))
(2.82)

In the discretized equations (2.72)-(2.73), the stiffness matricesKe,Kep
(α) andKp

(α)

are the same for the material Jaumann rate of Kirchhoff stress as for the lattice Jaumann
rate of Kirchhoff stress. However, the right hand side vectors are changed. The volume
integral in the conventional load increment vector with an added volume force (2.77) now
reads

Δt

∫
V

EN
ij Rijkl

∑
α

γ̇(α)μ
(α)
kl dV (2.83)

The parentheses in the second line in the additional higher order load term with a
subtracted volume contribution (2.78) now takes the form(

Rijkl

∑
β

γ̇(β)μ
(β)
kl +

∑
β

γ̇(β)s
(β)
k m

(β)
i σkj −

∑
β

γ̇(β)s
(β)
j m

(β)
k σik

)
(2.84)

Near the end of the PhD study the author decided to formulate the elastic constitutive
equations in the lattice Jaumann rate of Kirchhoff stress instead of the Jaumann rate of
Kirchhoff stress based on material rotations as is common for isotropic plasticity theories,
thus following most work on crystal plasticity. Therefore, most of the crystal plasticity
work performed during this PhD study is based on the material Jaumann rate of Kirchhoff
stress. Papers [P2]-[P5] and [P7] have employed the crystal plasticity formulation with
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the Jaumann rate of Kirchhoff stress based on material rotations, whereas paper [P6]
has employed the formulation with the Jaumann rate of Kirchhoff stress based on lattice
rotations. In chapter 3.2 some results are presented for the problem considered in [P2] for
analyses with the lattice Jaumann rate of Kirchhoff stress instead of the material Jaumann
rate of Kirchhoff stress, and it is observed that for those analyses the results are only
slightly affected by the choice of Jaumann rate. Similar calculations have been carried out
for the problems considered in [P3] and [P4], and even smaller differences were observed
there. Papers [P5] and [P7] only consider small deformations, so the choice of Jaumann
rate will have a negligible effect in those studies.
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Chapter 3
Summary of Results

This chapter contains the main results from the papers [P1]-[P7]. The numerical simu-
lations in [P1] and a minor part of [P3] are based on the viscoplastic formulation of the
theory by Fleck and Hutchinson (2001) for isotropic materials allowing for finite strains
as described in section 2.1. The remaining papers are based on the strain gradient crystal
plasticity formulation described in section 2.2.
Section 3.1 presents numerical results on size effects in isotropic materials containing

either cylindrical voids or rigid inclusions in the micron range. This section is a summary
of [P1].
Plastic flow localization in shear bands in single crystals with a geometrical imperfec-

tion subjected to plane strain uniaxial tensile loading is addressed in section 3.2, summa-
rizing the paper [P2].
Experimental and numerical results for grain boundary effects in surface roughening

of an aluminium specimen deformed in plane strain tension are presented in section 3.3.
This section is a summary of [P3].
Section 3.4 contains strain gradient crystal plasticity results on the influence of grain

size on yield and flow stress in polycrystalline metals. Simulations are performed for
different higher order boundary conditions at the grain boundaries. The section is based
on the results obtained in [P4].
Section 3.5 presents results for single crystals containing voids. In section 3.5.1 the

focus is on the stress and deformation fields around a cylindrical void in a single crystal
loaded by a far-field equibiaxial tensile stress under plane strain conditions, summarizing
the paper [P5]. Results for a single crystal containing periodically arranged cylindri-
cal voids based on [P6] are presented in section 3.5.2. Finally, section 3.5.3 contains a
comparison between the strain gradient crystal plasticity theory and a discrete disloca-
tion plasticity formulation for periodically arranged rectangular voids in a single crystal,
serving as a summary of [P7].

3.1 Voids or inclusions in isotropic materials, [P1]

Void sizes in metallic materials are often on the order of magnitude of one micron, and
therefore strain gradient effects are expected near the voids. Numerical studies have
shown that void growth rates are significantly reduced when the void radius is small com-
pared to the material length scale (Fleck and Hutchinson, 1997; Tvergaard and Niordson,
2004). In a material containing rigid inclusions, plastic deformation in the matrix material
is restricted near the inclusion when no debonding occurs. In paper [P1] the viscoplastic
strain gradient formulation for isotropic materials presented in section 2.1 is applied to

23
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(a)
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−Δb
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b0
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(b)

Figure 3.1 The plane strain cell model for a material with rigid inclusions or voids. (a) Periodi-
cally arranged inclusions/voids. (b) The unit cell used for the analyses.

study materials containing either voids or rigid inclusions under plane strain assumptions.
Figure 3.1 shows the plane strain cell model used to study the material containing uni-

formly distributed cylindrical voids or inclusions. The prescribed cell displacement rates
are determined such that there is a fixed ratio of the average true stresses, σ2/σ1, by use
of a special Rayleigh-Ritz finite element method (Tvergaard, 1976). When considering
voids we have vanishing stress traction on the void surface, whereas in the case of inclu-
sions we have vanishing displacement rates on the inclusion surface. The dimensions of
the unit cell are given by ao/b0 = 1, and the initial spacings of the voids or inclusions are
specified by R0/a0 = 0.3 corresponding to a volume fraction of 7.1%. The higher order
boundary conditions along the four edges of the unit cell are specified by vanishing higher
order stress, and when considering voids the higher order stress is also vanishing along the
void surface. When considering inclusions results are presented for both vanishing higher
order stress and vanishing plastic strain at the inclusion surface. The material parameters
are given by the ratio of yield stress to Young’s modulus, σ0/E = 0.003, the Poisson’s
ratio, ν = 0.3, the strain hardening exponent, n = 10, the strain rate hardening exponent,
m = 0.04, and the reference strain rate, ε̇0 = 0.005 s−1. The overall strain rate in the
x1-direction is for the results presented here equal to the reference strain rate.
Figure 3.2 shows normalized average true stress, σ1, in the x1-direction as a function

of the logarithmic strain, ε1, in the x1-direction for uniaxial tension (σ2 = 0) of a material
with voids for different values of the material length parameter relative to the void radius.
The curve labeled local is obtained by letting l∗ = 0. It can be seen that decreasing the
void size (increasing the material length parameter) gives a more stiff behavior in the
plastic range and also seems to increase the material yield stress.
The overall stress-strain curves at two different stress triaxialities for a material with

inclusions are shown in figure 3.3 for different values of the material length parameter.
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Figure 3.2 Overall uniaxial stress-strain response for a material with voids for different values
of the material length scale.

The higher order boundary condition at the inclusion surface is here taken as vanishing
plastic strain. The figure shows that the overall yield stress is increased when increasing
the material length scale, as was also the case for the material containing voids.
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Figure 3.3 Overall stress-strain response for a material with rigid inclusions and two different
stress triaxialities for different values of the material length scale.

Figure 3.4 shows uniaxial stress strain curves for a material containing rigid inclusions
using two different higher order boundary conditions at the interface between the matrix
material and the inclusion for different values of the material length scale. Since there is
no higher order boundary conditions in a local formulation, there is only one curve labeled
local in the figure. The two higher order boundary conditions used are the two extremes
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of full constraint on plastic flow (εP = 0) or no constraint on plastic flow (τini = 0). It
can be seen that a full constraint on plastic flow leads to an overall stiffer response when
compared to no constraint on plastic flow. Furthermore, there is a higher increase in the
overall yield stress due to gradient effects when imposing a full constraint on plastic flow
than for imposing no constraint on plastic flow at the inclusion surface.

local
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εp = 0
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Figure 3.4 Overall uniaxial stress-strain response (σ2 = 0) for a material with rigid inclusions
using different higher order boundary conditions on the inclusion surface. Results are shown for
different values of l∗/R0.

3.2 Flow localization, [P2]
The localization of plastic flow in shear bands emanating from an initial imperfection in
single crystals has been studied by use of classical rate-dependent crystal plasticity by
Peirce et al. (1983). The width of the shear bands is entirely mesh dependent in that work.
Several works have shown that an internal material length scale sets the width of the shear
band and can remove the mesh dependence (Aifantis, 1984; Tvergaard and Needleman,
1995; Mikkelsen, 1999; Sluys and Estrin, 2000). The strain gradient crystal plasticity
formulation presented in section 2.2 (using the material Jaumann rate of Kirchhoff stress
described in section 2.2.4) has been used to study localization of plastic flow in plane
strain tension in paper [P2].
The analyzed specimen is a single crystal with three in-plane slip systems and with a

small initial geometrical imperfection given by a cosine function (see figure 3.5). Only the
upper right quarter of the specimen is considered due to symmetry. The initial dimensions
of the specimen are given by L0/b0 = 3. The higher order boundary conditions are taken
as no constraint on the slips (r(α) = 0) on all four boundaries.
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Figure 3.5 The tensile specimen considered with initial dimensions and slip systems. The initial
imperfection is greatly exaggerated.

In the results presented here, the self-hardening modulus is taken to be given by

h(γea) = h0/ cosh

(
h0γea

τs − τ0

)
(3.1)

where the constant h0 represents an initial hardening rate, τs is a saturation stress and
h = h0 would represent linear hardening. This form of the self-hardeningmodulus rapidly
approaches zero. The material parameters are given by the initial slip resistance relative
to the Young’s modulus, τ0/E = 0.001, the Poisson’s ratio, ν = 0.3, the initial hardening
modulus, h0/τ0 = 8.9, the latent hardening index, p = 1, the strain rate hardening index,
m = 0.005, and the reference slip rate, γ̇0 = 0.001 s−1. The end displacement rate, U̇ , is
applied such that the average strain rate in the tensile direction equals the reference slip
rate.
The normalized overall nominal stress vs. the elongation for a local material (l = 0) is

shown in figure 3.6. Curves are given for three meshes ranging from 30 × 10 elements to
90× 30 elements, and also for a specimen without initial imperfections (labeled homoge-
neous). The curve labeled ‘lattice Jaumann’, 60 × 20 is for a calculation using the lattice
Jaumann rate of Kirchhoff stress instead of the material Jaumann rate of Kirchhoff stress.
The two curves for 60 × 20 elements are almost coinciding, thus the choice of Jaumann
rate is not important for the considered analyses. The calculations with the three meshes
give an almost identical response until the stress drop due to localization in shear bands
begins at U/L0 ≈ 0.13. After that point, mesh sensitivity is observed.
Figure 3.7 shows results for a nonlocal material with the material length scale l/b0 =

0.02. As for the local case, stress-strain curves are given for three different meshes and for
a specimen with a homogeneous strain field. The curves for all three meshes are identical
until the onset of localization in shear bands at U/L0 ≈ 0.16. After that, the curves for
the two finest meshes are almost coinciding with the curve for the coarsest mesh lying a
bit higher. Thus, there is much less mesh sensitivity for the nonlocal material than for the
local material. It can also be seen that the nonlocal formulation has delayed the onset of
localization in shear bands compared to the local formulation.
Deformed meshes and contours of the accumulated effective slip, γea, for different
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Figure 3.6 Normalized overall stress-strain curves using the conventional theory (l = 0) for
different meshes.

values of the material length scale is shown in figure 3.8 using a mesh with 60 × 20 ele-
ments. Increasing the material length scale delays the shear band formation, and therefore
the contours are not shown at the same elongation value. It is seen that the width of the
shear bands increases with the material length scale.
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Figure 3.7 Normalized overall stress-strain curves using the nonlocal theory with l/b0 = 0.02
for different meshes.
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Figure 3.8 Deformed mesh and contours of accumulated effective slip, γea, for different values
of the internal material length scale relative to the height of the specimen for a mesh with 60× 20
elements.

3.3 Grain boundary effects, [P3]
A common undesirable phenomenon in metal forming processes of polycrystalline metals
is surface roughening. The effect derives from the crystallographic lattice mismatch from
grain to grain and the resulting anisotropy in different grains. Experimental observations
on aluminium alloy surfaces deformed in tension, sheet forming and rolling was made by
Wilson and Lee (2001). They observed valleys with a width on the order of 3 μm near
grain boundaries with grain sizes of 15 μm for a surface rolled to 30% reduction. Crystal
plasticity finite element models based on several grains have been widely used to study
surface roughening in polycrystals (e.g. Zhao et al. (2004)), but have not focused on the
local deformation field near surface grain boundaries. Paper [P3] contains experimental
and numerical investigations of the evolution in surface topography near grain boundaries
during plastic deformation of metals.
Uniaxial tension tests on commercially pure aluminium sheets have been conducted

in order to observe the surface profile near grain boundaries during plastic deformation.
The sheets had through-thickness pancake-shaped grains and were mechanically polished
prior to deformation. Images from a scanning electron microscope (SEM) of the surface
profile near a grain boundary of the aluminium sheet after 10% engineering strain are
shown in figure 3.9. A local gradient in surface profile can be observed within a few
micrometers from the grain boundary.
The numerical simulations are based on the strain gradient crystal plasticity formula-

tion described in section 2.2 (though with the material Jaumann rate of Kirchhoff stress)
including the grain boundary energy potential described in section 2.2.2 with the param-
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3μm 3μm

Figure 3.9 SEM images of the surface after 10 percent strain. The left image shows a grain
boundary marked to emphasize the change in surface profile, and the right image shows a grain
boundary and slip lines on either side of it.
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Figure 3.10 The bicrystal considered in the analyses with three slip systems.

eter κ. The studied bicrystal undergoing in-plane tensile deformation is shown in fig-
ure 3.10. The two grains are separated by a grain boundary at x1 = 0. Three in-plane slip
systems are used at a relative orientation of 60◦ from one to the next, and their absolute
orientation given by the angles θI and θII . The end displacement rate at x1 = −L0 is
set to zero and the end displacement rate at x1 = L0 is prescribed as U̇ . Furthermore,
the higher order tractions vanish on the external boundary. The material parameters used
for the analyses are the initial slip resistance τ0/E = 0.001, the Poisson’s ratio ν = 0.3,
the latent hardening index p = 1, and the strain rate hardening index m = 0.02. Lin-
ear hardening is assumed with the hardening modulus h0/τ0 = 10. The prescribed end
displacement rate is given by U̇/(2L0) = γ̇0.
The results presented here are all taken at the overall strain ε1 = U/(2L0) = 5%.

The surface profile near the grain boundary for a bicrystal with the same orientation of
slip systems (θI = θII = 0) and the same material parameters in each grain is shown in
figure 3.11 for l/w0 = 0.1. The profiles are only shown for x1 ≥ 0 due to symmetry.
Results are displayed for five values of the parameter κ describing the grain boundary.
The curve labeled κ → ∞ is obtained using γ(α) = 0 on the grain boundary. It is seen
that for κ = 0 the deformation state is homogeneous throughout the specimen, and that
there is an increase in the profile at the grain boundary as the value of κ increases.
Surface profiles for a bicrystal where the two grains have the same orientation of the

slip systems but the initial slip resistance in grain one is half that of grain two (τ II
0 /τ I

0 = 2)
are shown in figure 3.12 for l/w0 = 0.1. The curve for κ = 0 decreases monotonically
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Figure 3.11 The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and
the same material parameters for l/w0 = 0.1 at ε̄1 = 5%.

from the strong grain to the weak grain, whereas for κ → ∞ the profile contact a re-
entrant corner at the grain boundary, due to the restriction on slips.
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Figure 3.12 The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and
initial slip resistances τ II

0 /τ I
0 = 2 for l/w0 = 0.1 at ε̄1 = 5%.

Figure 3.13 shows surface profiles for a bicrystal with a lattice mismatch specified by
θI = 0◦ and θII = 15◦. Curves are displayed for the two extreme cases κ = 0 and κ → ∞
using two values of l/w0. For κ = 0 there is only a slight difference in the profile for the
two considered length scales, whereas the length scale value has a significant influence
on the profiles for κ → ∞.
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Figure 3.13 The surface profile near the grain boundary for a bicrystal with θI = 0◦ and θII =
15◦ and the same material parameters for κ → ∞ and κ = 0 at ε̄1 = 5% for two values of l/w0.

3.4 Grain size effects, [P4]
Hall (1951) and Petch (1953) independently found that the yield strength in mild steel
varies with the grain size as σ = σ0+kd−1/2, where d is the mean grain size, σ0 is the yield
stress in the imaginary situation with infinitely large grains, and k is a material constant.
One explanation for the observed grain size dependence is that grain boundaries act as
obstructions to dislocation motion. Thus, plastic strain gradient induced geometrically
necessary dislocations are expected near the grain boundaries. For decreasing grain sizes
the area with an increased density of geometrically necessary dislocations near the grain
boundaries relative to the total area of the grain are increased. Strain gradient crystal
plasticity analysis including a grain boundary energy potential to simulate different higher
order boundary conditions at the grain boundaries of a polycrystal are presented in paper
[P4]. The material model used is as described in section 2.2, though with the material
Jaumann rate of Kirchhoff stress.
The considered polycrystal including 40 grains (single crystals) of which 24 are six-

sided, 8 are five-sided and 8 are four-sided is shown in figure 3.14. The dimensions of
the polycrystal are taken as a0/b0 = 1.5. Each grain has three slip systems at a relative
orientation of 60◦ from one to the next and an absolute orientation given by the angle
θ. The angle θ in each grain obtained from a random number generator is also shown
in the figure. The polycrystal is subjected to plane strain uniaxial loading in the x1-
direction, and the four sides are required to remain straight using a special Rayleigh-Ritz
finite element method (Tvergaard, 1976). The higher order boundary conditions on the
external boundaries of all the four and five-sided grains are taken as vanishing higher order
traction, whereas the external boundaries of the six-sided grains are treated as internal
grain boundaries. This is chosen to simulate symmetry boundary conditions along the
four external boundaries, even though this can only be achieved in the local case when
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Figure 3.14 The analyzed polycrystal consists of 40 grains with grain size d. The orientation
given by the angle θ is given in each grain.

the slip systems in the four an five sided grains are oriented symmetrically around the x1-
and x2-direction. The grain boundary energy potential described by the parameter κ is
applied at all grain boundaries.
The self hardening modulus used for the simulations is given by a power law type of

the form

h(γea) = h0

(
h0γea

τ0nh
+ 1

)nh−1

, γea =
∑

α

∫
γ̇(α)

e dt (3.2)

where the constant h0 represents an initial hardening rate, nh is the hardening exponent,
and γea is the accumulated effective slip. The material parameters used in the calculations
are given by the initial slip resistance relative to Young’s modulus, τ0/E = 0.001, the
Poisson’s ratio, ν = 0.3, the initial hardening rate, h0/τ0 = 10, the latent hardening
index, p = 1.4, the hardening exponent, nh = 0.1, and the strain rate hardening index,
m = 0.01. The applied end displacement rate, U̇1, is specified so that U̇1/a0 = γ̇0.
Figure 3.15 shows curves for the average true stress in the x1-direction, σ, versus av-

erage logarithmic strain in the x1-direction, ε, for the polycrystal with grain sizes relative
to the material length scale of d/l = 5. Results are displayed for five values of κ, ranging
from κ = 0 (vanishing higher order stresses) to κ → ∞ (obtained by restricting γ̇(α) = 0).
The two extreme conditions, κ = 0 and κ → ∞, give the lower and upper curve, whereas
other values of κ gives intermediate stress strain curves.
Stress strain curves for a polycrystal with different grain sizes are shown in figure 3.16

for the surface energy parameter κ/(τ0l) = 100. It it seen that the level of the stress
strain curves is increasing with decreasing grain sizes. When the increase in flow stress,
(σ − σ0)/τ0, at 0.1 logarithmic strain is plotted against the grain size and fitted to a
function of the form d−n, the best fit exponent is found to be n = 0.98. With the value
κ/(τ0l) = 10 the best fit parameter is n = 1.09. Results for the initial yield stress has only
been fitted for κ → ∞, because the initial yield stress can only be changed for extremely
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Figure 3.15 Stress strain curves for different grain boundary surface energy parameters for a
polycrystal with random grain orientations and grain size d/l = 5.

high values of κ/(τ0l). For κ → ∞ the best fit exponent for the initial yield stress is
found to be n = 1.21. These values are somewhat higher than what is predicted from the
classical Hall-Petch relationship with exponent n = 0.5.
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Figure 3.16 Stress strain curves for different grain sizes and randomized grain orientations. The
grain boundary surface energy parameter is set to κ/(τ0l) = 100.

3.5 Voids in single crystals, [P5]-[P7]
Actual void sizes in metals are often so small that they can easily exist inside a single
grain of a polycrystalline material. Thus, a crystal plasticity model is suitable to analyze
plastically deforming microscopical voids inside a single grain, and also larger voids or
several interacting voids within a single crystal.
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3.5.1 Stress and deformation fields around a cylindrical void, [P5]

Recent studies (Kysar et al., 2005; Gan and Kysar, 2007) have used anisotropic slip line
theory to derive the stress and deformation fields associated with a cylindrical void in a
single crystal. Those studies, along with related experimental and numerical studies by
Gan et al. (2006), have shown that there are angular regions around the voids within which
slip on single slip systems occurs. Paper [P5] studies a cylindrical void in a single crystal
loaded by a far-field equibiaxial tensile stress subjected to plane strain conditions using
the strain gradient crystal plasticity formulation.
The analyzed square hexagonal close-packed single crystal containing a void with a

diameter of one tenth of the side length is shown in figure 3.17. The three slip systems
are oriented at the angle 60◦ from one to the next. The loading is applied as equal end
displacements in the x1- and x2-direction. The higher order boundary conditions are
applied as vanishing higher order stress on the four external edges and on the void surface.
The material parameters used in the calculations are chosen to match the numerical

simulations in Gan et al. (2006) and are Young’s modulus, E = 63.9 GPa, Poisson’s
ratio, ν = 0.36, initial slip resistance, τ0 = 1 MPa, reference slip rate, γ̇0 = 0.001 s−1,
and strain rate hardening index, m = 0.03. In the results presented in this section there
are no strain hardening (h0 = 0) both for the local and the nonlocal calculations. The
prescribed end displacement rates, U̇ , are given by U̇/(2a0) = 0.1γ̇0, and the results
presented are all taken at the deformation level given by U/(2a0) = 3.5 × 10−5.
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2b0x1
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r
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Figure 3.17 The analyzed cylindrical void in an HCP single crystal showing coordinate systems,
dimensions, slip systems and crystallographic orientation.

Figure 3.18 shows contours of accumulated slip in the three slip systems and the total
slip, γtot = γ(1) + γ(2) + γ(3) for a local material (l = 0). It is seen that in the upper right
quadrant slip system one is mostly active in the region 0 ≤ θ ≤ 30◦, slip system two is
mostly active in the region 30◦ ≤ θ ≤ 60◦, and slip system three is mostly active in the
region 60◦ ≤ θ ≤ 90◦. The location of angular sectors with only one effective slip system
is as predicted by anisotropic slip line theory in Gan and Kysar (2007). Slip contours
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for a nonlocal material with a void size relative to the material length scale of r0/l = 1
are shown in figure 3.19. Here, all slip occurs in localized bands in the slip directions to
minimize the slip gradients in the slip directions. It is also notable that the magnitude of
slip is significantly lower than for the local material.
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Figure 3.18 Contours of slip in the three slip systems using a local formulation (l = 0).
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Figure 3.19 Contours of slip in the three slip systems for a nonlocal material with r0/l = 1.

The stress components expressed in polar coordinates around the void surface are
shown in figure 3.20 for the local material. The radial stress component, σrr, and the polar
shear stress component, σrθ, vanish on the void surface as expected. The circumferential
stress, σθθ, is periodic with a period of 30◦ and with an average value close to 2.3τ0. The
analytical slip line solution in Gan and Kysar (2007) predicts σθθ ≈ 2.098τ on the void
surface. This difference is mainly due to the viscoplastic effects in the present formulation
which are not accounted for in the analytical slip line solution.
Figure 3.21 displays the stress components expressed in polar coordinates around the

void surface for a nonlocal material with r0/l = 1. As for the local material the radial
stress and the shear stress vanish on the void surface. The magnitude of the circumfer-
ential stress is much larger than for the local material. Here, σθθ varies between 4τ0 and
12τ0.
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Figure 3.20 Stress components in polar coordinates along the path r/r0 = 1.0 for a local mate-
rial.
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Figure 3.21 Stress components in polar coordinates along the path r/r0 = 1.0 for a nonlocal
material with r0/l = 1.
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3.5.2 Void growth, [P6]

An important failure mechanism in ductile metals is void growth to coalescence of mi-
croscopic voids. Void growth in single crystals have been studied analytically and nu-
merically to investigate e.g. effects of lattice orientation on the overall response and on
the shape of the deformed voids (Nemat-Nasser and Hori, 1987; Potirniche et al., 2006).
Those studies are size independent. However, as mentioned in chapter 3.1, the void size
can have a significant effect on void growth. The effect of void size on void growth in a
single crystal with uniformly distributed cylindrical voids is studied in paper [P6].
The analyzed cell model and the orientation of the three slip systems are shown in

figure 3.22. The unit cell containing a void with radius r0 in the center is initially quadratic
(a0 = b0). The cell model is loaded by imposing periodic boundary conditions on the
unit cell edges as Δui = εijΔxj , where Δui is the difference between displacements on
opposite sides of the unit cell specified by the difference in position vectorΔxj , while εij

is the imposed macroscopic strain. These strain components are specified as ε12 = ε21 = 0
and ε11 = U/a0, where U/a0 is the applied strain in the x1-direction. The ratio ε22/ε11 is
determined by use of a special Rayleigh-Ritz finite element method, such that there is a
fixed ratio of the average true stresses σ2/σ1 = κ. Periodicity for the displacements and
stresses and for the slip rates and higher order stresses is enforced at the unit cell edges.
Boundary conditions at the void surface are specified by vanishing tractions and higher
order tractions.

r0

x1

x2

a0

b0

s(1)

s(2)

s(3)

φ

Figure 3.22 The analyzed unit cell with a cylindrical void. The absolute orientation of the three
slip systems, with the relative orientation of 60◦ from one to the next, are given by the angle φ.

The material parameters are taken as initial slip resistance relative to Young’s modu-
lus τ0/E = 0.001, Poisson’s ratio ν = 0.3, latent hardening index p = 1.0, self hard-
ening modulus h0/τ0 = 10, power hardening exponent n = 0.1, reference slip rate
γ̇0 = 0.001 s−1 and strain rate hardening index m = 0.03. The imposed strain rate in
the x1-direction is given by U̇/a0 = γ̇0. The results presented here are for an initial void
volume fraction f0 = 12.6%.
Figure 3.23 shows results for different stress ratios κ and void sizes relative to the

material length scale using the slip system orientation given by φ = 0◦. The normalized
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true stress in the x1-direction is displayed in figure 3.23a as a function of the logarithmic
strain in the x1-direction, ε1. It is seen that small voids allow much larger overall stress
levels for all stress ratios. The maximum attainable stress level is almost independent
of the stress ratio, κ, within the range considered here, whereas the strain at this stress
maximum decreases considerably with decreasing values of κ. The ratio of void volume
to initial void volume is shown as a function of ε1 in figure 3.23b. In accordance with
conventional predictions (Koplik and Needleman, 1988) it is observed that more void
growth is predicted for larger stress ratios. Furthermore i t is seen that the void size has a
minor effect on void growth for κ = 1, and that smaller voids suppress void growth for
κ = 0.75 and 0.5.
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Figure 3.23 Results for the slip system orientation φ = 0◦. (a) Overall response in terms of
the true stress vs. logarithmic strain. (b) Relative void growth vs. logarithmic strain. Curves are
shown for different stress ratios and void sizes.

Figures 3.24 and 3.25 show contour plots of slip at the overall deformation U/a0 = 0.1
for equibiaxial loading (κ = 1.0) with the lattice orientations φ = 0◦ and φ = 15◦,
respectively. The figures present slip distributions on each of the three slip systems as
well as the total slip. For φ = 0◦ the local material model predicts equal distributions
of total slip between the voids along the x1 and the x2-directions (figure 3.24a). The
corresponding results for a nonlocal calculation with r0/l = 1 in figure 3.24b shows
that gradients are suppressed along the slip planes, as observed in section 3.5.1, and here
leads to well developed slip bands on slip systems one and three connecting voids in the
x2-direction. The slip distributions for the crystal orientation rotated 15◦ are presented in
figures 3.25a and 3.25b for a local calculation and for a nonlocal calculation with r0/l =
1, respectively. It is seen that both for the local and the nonlocal analysis symmetries exist
along lines at a 45◦ angle between the coordinate axes, due to the same symmetry of the
slip systems and the equibiaxial loading. For both of the considered crystal orientations
more smooth void shapes are observed for micron sized voids, when compared to local
predictions.
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Figure 3.24 Contours of slip on the three slip systems and the total slip at the overall deformation
U/a0 = 0.1 for a crystal with slip system orientation φ = 0◦ and stress ratio κ = 1.0. Both results
from a local calculation (a) and from a nonlocal calculation with r0/l = 1 (b) are shown.
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Figure 3.25 Contours of slip on the three slip systems and the total slip at the overall deformation
U/a0 = 0.1 for a crystal with slip system orientation φ = 15◦ and stress ratio κ = 1.0. Both
results from a local analysis (a) and from a nonlocal analysis with r0/l = 1 (b) are shown.

3.5.3 Comparison to discrete dislocation plasticity predictions, [P7]

Discrete dislocation plasticity is based on the motion of edge dislocations represented as
line singularities in an elastic medium. The dislocations can nucleate and glide on active
slip systems. The long range interactions of the dislocations are accounted for through
their elastic fields while constitutive rules are prescribed for short range interactions. Dis-
crete dislocation plasticity simulations of voided crystals are restricted to the micro-void
regime by current computational capabilities. In paper [P7] size effects in periodic voided
single crystals are analyzed using both discrete dislocation plasticity and the strain gradi-
ent crystal plasticity model described in section 2.2, though using the material Jaumann
rate of Kirchhoff stress. The paper focuses on the effect of loading conditions on the void
size effect and on employing the discrete dislocation calculations to extract the appropri-
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ate length scale for use in the strain gradient crystal plasticity model.
The periodic voided single crystal and the unit cell analyzed are shown in figure 3.26.

A crystal with two symmetric slip systems φ(1) = −φ(2) = 54.7◦ and a crystal with three
slip systems φ(1) = −φ(2) = 54.7◦ and φ(3) = 0◦ are considered, where φ(α) denotes the
orientation with respect to the x1-axis. The aspect ratio of the unit cell (d × d tanφ(1))
ensures periodicity of the motion of the discrete dislocations on discrete slip planes. The
rectangular void is centrally located in the unit cell and has the same aspect ratio as the
unit cell. The voided crystal is loaded by imposing periodic boundary conditions on the
unit cell edges as described in section 3.5.2. Periodicity for the slip rates in the strain
gradient calculations and for the motion of the dislocations in the discrete dislocation
calculations are also enforced on the unit cell edges. Traction free boundary conditions
are imposed on the void surface. Furthermore, in the strain gradient calculations the
higher order stress is taken to vanish on the void surface, and in the discrete dislocation
calculations the dislocations are assumed to be free to exit the crystal at the void surface.
Both shear loading and equibiaxial straining under plane strain conditions are considered
here. In shear, the strain components are specified as ε12 = ε21 = γ/2, where γ is
the applied shear strain. Under biaxial straining the strain components are specified as
ε11 = ε22 = εv/2, where εv is the imposed two-dimensional volumetric strain.

Single Crystal Void

d

(1)

x1

x2

3 slip 
systems

(1)

Figure 3.26 The analyzed single crystal with a periodic arrangement of rectangular voids and
the unit cell considered.

The elastic material parameters are Young’s modulus E = 70 GPa and Poisson’s ra-
tio ν = 0.33. The material properties used in the discrete dislocation calculations are
specified as randomly distributed dislocation sources with a density 300 μm−2 on the slip
planes spaced 100b apart, where b is the Burgers vector taken to be b = 0.25 nm. The
nucleation strength for each source is taken to be τnuc = 50MPa with the nucleation time
10 ns. The drag coefficient for dislocation motion is B = 10−4 Pas and the annihila-
tion distance is 6b. Obstacles of strength 150MPa are randomly distributed with density
600 μm−2. The source and obstacle densities are chosen to ensure that unvoided crystals
with unit cells of size 0.5 μm ≤ d ≤ 8.0 μm, which is the size range for the considered
voided crystals, display no size effects. The plasticity parameters in the strain gradient



42 Chapter 3 Summary of Results

0 0.2 0.4 0.6 0.8 1
 (%)

nu
c

0
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(
-2

)
(a)

( )

0 0.2 0.4 0.6 0.8 1

nu
c

 (%)
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

12.31 3.08

24.62

d

sl
= (conventional plasticity)∞

d

sl
=1.54

(b)

Figure 3.27 The shear response of the three slip system crystal with 4% void volume fraction.
(a) Discrete dislocation predictions. (b) Strain gradient plasticity predictions.

calculations were chosen to match the shear response obtained from discrete dislocation
calculations in the size independent limit with an unvoided non-hardening crystal using
three slip systems. The values chosen are slip resistance τ0 = 30MPa, reference slip rate
γ̇0 = 0.001 s−1 and strain rate hardening index m = 0.02.
The normalized shear stress versus shear strain response of the voided crystal with

three slip systems and initial void volume fraction vf = 4% under shear loading is shown
in figure 3.27. Results are given both for discrete dislocation calculations and strain gradi-
ent calculations for different values of the void spacing d. No clear size effect is observed
over the range of void spacings analyzed for the discrete dislocation plasticity predictions
(taking into account the inherent variability in the discrete dislocation predictions). Simi-
larly, the strain gradient plasticity predictions of the shear response, only display a small
size dependence over the range of void spacings relative to the material length parameter
considered here.
Figure 3.28 shows the biaxial stress, σ, versus strain, εv, responses of the voided

crystal with three slip systems and initial void volume fraction vf = 4% equibiaxially
strained. A clear size effect in the stress-strain response is observed both for the discrete
dislocation predictions and for the strain gradient predictions. Furthermore, unlike under
shear loading the crystals display a hardening response for the smaller void spacings.
A quantitative comparison between discrete dislocation and strain gradient plasticity

predictions requires that the material length scale must be specified explicitly in the strain
gradient plasticity calculations. The variation of flow strengths of the voided crystals
during shear loading and equibiaxial straining are given in figure 3.29 with the choice
l = 0.325 μm. Both discrete dislocation and strain gradient plasticity predictions are
shown for crystals with different void volume fractions and number of slip systems. The
strain gradient results are fitted to a power form relation. The flow stress, τf , under shear
loading is defined as the average value of τ over the strain range 0.0075 ≤ γ ≤ 0.01. Sim-
ilarly, the flow strength, σf , in equibiaxial straining is defined as the average value of σ
over the range 0.0075 ≤ εv ≤ 0.01. It is seen that with the choice l = 0.325 μm excellent
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Figure 3.28 The equibiaxial straining response of the three slip system crystal with 4% void
volume fraction. (a) Discrete dislocation predictions. (b) Strain gradient plasticity predictions.

agreement is obtained between the discrete dislocation and strain gradient plasticity calcu-
lations for both shear and equibiaxial straining of all the voided crystals considered here.
This material length scale corresponds to approximately ten times the slip plane spacing
in the discrete dislocation calculations. Note that with l = 0.325 μm, the d/l = 3.08
and d/l = 12.31 strain gradient plasticity results in figures 3.27 and 3.28 correspond to
d = 1 μm and d = 4.0 μm, respectively.
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Figure 3.29 Variation of the flow strengths of the voided crystals with void spacing d. (a) Shear
and equibiaxial loading of the three slip system crystals with vf = 4%. (b) Shear loading of the
two slip system crystals with vf = 1% and 4%. The material length scale in the strain gradient
model is assumed to be l = 0.325 μm. Fits to the strain gradient plasticity results are also included.

The comparisons presented here indicate that the discrete dislocation and strain gra-
dient plasticity predictions of the responses of the voided crystals compare favorably in
terms of the flow strengths. In paper [P7] a favorable comparison in terms of the distribu-
tions of the total slip is also presented.
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Chapter 4
Concluding Remarks

This thesis focuses on strain gradient plasticity theories and their applications with the
main focus on strain gradient crystal plasticity. The thesis contains a summary of an iso-
tropic strain gradient viscoplastic formulation and a summary of a strain gradient crystal
plasticity formulation, both allowing for finite strains. The crystal plasticity formula-
tion has also been enhanced by including a grain boundary energy potential to simulate
different higher order boundary conditions at the grain boundaries. The numerical im-
plementation of the theories are discussed in details. Various problems are numerically
studied by use of the two strain gradient theories, to predict plasticity size effects in the
micron range. Seven papers, denoted [P1] through [P7], have been included in the thesis.
The isotropic strain gradient plasticity theory has been applied to analyze materials

containing either voids or rigid inclusions in [P1]. It is shown that the overall stress lev-
els increases with decreasing void sizes during uniaxial tension. Similarly for a material
containing rigid inclusions there is observed an increase of the overall stress in the main
tensile direction with decreasing inclusion size for two different stress triaxialities. Dif-
ferent higher order boundary conditions at the interface between the matrix material and
the inclusion was studied, and it was found that the boundary condition representing full
constraint on plastic flow gives an overall stiffer response than the other set of boundary
conditions, representing no constraint on plastic flow at the interface.
In [P2] the developed strain gradient crystal plasticity formulation was applied to

study plastic flow localization in a single crystal loaded in plane strain tension. It was
shown how necking started in the middle of the tensile specimen and the larger strains in
the neck triggered the formation of shear bands as in Peirce et al. (1983) for conventional
crystal plasticity, which is entirely mesh sensitive. The strain gradient crystal plasticity
results showed that the gradient effects removed the mesh sensitivity. Furthermore, it was
found that the width of the shear bands depends on the material length parameter.
To account for grain boundaries acting as obstacles to dislocation motion, a grain

boundary energy potential was included in strain gradient crystal plasticity studies of a
bicrystal and a polycrystal in [P3] and [P4], respectively. Experimental and numerical
analyses of the evolution in surface topography near grain boundaries during plastic de-
formation were conducted in [P3]. An aluminium sheet deformed in tension has been
examined qualitatively in a scanning electron microscope, and a local gradient in surface
profile is observed within a few microns of the grain boundary. The numerical calcula-
tions also predicted significant changes in the surface profile near a grain boundary, with
the profile being very sensitive to the choice of grain boundary barrier to slip in form of
a grain boundary energy potential parameter. The polycrystal in [P4] was analysed to
study the flow stress dependence on the grain size under plane strain uniaxial tension. For
a random crystallographic orientation of each grain there is only observed a small grain

45
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size effect when there is no restrictions on slip motion at the grain boundaries, whereas a
much larger effect is observed when the grain boundaries are restricted to be impenetrable
to dislocations (no slip condition). The classical Hall-Petch relationship predicts the flow
stress to scale with d−1/2, where d is the grain size. The numerical results was fitted to a
function of the form d−n for different grain boundary energy parameters, and values of n
in the range 0.77 − 1.25 was found.
Several numerical analyses on voids in single crystals have been conducted in [P5]-

[P7] using the strain gradient crystal plasticity formulation. The stress and deformation
fields around a cylindrical void in a crystal loaded by a far-field equibiaxial tensile stress
was studied in [P5]. Results for the local material model is in agreement with results
obtained by Gan and Kysar (2007) using an analytical anisotropic slip line theory. Cal-
culations with the nonlocal material model showed that the stress and deformation fields
are dramatically different for micron sized voids when compared to larger voids. Fur-
thermore, the applied stress to activate plastic deformation around the void is observed
to increase significantly with decreasing void size. Void growth in a crystal containing
uniformly distributed cylindrical voids under different biaxial stress states was analyzed
in [P6] by use of a cell model with periodic boundary conditions. The study shows that
porous crystals can sustain larger overall stress levels for voids on the micron scale when
compared to larger voids. The amount of void growth was found to be suppressed for mi-
cron size voids at low stress triaxialities. Also, significant differences were observed on
the interaction mechanisms of neighboring voids for the different void sizes considered.
A comparison between strain gradient crystal plasticity and discrete dislocation plastic-
ity predictions was performed in [P7] for a crystal with uniformly distributed rectangular
voids loaded in shear and equibiaxial straining. Both theories predict a negligible size ef-
fect under shear over the length scales considered, whereas both theories predict a strong
size dependence under equibiaxial loading. Excellent agreement is obtained between pre-
dictions of the two formulations for all crystal types and void volume fractions considered
when the strain gradient crystal plasticity material length scale is chosen to be 0.325 μm.
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Abstract

A finite strain viscoplastic nonlocal plasticity model is formulated and implemented numerically within a finite ele-
ment framework. The model is a viscoplastic generalisation of the finite strain generalisation by Niordson and Redanz
(2004) [Journal of the Mechanics and Physics of Solids 52, 2431–2454] of the strain gradient plasticity theory proposed
by Fleck and Hutchinson (2001) [Journal of the Mechanics and Physics of Solids 49, 2245–2271]. The formulation is
based on a viscoplastic potential that enables the formulation of the model so that it reduces to the strain gradient plas-
ticity theory in the absence of viscous effects. The numerical implementation uses increments of the effective plastic
strain rate as degrees of freedom in addition to increments of displacement. To illustrate predictions of the model,
results are presented for materials containing either voids or rigid inclusions. It is shown how the model predicts
increased overall yield strength, as compared to conventional predictions, when voids or inclusions are in the micron
range. Furthermore, it is illustrated how the higher order boundary conditions at the interface between inclusions and
matrix material are important to the overall yield strength as well as the material hardening.
� 2005 Elsevier Ltd. All rights reserved.

Keywords: Strain gradient plasticity; Viscoplastic material; Voids; Size effects

1. Introduction

A number of small scale experiments for metals have shown that size-effects play an important role when
strain gradients become large (Fleck et al., 1994; Ma and Clarke, 1995; Stölken and Evans, 1998; Haque
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and Saif, 2003). Such effects are not accounted for in conventional plasticity theories, and several nonlocal
material models have been developed to incorporate the influence of a characteristic material length.

For a gradient plasticity theory proposed by Fleck and Hutchinson (2001) a finite strain generalisation
has recently been developed by Niordson and Redanz (2004) and a numerical implementation for power
law hardening materials has been given by Niordson and Tvergaard (2005). This finite strain model has
been used to study necking instabilities in tension as well as buckling instabilities in compression. It was
found that the gradient effects delay the onset of localisation and increase the load carrying capacity in
compression, in agreement with bifurcation results of Benallal and Tvergaard (1995). Very recently also
the effect of the gradient plasticity theory on the occurrence of cavitation instabilities has been analysed
(Niordson and Tvergaard, in press). As is known from previous studies (Fleck and Hutchinson, 1997;
Huang et al., 2000; Tvergaard and Niordson, 2004), the role of void growth is much reduced when the void
radius is small compared to the characteristic material length. This results in an increased peak stress for
cavitation, but subsequently the stress decays, as the void grows large relative to the material length scale.

In a viscoplastic theory for isotropic materials strain gradient effects have been incorporated by Gurtin
(2003) in a small strain formulation. Also Gudmundson (2004) has proposed a small deformation strain
gradient plasticity theory that has an elastic–viscoplastic version, and these viscoplastic constitutive rela-
tions have been applied by Fredriksson and Gudmundson (2005) to analyse pure shear and biaxial strain
of a thin film.

In the present paper a viscoplastic version of the finite strain model of Niordson and Redanz (2004) is
formulated, i.e. a viscoplastic finite strain generalisation of the gradient plasticity theory proposed by Fleck
and Hutchinson (2001). This formulation makes use of a viscoplastic potential and the viscous material
behaviour is introduced in terms of a power law expression for a nonlocal effective plastic strain rate. Since,
in the viscoplastic theory, no internal boundaries exists between elastic and plastic regions, no internal
higher order boundary conditions must be specified. Such internal boundary conditions are necessary in
a time-independent theory. To illustrate predictions of this viscoplastic nonlocal model, numerical results
are presented for elastic–viscoplastic materials containing either voids or rigid inclusions. The results show
the effect of different values of the void or inclusion radius relative to the characteristic material length
incorporated in the theory. For the material with inclusions different higher order boundary conditions
at the inclusion surface are investigated.

2. Material model

Let ui denote the displacement vector and _ui the velocity field. With _eij ¼ _ui;j denoting the velocity gra-
dient, the material spin is given by

_xij ¼ 1

2
ð _eij � _ejiÞ ð1Þ

The symmetric part of the velocity gradient is the strain rate, which is decomposed into an elastic and
plastic part

_�ij ¼ 1

2
ð _eij þ _ejiÞ ¼ _�Eij þ _�Pij ð2Þ

A nonlocal measure of the effective plastic strain rate is defined on the basis of the conventional effective
plastic strain rate and the gradient of the conventional effective plastic strain rate through the incremental
relation

_E
P2

¼ _�P
2 þ l2� _�

P
;i _�

P
;i ð3Þ

where l* is a material length parameter (Fleck and Hutchinson, 2001; Niordson and Redanz, 2004).

U. Borg et al. / International Journal of Solids and Structures 43 (2006) 4906–4916 4907



The direction of the plastic strain rate is given by mij ¼ 3
2
Sij=re, where Sij ¼ rij � 1

3
dijrkk denotes the

stress deviator and re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
SijSij

q
is von Mises effective stress with rij being the Cauchy stress tensor.

The plastic strain rate components can then be written as a product of its magnitude, _�P ¼
ffiffiffiffiffiffiffiffiffiffiffi
2
3
_�Pij _�

P
ij

q
, and

its direction

_�Pij ¼ mij _�
P ð4Þ

Following (Fleck and Hutchinson, 2001), assuming that the plastic strain gradients contribute to the
internal work, the principle of virtual power in total form may be formulated asZ

V
ðrijd_�ij þ ðQ� rðeÞÞd_�P þ sid_�

P
;iÞdV ¼

Z
S
ðT id _ui þ sinid_�

PÞdS ð5Þ

in the deformed configuration. Here, Q is a generalised effective stress which is work-conjugate to the con-
ventional effective plastic strain rate, _�P, and si is a higher order stress which is work-conjugate to the gra-
dient of the conventional effective plastic strain rate, _�P;i . The current volume and surface are denoted V and
S, respectively. The surface traction is denoted by, Ti = rijnj, and sini denotes the higher order surface
traction.

We now define Kirchhoff stress measures as (defining J as the determinant of the metric tensor)

1ij ¼ Jrij; r1
ðeÞ ¼ JrðeÞ; q ¼ JQ; qi ¼ Jsi ð6Þ

Introducing the Jaumann rate of the Kirchhoff stress, 1
5
ij, and the convected rate of the higher order

Kirchhoff stress, q
_
i, the incremental version of the principle of virtual power, in an updated Lagrangian

framework, can be expressed as (Niordson and Redanz, 2004)Z
V
ð15ijd_�ij � rijð2_�ikd_�kj � _ekjd _ekiÞ þ ð _q� _r1

ðeÞÞd_�P þ q
_
id_�

P
;iÞdV ¼

Z
S
ð _T id _ui þ _qinid_�

PÞdS ð7Þ

Now, to obtain a viscoplastic version of the theory, a viscoplastic potential is defined as

U½ _EP
;EP� ¼

Z _E
P

0

rc½ _EP0
;EP�d _EP0 ð8Þ

where rc is an effective stress which is work-conjugate to the effective plastic strain rate, _E
P
. Taking the var-

iation of the potential gives

dU ¼ rcd _E
P ¼ rc

_E
P
_�Pd_�P þ rc

_E
P
l2� _�

P
;id_�

P
;i ¼ qd_�P þ qid_�

P
;i ð9Þ

with the generalised effective stress, q, and the higher order stress, qi, defined by the constitutive equations

q ¼ rc

_E
P
_�P ð10Þ

qi ¼
rc

_E
P
l2� _�

P
;i ð11Þ

By substituting these expressions into the definition of the effective plastic strain (3) it is seen that the
effective stress is given as the following quadratic form in q and qi

r2
c ¼ q2 þ l�2

� qiqi ð12Þ
When excluding the material length scale by setting l* = 0, the effective stress, rc, reduces to the von Mises
stress and the effective plastic strain rate, _E

P
, equals the conventional effective plastic strain rate, _�P.
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The viscous material behaviour is modelled by a power law for the effective plastic strain rate

_E
P ¼ _�0

rc

g½EP�
� �1=m

ð13Þ

Here, m is the strain rate hardening exponent and _�0 is a reference strain rate. Strain hardening is taken to
follow a power law with exponent 1/n and initial yield strength r0 = E�0 (where E is Young�s modulus) gi-
ven by

g½EP� ¼ r0 1þ EP

�0

� �1=n

ð14Þ

where the hardening function is evaluated at EP instead of �P as it would be in conventional J2 flow theory.
If the strain rate was prescribed such that _E

P ¼ _�0, the hardening function, g[EP], would be equal to the
effective stress, rc.

The incremental constitutive equations for the viscoplastic material can be obtained from (10) and (11)
using (13) and written in the form

1
5
ijDt ¼ RijklðD�kl � mklD�

PÞ ¼ D1ij � Dxikrkj � rikDxjk ð15Þ

_qDt ¼ rc

_E
P

ðm� 1Þ _�
P

_E
P
D _E

P þ D_�P
� �

þ
_E
P

_�0

 !m
dg

dEP
_�PDt ð16Þ

q
_
iDt ¼ l2�

rc

_E
P

ðm� 1Þ _�
P
;i

_E
P
D _E

P þ D_�P;i

 !
þ

_E
P

_�0

 !m
dg

dEP
_�P;iDt

 !
¼ Dqi � Deikqk ð17Þ

where the change in the effective plastic strain rate is taken as D _E
P ¼ _�P

_E
P D_�

P þ l2� _�
P
;i

_E
P D_�P;i and the elastic stiffness

tensor is given by

Rijkl ¼ E
1þ m

1

2
dikdjl þ dildjk
� �þ m

1� 2m
dijdkl

� �
ð18Þ

3. Problem formulation and numerical method

A material containing uniformly distributed cylindrical voids or rigid inclusions, Fig. 1(a), is analysed
using a plane strain cell model, Fig. 1(b). The dimensions of the unit cell are given by a0 and b0, and the
size of the void or inclusion is defined by the radius R0.

The boundary conditions used for the cell model are

_u1 ¼ 0; _T 2 ¼ 0 at x1 ¼ 0

_u1 ¼ _U I; _T 2 ¼ 0 at x1 ¼ a0 þ Da

_u2 ¼ 0; _T 1 ¼ 0 at x2 ¼ 0

_u2 ¼ _U II; _T 1 ¼ 0 at x2 ¼ b0 þ Db

ð19Þ

where _T i are surface traction rates. Using a special Rayleigh–Ritz finite element method (Tvergaard, 1976),
the prescribed cell-side displacement rates, _U I and _U II, are determined such that there is a fixed ratio of the
average true stresses

r2 ¼ jr1 ð20Þ
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Furthermore, when considering voids we have _T i ¼ 0 on the void surface, whereas in the case of inclusions
we have _ui ¼ 0 on the inclusion surface.

The numerical solutions are obtained using a special kind of finite element method, where increments of
the plastic strain rate appear as degrees of freedom on equal footing with displacement increments. The
displacement increments, Dui, and the change of the effective plastic strain rate, D_�P, are interpolated within
each element between nodal displacement increments, DDN, and nodal effective plastic strain rate changes,
D_�PN , respectively

Dui ¼
X2k
N¼1

NN
i DD

N ; D_�P ¼
Xl
N¼1

MND_�PN ð21Þ

where NN
i and MN are shape functions and k and l are the number of nodes used for the interpolations. The

elements used are isoparametric eight-node quadrilaterals with quadratic interpolation of both displace-
ment increments and effective plastic strain rate increments (k = l = 8), as in Niordson and Tvergaard
(2005) for a time independent analysis. The derivatives of the displacement increments and the effective
plastic strain rate increments are taken as

Deij ¼
X2k
N¼1

NN
i;jDD

N ; D�ij ¼
X2k
N¼1

EN
ijDD

N ; D_�P;i ¼
Xl
N¼1

MN
;iD_�

P
N ð22Þ

where EN
ij ¼ 1

2
ðNN

i;j þ NN
j;iÞ.

Using these relations in the principle of virtual work, the discretized equations can be written in the fol-
lowing form:

Ke 0

Kep Kp

" #
DD

D _�P

" #
¼

DF1

DF2

" #
ð23Þ

where

KNM
e ¼

Z
V
ðEN

ijRijklEM
kl þ rijðNM

k;jN
N
k;i � 2EM

ik E
N
jkÞÞdV ð24Þ

b0

x2

a0 Δa

−Δb

(a) (b)

x1
R0

Fig. 1. The plane strain cell model for a material with rigid inclusions or voids: (a) periodically arranged inclusions/voids and (b) the
unit cell used for the analyses.
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is the elastic stiffness matrix

KNM
ep ¼ �

Z
V
mijRijklEM

klM
N dV ð25Þ

is the coupling matrix, and

KNM
p ¼

Z
V

_�P

_EP
2
ðm� 1Þqþ rc

_E
P

 !
MMMN þ l2�

_�P;i

_EP
2
ðm� 1ÞqMMMN

;i þ
_�P

_EP
2
ðm� 1ÞqiM

M
;i M

N

 

þl2�
_�P;i

_EP
2
ðm� 1ÞqkM

M
;k M

N
;i þ l2�

rc

_E
P
MM

;i M
N
;i

!
dV ð26Þ

is the plastic stiffness matrix. The right-hand side in Eq. (23) consists of two components

DFN
1 ¼

Z
S
DT iNN

i dS þ Dt
Z
V
EN
ijRijklmkl _�

P dV ð27Þ

which is the conventional load increment vector with an added volume force, and

DFN
2 ¼

Z
S
DqiniM

N dS � Dt
Z
V

mijRijklmkl _�
P þ _�P

_�m0

_EP
m dg

dEP

� �
MN þ _�P;i

_EP
m dg

dEP

l2�
_�m0

MN
;i

� �
dV ð28Þ

which is an additional higher order load term with a subtracted volume contribution.
Since the system of equations decouples, it is possible to first solve for the displacement increments and

afterwards solve for the effective plastic strain rate increments and hereby exploit the symmetry of Ke and
Kp, respectively. The integrations (24)–(28) are carried out using 3 · 3 point Gaussian integration.

When the displacement increments and the effective plastic strain rate increments are known, the Jau-
mann rate of the stress, the generalised effective stress rate and the convected rate of the higher order stress
can be found from the constitutive equations (15)–(17). The increments of the Cauchy stress tensor and the
higher order stress vector is then calculated by

x2

x1

Fig. 2. Initial mesh with a0/b0 = 1 and a0/R0 = 0.3 corresponding to a volume fraction of 7.1%.
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Drij ¼ 1
5
ijDt þ Dxikrkj þ rikDxjk � rijD�kk ð29Þ

Dsi ¼ q
_
iDt þ Deiksk � siD�kk ð30Þ

Subsequently, the effective stress, rc, can be calculated from (12) and the effective plastic strain rate, _E
P
, is

given by (13). The conventional effective plastic strain rate, _�P, and its gradient, _�P;i , is now obtained from
Eqs. (10) and (11).

The finite element mesh used for the analyses is shown in Fig. 2.

4. Results

The material parameters used for the numerical analyses are r0/E = 0.003, n = 10, m = 0.3, m = 0.04 and
_�0 ¼ 0.005 s�1. The initial dimensions of the unit cell are specified by a0/b0 = 1 so that the voids or inclu-
sions have equal spacings in the directions of the coordinate axes. The initial spacing of the voids or inclu-
sions is specified by R0/a0 = 0.3 corresponding to a volume fraction of 7.1%.

Both for the material containing voids and the material containing inclusions the higher order traction is
taken to vanish along the cell boundary (sini = 0). This constitutes the appropriate symmetry boundary
condition for the problems analysed. Also at the free surface around the voids the higher order stress is
imposed to vanish, while for the material containing inclusions the higher order boundary condition is spec-
ified by imposing vanishing plastic strain (�p = 0) unless otherwise stated.

For a material with voids the overall uniaxial stress–strain curve (j = 0) is shown in Fig. 3 for different
values of the material length parameter relative to the void radius. The solid curve shows results for a con-
ventional material (l* = 0), while the dotted and dashed curves show results for gradient dependent mate-
rials with l*/R0 = 0.3 and l*/R0 = 0.6, respectively. The figure shows curves of the normalised average true
stress, r1, in the x1-direction as a function of the logarithmic strain, �1. The overall strain rate is equal to the
reference strain rate, _�1 ¼ _�0. It is seen from the figure how a material with small voids (or conversely a large
material length parameter) shows more stiff behaviour in the plastic range. In effect, increasing the material
length parameter, apparently increases the overall material yield stress and thus increases the stress level
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Fig. 3. Overall uniaxial stress–strain response (j = 0) for a material with voids. The solid curve shows results from a conventional
plasticity model while the dotted and dashed curves show results for plasticity models with l
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The overall loading rate is given by _�1 ¼ _�0.
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in the plastic range. Well inside the plastic range (� > 0.02) the stress level is around 6% higher for
l*/R0 = 0.3% and 11% higher for l*/R0 = 0.6, as compared to the conventional material.

In Fig. 4 results for different overall strain rates are shown both for a conventional material and for a
gradient dependent material with l*/R0 = 0.6. The overall strain rate is varied so that in addition to
_�1 ¼ _�0 also a 10 times larger and a 10 times smaller strain rate are studied. It is seen from the figure that
increasing the overall strain rate for the conventional material from _�1 ¼ _�0 to a 10 times larger value has a
similar strengthening effect as accounting for gradient hardening using l*/R0 = 0.6. Moreover, the figure
shows that increasing the strain rate by a factor of 10 increases the stress level in the plastic range by around
10%. This is in agreement with the increase expected on the basis of (13) for a homogeneous solid with the
value of m used in the present analyses.

Fig. 5 shows the overall stress–strain curves for the material with inclusions under different levels of the
overall stress ratio j and different material length parameters. The size of the cylindrical inclusions is de-
fined by R0/a0 = 0.3 which corresponds to a reinforcement volume fraction of approximately 7.1%. The
solid curves show results for a conventional material (l* = 0), while the dotted and dashed curves show re-
sults for gradient dependent materials with l*/R0 = 0.3 and l*/R0 = 0.6, respectively. The figure shows that
increasing the material length scale leads to an apparent increase in the overall yield stress as was also the
case for the material with voids. For all three values of the material length parameter the overall stress level
for j = 0.5 is approximately a factor of two higher than the stress level for j = 0. This is in agreement of
what would be expected for a homogeneous solid when ignoring elastic effects.

Results when varying the overall strain rate for the material with inclusions is shown in Fig. 6 for j = 0,
both for a conventional material and for a gradient dependent material with l*/R0 = 0.6. As for the material
containing voids, increasing the strain rate by a factor of 10 increases the stress level by around 10%, which
would be expected in the plastic range for a homogeneous material with the specific value of m used. For
the material with inclusions the effect on the overall response by increasing the material length parameter
from zero to l*/R0 = 0.6 is slightly larger than for the material containing voids discussed in relation to
Fig. 4.

The higher order boundary condition on the interface between fibers and the matrix material is of sig-
nificant importance for the overall material response of reinforced materials (see Niordson, 2003). For the

l* /R0 = 0.6
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Fig. 4. Overall uniaxial stress–strain response (j = 0) for a material with voids. For three different loading rates given by _�1 ¼ _�0=10,
_�1 ¼ _�0 and _�1 ¼ 10_�0, results are shown from a conventional plasticity model (solid curves) and from a gradient dependent model with
l
*
/R0 = 0.6 (dashed curves).
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results presented until now for the reinforced material a full constraint on plastic flow (�p = 0) has been
imposed at the interface between the matrix material and the inclusion. Fig. 7 shows results for the two
extreme boundary conditions, which can be imposed at the interface. One is the full constraint on plastic
flow represented by the dotted curves (�p = 0), while the other is no constraint on plastic flow, as repre-
sented by the dashed curves (sini = 0). It is seen that a full constraint on plastic flow leads to an overall
stiffer response when compared to no constraint on plastic flow. Furthermore, it is seen that the apparent
increase in the overall material yield stress due to gradient effects, which has been observed in the results
presented so far, is not so obvious when imposing vanishing higher order traction at the interface. For this
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boundary condition the strengthening effect seems to stem more from an increased material hardening,
which takes place over a longer time in the plastic range and not predominantly in the beginning of plastic
deformation.

5. Discussion

An elastic–viscoplastic material model is needed for a number of applications, where strain rate sensitiv-
ity of material behaviour is important, e.g. at rapid loading in the room temperature range, or at elevated
temperatures, where time dependence of plastic flow tends to get more pronounced. This is the motivation
for the constitutive model presented in the present paper.

The strain gradient plasticity theory proposed by Fleck and Hutchinson (2001) has three different mate-
rial length parameters, each of which has a physical interpretation. Within this framework a theory with a
single material length parameter has been formulated, closely related to the strain gradient theory of Aifan-
tis (1984). In the finite strain generalisation developed by Niordson and Redanz (2004), all three material
length parameters are incorporated, but results are also shown for the single parameter version of the the-
ory. The present elastic–viscoplastic version of the theory has been formulated so far as a single parameter
theory. Since no internal elastic–plastic boundaries exists in the elastic–viscoplastic model, no internal high-
er order boundary conditions need to be specified.

The results here show that both for the material containing voids and the material containing inclusions
the overall stress–strain response is more stiff the larger the value of the ratio l*/R0 between the material
length and the void or inclusion radius. This result is as expected based on the time independent strain gra-
dient plasticity model. Also, in both cases the strain rate has been varied, and the results have shown the char-
acteristic feature of a strain rate sensitive material that the stress levels are higher the higher the strain rate.

Due to the strongly nonlinear dependence on the stresses in (13), the solution will tend to be numerically
unstable at low viscosities. To increase the stable step length at lower viscosities than those considered here,
forward gradient methods (Peirce et al., 1984) would be useful.

For rigid inclusions computations using either of the two extreme sets of boundary conditions on the
inclusion–matrix interface have been compared (Fig. 7). For both sets of higher order boundary conditions
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Fig. 7. Overall uniaxial stress–strain response (j = 0) for a material with rigid inclusions using different higher order boundary
conditions on the inclusion surface. The solid line shows results for a conventional model. The dashed and the dotted lines show results
for the higher order traction and the plastic strain set to zero on the inclusion surface, respectively. Results are shown for two different
values of l

*
/R0. The overall loading rate is given by _�1 ¼ _�0.
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the response is more stiff than that corresponding to the conventional material with no characteristic mate-
rial length, as would be expected due to the gradient effects accounted for in either case. Furthermore, the
boundary condition representing full constraint on plastic flow at the interface to the material that does not
yield gives an overall stiffer response than the other set of boundary conditions, representing no constraint
on plastic flow at the interface.
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Abstract

In metal grains one of the most important failure mechanisms involves shear band localization.
As the band width is small, the deformations are affected by material length scales. To study local-
ization in single grains a rate-dependent crystal plasticity formulation for finite strains is presented
for metals described by the reformulated Fleck–Hutchinson strain gradient plasticity theory. The
theory is implemented numerically within a finite element framework using slip rate increments
and displacement increments as state variables. The formulation reduces to the classical crystal plas-
ticity theory in the absence of strain gradients. The model is used to study the effect of an internal
material length scale on the localization of plastic flow in shear bands in a single crystal under plane
strain tension. It is shown that the mesh sensitivity is removed when using the nonlocal material
model considered. Furthermore, it is illustrated how different hardening functions affect the forma-
tion of shear bands.
� 2007 Elsevier Ltd. All rights reserved.

Keywords: Strain gradient plasticity; Crystal plasticity; Shear band

1. Introduction

A significant amount of experimental studies have shown that inhomogeneous plastic
flow in metals is size dependent, with smaller generally being harder (see e.g. Fleck
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et al., 1994; Haque and Saif, 2003; Stölken and Evans, 1998). It has been argued by Nye
(1953) and Ashby (1970) that this size effect is due to the interaction of plastic strain gra-
dient induced geometrically necessary dislocations with statistically stored dislocations.
Plasticity theories, where stress in a material point only depends on variables in the same
point, cannot capture such observed size effects. Several phenomenological strain gradient
plasticity theories have been developed to incorporate the influence of a characteristic
material length into the constitutive relations for isotropic materials (Aifantis, 1984; Fleck
and Hutchinson, 1997, 2001; Gao et al., 1999; Gudmundson, 2004; Abu Al-Rub and Voy-
iadjis, 2006). This length scale should be related to for example precipitate spacings in
alloys, void spacings, dislocation spacings, grain sizes etc.

When studying the deformation of metals at the grain scale, the anisotropy of each
crystal becomes important, and therefore crystal plasticity models can give a better
description of the material behavior at this scale. However, classical crystal plasticity
formulations like Peirce et al. (1983) have no incorporated length scale. Nonlocal formu-
lations of crystal plasticity have been proposed by several authors. For example, Ach-
arya and Bassani (2000) have presented a formulation where the strain gradients enter
through the hardening modulus, Gurtin (2000, 2002) has proposed a formulation based
on the fact that the free energy scales with the net Burgers vector and where the consti-
tutive equations are obtained from thermodynamical arguments, and Han et al. (2005a)
have presented a crystal plasticity formulation of the so-called mechanism-based strain
gradient plasticity theory by Gao et al. (1999). Furthermore, Shu and Fleck (1999) pre-
sented a rate-dependent crystal plasticity formulation as an extension to the strain gra-
dient plasticity theory by Fleck and Hutchinson (1997), which has later been generalized
to finite deformations by Shu and Barlow (2000). In the Fleck and Hutchinson (1997)
gradient theory the higher order stresses build up in the elastic regime, and the plastic
part of the strain gradient is not the spatial derivative of the plastic part of the strain.
These two deficiencies have been overcome in the reformulated strain gradient theory by
Fleck and Hutchinson (2001). Applications of nonlocal crystal plasticity includes micro-
bending of thin beams (Han et al., 2005b), shear of bicrystals (Shu and Fleck, 1999),
deformation of whisker-reinforced metal-matrix composite (Shu and Barlow, 2000),
analysis of shear banding (Sluys and Estrin, 2000) and the behavior of polycrystals
(Cheong et al., 2005).

In the present paper, a rate-dependent strain gradient crystal plasticity formulation for
finite strains is presented. The basic formulation of the theory is equivalent to the formu-
lation of Gurtin (2000, 2002), where the crystallographic slip and slip gradient contributes
to the plastic work. The principle of virtual power and the extra force balance for each slip
system (the strong form of the field equations) is in fact a special case of the formulation
by Gurtin (2000, 2002). The constitutive equations are based on the strain gradient theory
by Fleck and Hutchinson (2001) and differs significantly from the constitutive framework
of Gurtin (2000, 2002). It uses the crystal plasticity framework of Peirce et al. (1983) and
includes ideas from the finite strain version of Fleck and Hutchinson (2001) by Niordson
and Redanz (2004). Similar to Borg et al. (2006) for an isotropic viscoplastic strain gradi-
ent theory, a viscoplastic potential is introduced and the viscous behavior is accounted for
by a power-law relationship for a nonlocal effective slip rate.

As an application of the theory, a plane strain tensile test specimen of a single crystal is
considered. Here, the localization of plastic flow in shear bands is emanating from an ini-
tial geometrical imperfection. This problem has been studied using classical rate-depen-

2 U. Borg / International Journal of Plasticity xxx (2007) xxx–xxx

ARTICLE IN PRESS

Please cite this article in press as: Borg, U., Strain gradient crystal plasticity effects on ..., Int. J.
Plasticity (2007), doi:10.1016/j.ijplas.2007.01.003



dent crystal plasticity theory by Peirce et al. (1983). Later works have observed size effects
in the localization of deformation, where an internal length scale sets the width of a shear
band and can remove the mesh dependence (see e.g. Aifantis, 1984; Tvergaard and Nee-
dleman, 1995; Mikkelsen, 1999; Sluys and Estrin, 2000). The analysis performed using
the presented strain gradient crystal plasticity formulation are in agreement with these
results, which supports the presented formulation. Furthermore, the effect of different
hardening functions on the localization behavior is studied.

2. Material model

The kinematical basis for the following is taken from Peirce et al. (1983), where a quan-
titative description of plastic deformation in single crystals is based on crystallographic
shearing. In this paper, a Greek superscript in a parentheses denotes a slip system, and
repeated lower-case Latin indices imply summation over the range 1–3. A bold character
denotes a vector or a tensor and an ascent dot denotes the time derivative. It is assumed
that a general homogeneous deformation can be represented by the deformation gradient
tensor F that maps a line element dX in the reference configuration to dx in the deformed
configuration as dx ¼ F � dX. The deformation gradient is decomposed into an elastic and
plastic part written as

F ¼ F� � FP ð1Þ
where elastic deformation and rigid body rotation are embodied in F* and FP represents
the crystallographic shearing due to dislocation motion along specific slip systems. A slip
system (a) is specified by the lattice vectors s(a) and m(a), where s(a) is the slip direction and
m(a) is the direction normal to the slip plane. The lattice vectors stretch and rotate by

s�ðaÞ ¼ F� � sðaÞ; m�ðaÞ ¼ mðaÞ � F��1 ð2Þ
The velocity gradient L can be expressed as

L ¼ _F � F�1 ¼ _F� � F��1 þ F� � _FP � FP�1 � F��1 ¼ L� þ LP ð3Þ
where the plastic rate _FP can be found by the rate of shearing _cðaÞ on each slip system as

_FP ¼
X
a

_cðaÞsðaÞmðaÞ � FP ð4Þ

The strain rate is taken as the symmetric part of the velocity gradient, _�ij ¼ 1
2
ðLij þ LjiÞ.

Introducing l�ðaÞ
ij ¼ 1

2
ðs�ðaÞi m�ðaÞ

j þ s�ðaÞj m�ðaÞ
i Þ as the classical Schmid orientation tensor, the

overall macroscopic plastic strain rate components given as the symmetric part of the plas-
tic part of the velocity gradient can be expressed as

_�pij ¼
1

2
ðLP

ij þ LP
jiÞ ¼

X
a

_cðaÞl�ðaÞ
ij ð5Þ

The plastic strain rate is used to compute the elastic part of the strain rate as
_�Eij ¼ _�ij � _�Pij, with the elastic strain rate given by _�Eij ¼ 1

2
ðL�

ij þ L�
jiÞ.

To account for the effects of increased material hardening due to interaction of geomet-
rically necessary dislocations induced by slip gradients with statistically stored dislocations
accumulated by slip, it is assumed that both the slip rates and slip rate gradients contribute
to the plastic work, so that the plastic dissipation rate _W P per unit volume is taken as
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_W P ¼
X
a

ðQðaÞ _cðaÞ þ nðaÞS s�ðaÞi _cðaÞ;i þ nðaÞT t�ðaÞi _cðaÞ;i Þ ð6Þ

where the stress field Q(a) is an effective stress work-conjugate to the slip and nðaÞS and nðaÞT

are higher order stresses work-conjugate to the slip gradients along the slip direction and
the transverse direction, respectively. The vector tðaÞi denotes the transverse direction and
thus forms a triad with vectors sðaÞi and mðaÞ

i . A relationship between the density of geomet-
rically necessary dislocations and slip gradients can be obtained via Nye’s dislocation den-
sity tensor, but the present theory is not directly based on such a relationship. Following
Fleck et al. (1994), the slip gradient in the s(a) direction is related to geometrically neces-
sary edge dislocations, and the slip gradient in the t(a) direction is related to geometrically
necessary screw dislocations. A slip gradient in the m(a) direction does not induce any geo-
metrically necessary dislocations and therefore it does not contribute to the plastic work
rate. The elastic work rate per unit volume _W E is taken as

_W E ¼ rij _�
E
ij ¼ rij _�ij �

X
a

_cðaÞl�ðaÞ
ij

 !
¼ rij _�ij �

X
a

sðaÞ _cðaÞ ð7Þ

where rij is the Cauchy stress and sðaÞ ¼ rijl
�ðaÞ
ij is the classical Schmid stress. The principle

of virtual power in total form in the deformed configuration can thus be written asZ
V

rijd_�ij þ
X
a

ðQðaÞ � sðaÞÞd_cðaÞ þ
X
a

ðnðaÞS s�ðaÞi þ nðaÞT t�ðaÞi Þd _cðaÞ;i

 !
dV

¼
Z
S

T id _ui þ
X
a

rðaÞd _cðaÞ
 !

dS ð8Þ

with Ti being the surface traction, while r(a) is the higher order traction. The form of (8) is
a special case of the principle of virtual power in Gurtin (2000, 2002). The relation must
hold for arbitrary variations of _ui and _cðaÞ which leads to the strong form of the field equa-
tions. First we have the classical balance and boundary conditions:

rij;j ¼ 0; T i ¼ rijnj ð9Þ
where ni is the surface unit normal in the current configuration. Next we have the consis-
tency condition and higher order boundary conditions

QðaÞ � sðaÞ � nðaÞS;i s
�ðaÞ
i � nðaÞT ;i t

�ðaÞ
i ¼ 0 ð10Þ

rðaÞ ¼ ðnðaÞS s�ðaÞi þ nðaÞT t�ðaÞi Þni ð11Þ
To obtain the principle of virtual power in the reference configuration, Kirchhoff stress

measures are defined as (defining J as the determinant of the deformation gradient)

1ij ¼ Jrij; qðaÞ ¼ JQðaÞ; qðaÞ
S ¼ JnðaÞS ; qðaÞ

T ¼ JnðaÞT ð12Þ
When introducing the Jaumann rate of the Kirchhoff stress, 1

r
ij, the incremental princi-

ple of virtual power in an updated Lagrangian framework (where the deformed configu-
ration is taken as a reference, thus F� ¼ FP ¼ I but _F� and _FP are not vanishing), can
be expressed asZ

V 0

ð1rijd_�ij � rijð2_�ikd_�kj � LkjdLkiÞ þ
X
a

ð _qðaÞ � sðaÞi ð _F �
ki1kj þ _1ij
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� 1ik _F
�
jkÞmðaÞ

j Þd_cðaÞ þ
X
a

ð _qðaÞ
S sðaÞi � qðaÞ

S
_F P
iks

ðaÞ
k þ _qðaÞ

T tðaÞi þ qðaÞ
T ð_t�ðaÞi � _F ikt

ðaÞ
k ÞÞd _cðaÞ0;i ÞdV 0

¼
Z
S0

_T 0
i d _ui þ

X
a

_rðaÞ0d _cðaÞ
 !

dS0 ð13Þ

where the subscript ‘‘0” refers to the reference configuration. The time derivative of t�ðaÞi

can be written as _t�ðaÞi ¼ eijkðsðaÞl mðaÞ
k

_F �
jl � sðaÞj mðaÞ

l
_F �
lkÞ, where eijk is the permutation symbol.

The first two terms in the volume integral are identical to the formulation used by Niord-
son and Redanz (2004) for a strain gradient plasticity theory for isotropic materials, and
the rest of the terms are of a similar form.

A nonlocal measure of the effective slip cðaÞe is defined on the basis of the slip rate and the
directional derivative of the slip rate through the incremental relation

_cðaÞ
2

e ¼ _cðaÞ
2 þ ðlS _cðaÞ;i s

ðaÞ
i Þ2 þ ðlT _cðaÞ;i t

ðaÞ
i Þ2 ð14Þ

where lS and lT are internal material length parameters introduced for dimensional
consistency.

To obtain a viscoplastic version a viscoplastic potential is to be defined. In the rate-
independent phenomenological strain gradient theory by Fleck and Hutchinson (2001) a
plastic potential, V, is defined as

V ðEPÞ ¼
Z EP

0

rcðEP0 ÞdEP0 ð15Þ

where EP is a nonlocal measure of the effective plastic strain and rcðEPÞ denotes the uni-
axial tensile stress versus plastic strain curve of the material. In the viscoplastic version of
the Fleck and Hutchinson (2001) theory presented by Borg et al. (2006), a viscoplastic po-
tential is defined as

V ðEP; _EPÞ ¼
Z _EP

0

rcð _EP0 ;EPÞd _EP 0 ð16Þ

where the function rcð _EP0 ;EPÞ denotes the uniaxial tensile stress versus plastic strain rate
curve. For the present crystal plasticity version the viscoplastic potential is taken as
V ð _cðaÞe ; cðaÞe Þ ¼PaU

ðaÞ, where the potential for each slip system is given by

UðaÞð _cðaÞe ; cðaÞe Þ ¼
Z _cðaÞe

0

sðaÞe ð _cðaÞ0e ; cðaÞe Þd _cðaÞ0e ð17Þ
where sðaÞe is an effective stress work-conjugate to the effective slip rate, _cðaÞe . Taking the var-
iation of the potential one obtains by use of (6) and (12) that

dUðaÞ ¼ sðaÞe d _cðaÞe ¼ qðaÞd _cðaÞ þ qðaÞ
S sðaÞk d_cðaÞ;k þ qðaÞ

T tðaÞk d _cðaÞ;k ð18Þ
Now, by inserting the variation of the effective slip rate given by (14) the constitutive equa-
tions for the effective stress q(a) and the higher order stresses qðaÞ

S and qðaÞ
T are obtained as

qðaÞ ¼ sðaÞe

_cðaÞ

_cðaÞe

ð19Þ

qðaÞ
S ¼ sðaÞe

_cðaÞ;i s
ðaÞ
i

_cðaÞe

l2S ð20Þ
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qðaÞ
T ¼ sðaÞe

_cðaÞ;i t
ðaÞ
i

_cðaÞe

l2T ð21Þ

By substituting these expressions for _cðaÞ, _cðaÞ;i s
ðaÞ
i and _cðaÞ;i t

ðaÞ
i into the definition of the effec-

tive slip (14), the introduced effective stress sðaÞe can be expressed in the following quadratic
form in q(a), qðaÞ

S and qðaÞ
T

sðaÞ
2

e ¼ qðaÞ
2 þ l�2

S qðaÞ2
S þ l�2

T qðaÞ2
T ð22Þ

In the absence of slip gradients, the higher order stress vanishes and the effective stress q(a)

equals the classical Schmid stress s(a). In that case the theory reduces to the classical rate-
dependent crystal plasticity as presented by e.g. Peirce et al. (1983).

A power-law creep model is adopted for the effective slip rate _cðaÞe to model the viscous
material behavior

_cðaÞe ¼ _c0
sðaÞe

gðaÞ

� �1=m

ð23Þ

where _c0 is a reference slip rate used as a scaling parameter to normalize the applied strain
rate, and m is a strain rate hardening index with m ! 0 being the rate-independent limit.
The functions g(a), termed the slip resistance, characterize the current strain hardened state
of the crystal. The slip resistance is taken to be a function of the accumulated effective slip,
cea, specified by

cea ¼
X
a

Z
_cðaÞe dt ð24Þ

and hardens from an initial value s0 according to

_gðaÞ ¼
X
b

hab _cðbÞe ð25Þ

Here, hab ¼ habðceaÞ is the hardening matrix. It is noted that the slip resistance _gðaÞ depends
on _cðaÞe instead of j _cðaÞj as it would in classical crystal plasticity, meaning that not only the
slips but also the slip gradients generate hardening. The form of the hardening matrix used
here is given by

hab ¼ hdab þ phð1� dabÞ ð26Þ
where the parameter p is a latent hardening index (usually in the range 1:0 6 p 6 1:4),
h ¼ hðceaÞ is the self-hardening modulus and dab denotes the Kronecker delta function.
In this work two different expressions for the self-hardening moduli is used. The first
one is

hðceaÞ ¼ h0= cosh
h0cea
ss � s0

� �
ð27Þ

where the constant h0 represents an initial hardening rate, ss is a saturation stress and
h ¼ h0 would represent linear hardening. The other self-hardening modulus used is a
power-law type given by

hðceaÞ ¼ h0
h0cea
s0n

þ 1

� �n�1

ð28Þ
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where n is the hardening exponent. The form of the self-hardening modulus given by (27)
rapidly approaches zero, whereas the power-law hardening value decays much less rapidly.

Increments of the Jaumann rate of Kirchhoff stress are given by the incremental elastic
constitutive equation

1
r
ijDt ¼ Rijkl D�kl � Dt

X
a

_cðaÞl�ðaÞ
kl

 !
¼ D1ij � Dxikrkj � rikDxjk ð29Þ

where _xij ¼ 1
2
ðLij � LjiÞ denotes the material spin rate and the elastic stiffness tensor is gi-

ven by Rijkl ¼ E
1þm ð12 ðdikdjl þ dildjkÞ þ m

1�2m dijdklÞ. This work is restricted to elastic isotropy,
even though the formulation is capable of including elastic anisotropy. The focus in this
paper is on localization which occurs after several percent plastic strain, and therefore
the elastic behavior plays a minor role. The increments of the effective stress and the higher
order stresses can be written as

_qðaÞ ¼ ðm� 1ÞsðaÞe

_cðaÞ

_cðaÞ
2

e

€cðaÞe þ se
1

_cðaÞe

€cðaÞ þ _c�m
0 _cðaÞ

m�1

e _cðaÞ _gðaÞ ð30Þ

_qðaÞ
S ¼ ðm� 1Þl2SsðaÞe

ð _cðaÞ;i s
ðaÞ
i Þ

_cðaÞ
2

e

€cðaÞe þ l2Ss
ðaÞ
e

1

_cðaÞe

sðaÞi €cðaÞ;i þ l2S _c
�m
0 ð _cðaÞ;i s

ðaÞ
i Þ _cðaÞm�1

e _gðaÞ ð31Þ

_qðaÞ
T ¼ ðm� 1Þl2TsðaÞe

ð _cðaÞ;i t
ðaÞ
i Þ

_cðaÞ
2

e

€cðaÞe þ l2Ts
ðaÞ
e

1

_cðaÞe

tðaÞi €cðaÞ;i þ l2T _c
�m
0 ð _cðaÞ;i t

ðaÞ
i Þ _cðaÞm�1

e _gðaÞ ð32Þ

where the change in the effective slip rate is taken as €cðaÞe ¼ _cðaÞ

_cðaÞe

€cðaÞ þ l2S _c
ðaÞ
;k sðaÞk

_cðaÞe

sðaÞi €cðaÞ;i þ
l2T _c

ðaÞ
;k tðaÞk

_cðaÞe

tðaÞi €cðaÞ;i . The values of _c
ðaÞ
e , _cðaÞ and _cðaÞ;i are taken from the previous increment, so that

only €cðaÞ and its spacial gradient €cðaÞ;i are unknowns.

3. Problem formulation and numerical method

The specimen to be analyzed here is a single crystal of the FCC type under plane strain
tension. In an FCC crystal there are four slip planes of the family {111} and each of these
have three slip directions of the family h110i, giving a total of 12 slip systems. When
applying a line load parallel to a h110i direction certain slip systems act cooperatively,
which enables plane strain conditions to be achieved (Rice, 1987). In that case, the 12 slip
systems can be reduced to three effective in-plane slip systems. In the analysis performed,
these three slip systems are oriented at ±30� and 90� from the tensile axis. Thus, in the

Fig. 1. The tensile specimen considered with initial dimensions and slip systems.
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undeformed state, the slip systems are symmetrically oriented about the tensile axis. The
bar analyzed has a geometrical imperfection as shown in Fig. 1. The initial dimensions of
the tensile specimen are given by the length 2L0, the width 2b0 and a thickness inhomoge-
neity d given by dðx1Þ ¼ 1

2
d0ð1þ cosðpx1L0

ÞÞ, where d0 is the imperfection magnitude. Due to
symmetry, only one quarter (here, the upper right) of the specimen is analyzed. The con-
ventional boundary conditions applied are given by

_u1 ¼ 0; _T 2 ¼ 0 at x1 ¼ 0

_u1 ¼ _U ; _T 2 ¼ 0 at x1 ¼ L0

_u2 ¼ 0; _T 1 ¼ 0 at x2 ¼ 0

_T 1 ¼ 0; _T 2 ¼ 0 at x2 ¼ b0 � d

ð33Þ

where _T i are surface traction rates and _U is the prescribed end displacement rate.
Regarding the higher order boundary conditions, we have the choice of either con-

straining the slip rates, i.e. setting _cðaÞ ¼ 0, or having no constrains on the plastic flow
by setting _rðaÞ ¼ 0. Such boundary conditions have been termed microclamped and micro-
free boundary conditions, respectively (Gurtin and Needleman, 2005). Having _cðaÞ ¼ 0
simulates a boundary that does not allow dislocations to cross it, which is relevant on
the interface between a metal matrix and a stiff inclusion or on the interface between a
metallic layer and a ceramic. In the problem considered here, the higher order boundary
conditions along the four external boundaries are taken as _rðaÞ ¼ 0, so that the dislocations
do not pile up at the boundaries. In a time independent theory it is necessary to specify
higher order boundary conditions at internal elastic–plastic boundaries, but such bound-
aries do not exist in the elastic-viscoplastic theory.

The numerical solutions are obtained using a special kind of finite element method
where the slip rate increments are taken as degrees of freedom on equal footing with
the displacement increments. The displacement increments, Dui, and the change of the slip
rate, D _cðaÞ, are interpolated within each element between nodal displacement increments,
DDN , and nodal slip rate changes, D _cðaÞN , respectively

Dui ¼
X2k
N¼1

NN
i DD

N ; D _cðaÞ ¼
Xl
N¼1

MND _cðaÞN ð34Þ

where NN
i and MN are shape functions and k and l are the number of nodes used for the

interpolations. For the plastic and total strain fields to have the same degree of interpola-
tion, the slips, and thereby the plastic strains, must have shape functions of one degree
lower than the displacements. The derivatives of the displacement increments and the slip
rate increments are taken as

DtLij ¼
X2k
N¼1

NN
i;jDD

N ; D�ij ¼
X2k
N¼1

EN
ijDD

N ; D _cðaÞ;i ¼
Xl
N¼1

MN
;iD _cðaÞN ð35Þ

where EN
ij ¼ 1

2
ðNN

i;j þ NN
j;iÞ.

Using these relations in the principle of virtual work, the discretized equations can be
written in the following form

KeDD ¼ DF1 ð36Þ
KðaÞ

p D _cðaÞ ¼ DFðaÞ
2 � KðaÞ

ep DD ð37Þ
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where

KNM
e ¼

Z
V
ðEN

ijRijklEM
kl þ rijðNM

k;jN
N
k;i � 2EM

ik E
N
jkÞÞdV ð38Þ

is the elastic stiffness matrix,

KNM ðaÞ
ep ¼

Z
V
ð�sðaÞi mðaÞ

j ðRijklEN
kl þ rkjEN

ik � rikEN
jkÞMM þ qðaÞ

T ðeijkðsðaÞl mðaÞ
k NN

j;l

� sðaÞj mðaÞ
n NN

n;kÞ � tðaÞk NN
i;kÞMM

;i ÞdV ð39Þ
is the coupling matrix, and

KNM ðaÞ
p ¼

Z
V

ðm� 1ÞsðaÞe

_cðaÞ

_cðaÞ
3

e

ð _cðaÞMN þ l2S _c
ðaÞ
;k s

ðaÞ
k sðaÞi MN

;i þ l2T _c
ðaÞ
;k t

ðaÞ
k tðaÞi MN

;i Þþ sðaÞe

1

_cðaÞe

MN

" #(

�MM sðaÞi ðm� 1Þl2SsðaÞe

_cðaÞ;j s
ðaÞ
j

_cðaÞ
3

e

_cðaÞMN þ l2S _c
ðaÞ
;k s

ðaÞ
k sðaÞl MN

;l þ l2T _c
ðaÞ
;k t

ðaÞ
k tðaÞl MN

;l

� � "

þ l2Ss
ðaÞ
e

1

_cðaÞe

sðaÞk MN
;k

!
þ tðaÞi ðm� 1Þl2TsðaÞe

_cðaÞ;j t
ðaÞ
j

_cðaÞ
3

e

_cðaÞMN þ l2S _c
ðaÞ
;k s

ðaÞ
k sðaÞl MN

;l

� 

þ l2T _c
ðaÞ
;k t

ðaÞ
k tðaÞl MN

;l

�
þ l2T

sðaÞe

_cðaÞe

tðaÞk MN
;k

!#
MM

;i

)
dV ð40Þ

is the plastic stiffness matrix. The right-hand side vectors in Eqs. (36) and (37) can be writ-
ten as

DFN
1 ¼

Z
S

DT iNN
i dS þ Dt

Z
V
EN
ijRijkl

X
a

_cðaÞlðaÞ
kl dV ð41Þ

which is the conventional load increment vector with an added volume force, and

DFMðaÞ
2 ¼Dt

Z
S

_rðaÞMM dS � Dt
Z
V

_cðaÞ
m�1

e

_cm0
_cðaÞ
X
b

hab _cðbÞe þ sðaÞi mðaÞ
j Rijkl

X
b

_cðbÞlðbÞ
kl

   

þ
X
b

_cðbÞsðbÞk mðbÞ
i rkj �

X
b

_cðbÞsðbÞj mðbÞ
k rik

!!
MM

þ sðaÞi l2S
_cðaÞ;k s

ðaÞ
k

_cm0
_cðaÞ

m�1

e

X
b

hab _cðbÞe � sðaÞk qðaÞ
S

X
b

_cðbÞsðbÞi mðbÞ
k

 

þ tðaÞi l2T
_cðaÞ;k t

ðaÞ
k

_cm0
_cðaÞ

m�1

e

X
b

hab _cðbÞe � qðaÞ
T eijk sðaÞl mðaÞ

k

X
b

_cðbÞsðbÞj mðbÞ
l

 

� sðaÞj mðaÞ
n

X
b

_cðbÞsðbÞn mðbÞ
k

!!
MM

;i

!
dV ð42Þ

which is an additional higher order load term with a subtracted volume contribution.
In this plane strain study, the elements used for the displacements are 8-node quadrilat-

erals with quadratic shape functions, and the elements used for interpolation of the slip
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rate increments are 4-node quadrilaterals with bilinear shape functions, i.e. k ¼ 8 and
l ¼ 4. The coordinates of the nodes in the 4-node elements are identical to the coordinates
of the corner nodes in the 8-node elements. The integrations are carried out using 2� 2
point Gaussian integration. The Jacobian from the 8-node elements is used for the integra-
tions of Ke and DF1, whereas the Jacobian from the 4-node elements is used for the inte-
grations of Kep, Kp and DF2. The coordinates of the integration points in the two elements
will not necessarily coincide exactly, but the difference is neglected in the analyses
performed.

When the displacement increments and slip rate increments have been solved for, the
stress rate _rij, the effective stress rate _qðaÞ and the two higher order stress rates _qðaÞ

S and
_qðaÞ
T can be found from the constitutive Eqs. (29)–(32). The effective stress sðaÞe can now

be determined by Eq. (22) and the effective slip rate _cðaÞe is given by (23). The slip rate
_cðaÞ and its gradients _cðaÞ;i s

ðaÞ
i and _cðaÞ;i t

ðaÞ
i are now obtained from Eqs. (19)–(21).

4. Results

The material parameters used in the calculations are s0=E ¼ 0:001, m ¼ 0:3, h0=s0 ¼ 8:9,
p ¼ 1 (Taylor hardening), m ¼ 0:005 and _c0 ¼ 0:001 s-1. In the first part of the presented
results, the hardening modulus is specified by Eq. (27) with ss=s0 ¼ 1:8. These material
parameters are the same as used in Peirce et al. (1983), and the present formulation with-
out material length scales has been tested against some of the results from that work. For
the second part of the presented results, the hardening modulus is specified by Eq. (28)
with the hardening exponent n ¼ 0:05 or n ¼ 0:1. The initial dimensions of the tensile spec-
imen are given by L0=b0 ¼ 3 and d0=b0 ¼ 0:005, and the applied displacement rate, _U , is
specified so that _U=L0 ¼ _c0.

In the considered plane strain problem with in-plane slip systems there is no slip in the
transverse direction t(a), thus all terms including lT or qðaÞ

T are zero. The other internal
material length scale, lS, is in the following simply denoted as l.

Fig. 2. Normalized overall stress–strain curves using the conventional theory (l ¼ 0) for different meshes, and the
hardening law given by Eq. (27).
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Fig. 2 shows normalized overall nominal stress (r=s0) vs. elongation (U=L0) curves
for a conventional material (using l ¼ 0), where the nominal stress is defined as
r ¼ T 1=b0. Results are shown for three different meshes ranging from 30� 10 to
90� 30 elements. The mesh size is increasing when moving away from the necking area.
The curve labeled homogeneous is obtained from an analysis without any geometrical
imperfection (d0 ¼ 0) and only one element to make sure that no necking occurs. It can
be seen from the figure that necking occurs for all three meshes after the maximum load
is reached at U=L0 � 0:08. There is good agreement between the calculations with the
three meshes until the stress drop due to localization begins at U=L0 ¼ 0:13. After that,
mesh sensitivity is observed. Fig. 3 shows deformed meshes and contours of accumu-
lated effective slip, cea, for the calculations in Fig. 2. It is clear that the shear band
width is very sensitive to the mesh resolution; the finer the mesh, the narrower the shear
band.

Fig. 4 is similar to Fig. 2 except that it shows results for a nonlocal material with the
internal material length scale l=b0 ¼ 0:02. As for the conventional material there is good
agreement between the calculations until the onset of localization in shear bands, which in
this case occurs at U=L0 � 0:16. In the post-localization region the curves for 60� 20 and
90� 30 elements are almost coinciding whereas the curve for 30� 10 elements lies a little
higher. There is much less mesh sensitivity for the nonlocal material than for the conven-
tional material. The deformed mesh and contours of accumulated effective slip for the cal-
culations in Fig. 4 are shown in Fig. 5. Here, the mesh sensitivity on the width of the shear
band has been removed for the two finest meshes.

The influence of the internal material length scale on the normalized overall stress–
strain response is shown in Fig. 6 for the values l ¼ 0, l=b0 ¼ 0:01, l=b0 ¼ 0:02 and
l=b0 ¼ 0:04 using a mesh with 60� 20 elements. Until the maximum load is reached,
the deformation state is almost homogeneous throughout the solid and therefore strain

Fig. 3. Deformed mesh and contours of accumulated effective slip, cea, using the conventional theory (l ¼ 0), and
the hardening law given by Eq. (27).
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gradient hardening has no effect on the response. From the maximum load point to the
point where there is a stress drop in the curve for the conventional material (where the
shear band initiates), only small differences in the response curves are observed. After that
point, small specimens (large material length parameter) shows clearly a more stiff behav-
ior. Furthermore, a delay in the initiation of a shear band was observed when increasing
the material length scale. Fig. 7 shows deformed meshes and contours of accumulated
effective slip for the different material length scales using a mesh with 60� 20 elements.

Fig. 4. Normalized overall stress–strain curves using the nonlocal theory with l=b0 ¼ 0:02 for different meshes,
and the hardening law given by Eq. (27).

Fig. 5. Deformed mesh and contours of accumulated effective slip, cea, using the nonlocal theory with l=b0 ¼ 0:02
at U=L ¼ 0:18 for three different meshes, and the hardening law given by Eq. (27).
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It is seen that an increasing material length scale is increasing the width of the shear band.
The shear band width of the conventional material and the material with l=b0 ¼ 0:01 are
almost identical, but for a conventional material the shear band width is highly mesh

Fig. 6. Normalized overall stress–strain curves for different values of the internal material length scale relative to
the height of the specimen for a mesh with 60� 20 elements, and the hardening law given by Eq. (27).

Fig. 7. Deformed mesh and contours of accumulated effective slip, cea for different values of the internal material
length scale relative to the height of the specimen for a mesh with 60� 20 elements, and the hardening law given
by Eq. (27).
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sensitive, whereas the shear band width with l=b0 ¼ 0:01 has almost converged for the
mesh resolution shown.

Figs. 8 and 9 show results for a power law hardening material using the hardening law
given by Eq. (28). In Fig. 8 the mesh sensitivity of the normalized overall stress–strain
response is shown for a conventional material with two different values of the power hard-
ening exponent, n. For the calculation with n ¼ 0:05 the maximum load point is at an end
displacement of U=L0 ¼ 0:05 and the response for the three different meshes starts to
diverge at U=L0 � 0:17 where the shear band initiates for the fine mesh. In the case with
n ¼ 0:1 (maximum load point at U=L0 ¼ 0:1) the shear band initiates at U=L0 � 0:26 for

Fig. 8. Normalized overall stress–strain curves using the conventional theory (l ¼ 0) with a power hardening law
for different meshes and two values of the hardening exponent n.

Fig. 9. Normalized overall stress–strain curves using the nonlocal theory with l=b0 ¼ 0:02 with a power
hardening law for different meshes and two values of the hardening exponent n.
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the calculation with the finest mesh. For the nonlocal material shown in Fig. 9 with the
hardening exponents n ¼ 0:05 and n ¼ 0:1, the shear band initiates at U=L0 � 0:2 and
U=L0 � 0:29, respectively. The response curves for the meshes with 60� 20 and 90� 30
elements are almost coinciding, and the curve for the mesh with 30� 10 elements is
slightly higher. For the nonlocal material, there is practically no differences on the results
for the two finest meshes.

For the calculations using the hardening law given by Eq. (27), the initiation of shear
bands occurs at an overall strain of approximately 0.13 and 0.17 for the conventional
material and the nonlocal material with l=b0 ¼ 0:02, respectively. The maximum load
point in that case is at an overall strain of approximately 0.08. Comparing this to the
results obtained with the power hardening law, it is seen that the power hardening law
delays the initiation of shear bands, both for the conventional material and for the non-
local material. Similar results for a conventional rate-independent crystal plasticity model
have been obtained by Peirce et al. (1982).

5. Concluding remarks

A plane strain rate-dependent crystal plasticity formulation of a strain gradient plastic-
ity theory for finite deformations has been presented. The theory fits within the framework
of the strain gradient plasticity theory by Fleck and Hutchinson (2001) and reduces to the
classical crystal plasticity theory by Peirce et al. (1983) in the absence of a characteristic
material length scale. Two internal material length parameters were used to account for
increased hardening due to slip gradients in the slip direction and in the direction normal
to the slip plane as in Shu and Fleck (1999).

The formulation has been applied to study the material response of a single crystal
under uniaxial plane strain tension. In all of the simulations necking started to occur soon
after that the maximum load point was reached and the larger strains in the neck triggered
the formation of shear bands. It was observed that the mesh sensitivity was removed for a
nonlocal material compared to a conventional material. Furthermore, it was found that
increasing the material length scale delays the formation of shear bands.

As mentioned in the introduction, a number of experimental studies of plasticity on the
micron scale are available in the literature (e.g. torsion of thin copper wires, bending of
thin beams, micro indentation, etc.). Several workers have determined the microstructural
length scale parameters from such experimental results (e.g. Fleck et al., 1994 and Gud-
mundson, 2004). The analyses here show that the width of the shear bands depend on
the material length scale. Using such results, the length scale parameter could also be
determined experimentally by measuring the width of shear bands in a specimen deformed
in plane strain tension. However, for such an approach more analyses are needed to inves-
tigate the evolution of shear band thickness with strain and the implicit coupling to the
hardening law.

The effect of the strain hardening was investigated by use of two different hardening
laws. The first one with a saturation strength after which there is no increase in the hard-
ening, and the other one a power law type, where there is no such saturation strength. It
was found that the power law hardening delayed the formation of shear bands for each
value of the hardening exponent.

For the presented results, the internal material length scale did not have a significant
effect on the response curves before the initiation of shear bands. This is due to the
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relatively small value of the material length scale compared to the height of the specimen.
Analyses with higher values of the material length scale have been performed, and there
the response curves were significantly affected before initiation of shear bands (but after
localization into necking). Also, Niordson and Tvergaard (2005) studied tension and com-
pression instabilities for specimens with dimensions in the micron range using a rate-inde-
pendent phenomenological strain gradient plasticity theory, and they observed a
significant effect of the material length scale on the necking behavior using much larger
values of l=b0 than considered here.
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Abstract
A thin aluminium sheet comprising of large polycrystals is pulled in uniaxial
tension and the resulting surface profile is measured in a scanning electron
microscope. The surface profile near the grain boundaries reveals a local
deformation pattern of width of a few micrometres and is strong evidence for
strain gradient effects. Numerical analyses of a bicrystal undergoing in-plane
tensile deformation are also studied using  a strain gradient crystal plasticity
theory and also by using a strain gradient plasticity theory for an isotropic solid.
Both theories include an internal material length scale. An interfacial potential
that penalizes the dislocations in crossing the grain boundary is included in the
analysis. The results indicate that the surface profile is strongly dependent upon
the choice of this potential and on the material length scale.

1. Introduction

Surface roughening of polycrystalline metals during plastic deformation is a common
phenomenon in metal forming processes and is commonly referred to as the ‘orange peel’
effect. In addition to creating cosmetically undesirable surfaces, the inhomogeneities can
provide initiation sites for fatigue crack initiation and strain localization. The effect derives
from the crystallographic lattice mismatch from grain to grain and the resulting anisotropy in
different grains. Incompatibilities of deformation from the interaction between adjacent grains
result in the roughening of the free surface.

The surface roughening of polycrystalline Al–Mg alloys during tensile deformation has
been experimentally studied by, for example, Stoudt and Ricker (2002). It was observed
that the degree of surface roughening increases linearly with both grain size and level of
imposed strain. However, an extrapolation of the data to vanishing grain size gives a finite
surface roughening and this suggests that an independent material length scale influences the
surface roughening in addition to the grain size. Wilson and Lee (2001) made observations of
aluminium alloy surfaces deformed in tension, sheet forming and rolling. They observed the
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formation of valleys near grain boundaries and concluded that this was a result of the mismatch
in the orientation of slip systems of adjacent grains. The width of the valleys were on the order
of 3 μm with grain sizes of 15 μm for a surface rolled to 30% reduction.

Numerical simulations based on crystal plasticity finite element models have been widely
used to study surface roughening in polycrystals (see e.g. Zhao et al (2004) using a three-
dimensional conventional crystal plasticity model). The results indicate that the dispersion
of crystallographic texture from grain to grain plays an important role in surface roughening.
Most of such analyses have been based on several crystals, and have not focused on the local
deformation field near surface grain boundaries.

The grain boundary obstructs the motion of dislocations and results in local gradients
in plastic strain. In strain gradient plasticity formulations it is possible to introduce an
energy term acting at an interface in order to constrain the plastic flow across the interface.
Aifantis and Willis (2005) employ the framework of Fleck and Willis (2004) but introduce
an interfacial energy potential to penalize the build-up of plastic strain at interfaces. This
induces a jump in the higher order tractions and plastic strain gradients but a continuity of
plastic strain across the interface. A similar approach has been used by Gudmundson (2004)
that allows for jumps in higher order tractions and plastic strains and by Evers et al (2004)
who uses an enhanced crystal plasticity framework based on various types of dislocation
densities allowing for jumps in dislocation densities at grain boundaries. Furthermore,
Gurtin and Needleman (2005) have discussed the conditions for a continuous distribution of
Burgers vector across a boundary.

The numerical analyses in the present study are based on a rate-dependent strain gradient
crystal plasticity formulation as presented by Borg (2006). It sits within the framework
of the phenomenological strain gradient theory by Fleck and Hutchinson (2001). Here, the
formulation is enhanced by introducing a potential that penalizes crystallographic slip at
internal grain boundaries. The potential is a function of the slips on either side of the grain
boundary. This formulation admits jumps in the higher order tractions and slips but has
continuity of displacement across grain boundaries.

For comparison purposes some of the simulations are obtained using the viscoplastic strain
gradient plasticity theory for an isotropic solid based upon Fleck and Hutchinson (2001), as
presented in Borg et al (2006). No interfacial potential is used in that case, although it would
be possible to formulate one.

2. Experiments

Uniaxial tension tests have been conducted on commercially pure aluminium in order to
observe the surface profile near grain boundaries during plastic deformation. The specimen was
prepared by prescribing 4% tensile pre-strain to an annealed, cold rolled sheet of length 120 mm,
width 20 mm and thickness 1.2 mm. The sheet was then given a recrystallization anneal at
540 ◦C for 15 min, and the resulting grain structure comprised through-thickness pancake-
shaped grains of average diameter 5 mm. The surface of the specimens was mechanically
polished prior to deformation. A scanning electron microscope (SEM) was used to investigate
the surface profile. Figure 1 displays two SEM images of the surface after 10 per cent
engineering strain. On the left image a grain boundary has been marked to emphasize the
jump in surface profile across the grain boundary. The image on the right shows a grain
boundary and slip lines on either side of it. The grains on each side clearly have different
crystallographic orientations, and the density of slip lines is increased on one side of the grain
boundary.
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Figure 1. SEM images of the surface after 10% strain.

3. Material model

Results will be based mainly on the strain gradient crystal plasticity theory for finite
deformations presented by Borg (2006). The formulation fits within the framework of the
strain gradient theory by Fleck and Hutchinson (2001) with the basic formulation equivalent
to Gurtin (2002) and reduces to the conventional crystal plasticity theory by, for example,
Peirce et al (1983) in the absence of strain gradients. A new interfacial potential is introduced
to account for the grain boundary resistance to dislocations. For comparison purposes we also
present results using a strain gradient plasticity theory for an isotropic solid. The formulation
used is a viscoplastic version of the theory by Fleck and Hutchinson (2001) as presented
by Borg et al (2006). For the isotropic phenomenological solid no interfacial potential is
introduced. However, various higher order boundary conditions are assumed to explore their
effect upon the surface profile. In the following summaries of the two formulations, the small
strain theory is assumed for the sake of simplicity and clarity, although a full finite deformation
formulation has been used in all calculations.

3.1. Strain gradient crystal plasticity theory

Plastic deformation by crystallographic slip represents dislocation motion along specific slip
systems. A slip system (α) is described by its lattice vectors s

(α)
i and m

(α)
i , where s

(α)
i

is the slip direction and m
(α)
i is the direction normal to the slip plane. Upon introducing

μ
(α)
ij = 1

2 (s
(α)
i m

(α)
j +s

(α)
j m

(α)
i ) as the classical Schmid orientation tensor, the overall macroscopic

plastic strain rate components can be expressed by the slip γ (α) along slip system (α) as

ε̇
p

ij =
∑

α

γ̇ (α)μ
(α)
ij . (1)

An effective slip measure γ
(α)
e depending on the slip and the slip gradients is introduced as

γ̇ (α)2

e = γ̇ (α)2
+ (lS γ̇

(α)
,i s

(α)
i )2 + (lMγ̇

(α)
,i m

(α)
i )2 + (lT γ̇

(α)
,i t

(α)
i )2, (2)

where t
(α)
i is the transverse direction and lS , lM and lT are material length scales introduced

for dimensional consistency. Here, ( ),i = ∂/∂xi is the spatial derivative. In this work, only
plane problems with in-plane slip systems are considered, and therefore the contribution from
the slip gradient in the transverse direction is neglected in the following.

To account for the grain boundary resistance to dislocations crossing them, two surface
energy potentials φ

(α)
I (γ

(α)
I ) and φ

(α)
II (γ

(α)
II ) acting at side 1 and side 2 of the grain boundary �,
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respectively, are introduced. Then, the principle of virtual power takes the form (where φ
(α)′
I

denotes ∂φ
(α)
I /∂γ

(α)
I , etc)∫

V

(
σij δε̇ij +

∑
α

(
Q(α) − τ (α)

)
δγ̇ (α) +

∑
α

(
ξ

(α)
S s

(α)
i + ξ

(α)
M m

(α)
i

)
δγ̇

(α)
,i

)
dV

+
∫

�

∑
α

(
φ

(α)′
I δγ̇

(α)
I + φ

(α)′
II δγ̇

(α)
II

)
d� =

∫
S

(
Tiδu̇i +

∑
α

r(α)δγ̇ (α)

)
dS. (3)

Here, Q(α) is a stress field work conjugate to the slip rate, and the higher order stresses ξ
(α)
S

and ξ
(α)
M are work conjugate to the slip rate gradients along the slip direction and the direction

normal to the slip plane, respectively. Ti is the stress traction and r(α) denotes the higher order
traction working on the part of the boundary S where the displacement rates u̇i and slip rates
γ̇ (α) are not prescribed. The Cauchy stress is denoted σij and τ (α) = σijμ

(α)
ij is the Schmid

stress.
It is assumed that the total displacement fields are continuous across the grain boundary

but that the presence of a grain boundary energy term causes jumps in the slips. Full constraint
along � with γ (α) = 0 is obtained by letting φ

(α)′
I and φ

(α)′
II tend to infinity, whereas vanishing

surface energy along � mimics that dislocations are free to cross the grain boundary.
The strong form of the field equations is found by requiring the above relation to hold

for all admissible variations in u̇i and γ̇ (α). The classical force balance law and boundary
conditions read as

σij,j = 0 Ti = σijnj , (4)

where ni is the surface unit normal in the deformed configuration. In addition, we have the
consistency condition and higher order boundary conditions

Q(α) − τ (α) − ξ
(α)
S,i s

(α)
i − ξ

(α)
M,im

(α)
i = 0 (5)

r(α) =
(
ξ

(α)
S s

(α)
i + ξ

(α)
M m

(α)
i

)
ni. (6)

The interface conditions are given by[
σijNj

] = 0, (7)(
ξ

(α)I
S s

(α)I
i + ξ

(α)I
M m

(α)I
i

)
Ni = φ

(α)′
I (γ

(α)
I ), (8)(

ξ
(α)II
S s

(α)II
i + ξ

(α)II
M m

(α)II
i

)
(−Ni) = φ

(α)′
II (γ

(α)
II ), (9)

where the unit normal vector Ni on � is directed from grain 1 to grain 2 and [f ] denotes the
jump f1–f2 across �. Simple expressions are adopted for the grain boundary energy potentials
of the form

φ
(α)
I = 1

2
κ(γ

(α)
I )2, φ

(α)′
I = κγ

(α)
I , (10)

φ
(α)
II = 1

2
κ(γ

(α)
II )2, φ

(α)′
II = κγ

(α)
II , (11)

with κ being a material parameter describing the strength of the grain boundary.
By use of an effective stress, denoted τ

(α)
e , that is work-conjugate to the effective slip rate

measure, γ̇
(α)
e , a power-law creep model is formulated as

γ̇ (α)
e = γ̇0

(
τ

(α)
e

g(α)

)1/m

, (12)
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where γ̇0 is a reference slip rate and m is a strain rate hardening index. The slip resistance g(α)

is assumed to harden from an initial value τ0 according to

ġ(α) =
∑

β

hαβγ̇ (β)
e , hαβ = hδαβ + ph

(
1 − δαβ

)
, (13)

where p is the latent hardening index, h is the self-hardening modulus and δαβ denotes the
Kronecker delta symbol. Here, we use Taylor hardening (p = 1) and linear hardening
(h = h0 = constant).

3.2. Strain gradient viscoplastic theory for an isotropic solid

A much simpler, phenomenological strain gradient formulation exists for an isotropic elastic–
plastic solid. Introduce a nonlocal measure of the effective plastic strain rate ĖP on the basis
of the conventional effective plastic strain rate ε̇P and its gradient through the incremental
relation

ĖP 2 = ε̇P 2
+ l2ε̇P

,i ε̇
P
,i , (14)

where l is a material length parameter. The direction of the plastic strain rate is given by

mij = 3
2Sij /σe, where Sij = σij − 1

3δij σkk denotes the stress deviator and σe =
√

3
2SijSij

is the von Mises effective stress and σij is the Cauchy stress tensor. The plastic strain rate

components can then be written as a product of its magnitude, ε̇P =
√

2
3 ε̇P

ij ε̇
P
ij and its direction

mij as ε̇P
ij = mij ε̇

P .
Now follow Fleck and Hutchinson (2001) and assume that the plastic strain gradients

contribute to the internal work. Then, the principle of virtual power takes the form∫
V

(
σij δε̇

EL
ij + Qδε̇P + τiδε̇

P
,i

)
dV =

∫
S

(
Tiδu̇i + rδε̇P

)
dS (15)

in the deformed configuration. Here, εEL
ij is the elastic strain, Q is a generalized effective stress

which is work-conjugate to the conventional effective plastic strain rate, ε̇P , and τi is a higher
order stress which is work-conjugate to the gradient of the conventional effective plastic strain
rate, ε̇P

,i . Integration by parts of this work equation leads to the identity Q = σe + τi,i . The
surface stress traction is given by Ti = σijnj , and r denotes the higher order surface traction.

The viscous material behaviour is modelled by a power law for the effective plastic strain
rate

ĖP = ε̇0

(
σc

g(EP )

)1/m

. (16)

Here, m is the strain rate hardening exponent, ε̇0 is a reference strain rate and σc is an effective
stress which is work-conjugate to the effective plastic strain rate ĖP such that

σcδĖ
P = Qδε̇P + τiδε̇

P
,i . (17)

The hardening function g is taken as

g(EP ) = σ0 + h0E
P , (18)

where σ0 is the initial yield strength and h0 is the hardening modulus.
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Figure 2. The bicrystal considered in the analyses with three slip systems.

4. Numerical method and modelling details

A bicrystal undergoing in-plane tensile deformation is studied. As shown in figure 2 the
bicrystal consists of two grains infinitely long in the x3-direction separated by a grain boundary
at x1 = 0. In the crystal plasticity calculations we use a planar model with three slip systems
at a relative orientation of 60◦ from one to the next. Their absolute orientation is given by the
angles θI and θII between slip system three and the x2-direction. The slip system orientation
θ = 0 is close to an FCC material under plane strain tension in the 〈110〉 direction which can
be simulated with three slip systems oriented at ±35.3◦ and 90◦ from the tensile axis (see e.g.
Rice (1987)). To mimic different crystal orientations, results are presented with varying values
of θ .

The applied boundary conditions are given by

u̇1 = 0, Ṫ2 = 0 at x1 = −L0,

u̇1 = U̇ , Ṫ2 = 0 at x1 = L0,

Ṫ1 = 0, Ṫ2 = 0 at x2 = −w0,

Ṫ1 = 0, Ṫ2 = 0 at x2 = w0,

(19)

where U̇ is the applied end displacement rate. Furthermore, the higher order tractions r(α)

vanish on the external boundary.
The numerical solutions are obtained using the finite element method. The slip rate

increments and plastic strain rate increments for the crystal formulation and isotropic
formulation, respectively, are primary unknowns on an equal footing with the displacement
increments. These primary unknowns are interpolated within each element between nodal
increments as

�ui =
2k∑

N=1

NN
i �DN, �γ̇ (α) =

l∑
N=1

MN�γ̇
(α)
N (20)

for the crystal formulation, and for the isotropic formulation as

�ui =
2k∑

N=1

NN
i �DN, �ε̇P =

l∑
N=1

MN�ε̇P
N , (21)

where NN
i and MN are shape functions and k and l are the number of nodes used for

the interpolations. The elements used for the displacements are 8-node quadrilaterals with
quadratic shape functions, and the elements used for interpolation of the slip rate increments
or plastic strain rate increments are 4-node quadrilaterals with linear shape functions, i.e. k = 8
and l = 4.



Strain gradient effects in surface roughening S7

Figure 3. The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and the
same material parameters for l/w0 = 0.01 at ε̄1 = 5%.

To allow for discontinuity of slips at the grain boundary, double nodes for the slips must
be present at the grain boundary. In this way the slip on each slip system is uncoupled on the
two sides of the boundary. In contrast, the displacements are coupled to ensure continuity of
the total strain field.

5. Results

The material parameters used for the crystal plasticity calculations are τ0/E = 0.001,
h0/τ0 = 10 and γ̇0 = 0.001 s−1. For the analyses using the isotropic plasticity theory the
material parameters are taken as σ0/E = 0.002, h0/σ0 = 20 and ε̇0 = 0.001 s−1. Using these
material data, the stress–strain responses in plane strain tension for (i) an isotropic material
and for (ii) a single crystal with slip systems oriented at ±30◦ and 90◦ from the tensile axis
are identical. In both cases the Poisson’s ratio ν = 0.3, and the strain rate hardening index
is taken as m = 0.02 in order to mimic rate-independent plasticity. The dimensions of the
bicrystal are chosen such that the ratio w0/L0 is small enough to let us neglect specimen end
effects. The applied end displacement rate is given by U̇/2L0 = γ̇0 or U̇/2L0 = ε̇0 for crystal
plasticity and isotropic plasticity, respectively.

It can be argued that a slip gradient in the slip direction can be related to edge dislocations,
that a slip gradient in the transverse direction (which is absent in this plane problem) can
be related to screw dislocations and that a slip gradient in the direction normal to the slip
plane, γ (α)

,i m
(α)
i , does not induce any geometrical necessary dislocations and thus it should not

contribute to the hardening. Therefore we have used lM = 0 in all the calculations, and the
other material length scale lS is denoted as l. Unless otherwise stated, the following results
have been obtained using the crystal plasticity formulation.

First, a bicrystal is studied such that the two grains have the same orientation of slip
systems (θI = θII = 0) and the same material parameters. The surface profile at an overall
strain ε̄1 = U/2L0 = 5% is shown in figure 3 for l/w0 = 0.01 and in figure 4 for l/w0 = 0.1.
Due to symmetry the profiles are only shown for x1 � 0. In each figure results are displayed
for five values of the parameter κ characterizing the grain boundary. For κ = 0 there is
a homogeneous deformation state throughout the specimen, and the surface profile is level.
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Figure 4. The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and the
same material parameters for l/w0 = 0.1 at ε̄1 = 5.

Figure 5. The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and initial
slip resistances τ II

0 /τ I
0 = 2 for l/w0 = 0.01 at ε̄1 = 5%.

The curve marked as κ → ∞ is obtained using γ (α) = 0, simulating a grain boundary that
is impenetrable to dislocations. Note that an increased value of κ constrains the slips, and
thereby the plastic strains, leading to a decrease in the lateral displacement of the specimen
at the grain boundary. Figures 3 and 4 illustrate this: there is an increase in the profile at the
grain boundary as the value of κ increases.

Figures 5 and 6 show surface profiles for a bicrystal where the two grains have the same
crystallographic orientation but the initial slip resistance in grain 1 is half that of grain 2
(τ II

0 /τ I
0 = 2), for l/w0 = 0.01 and l/w0 = 0.1. Results are presented for five values of κ

at an axial strain of ε̄1 = 5%. The height of the surface for κ = 0 (the solid line) decreases
monotonically from the strong grain to the weak grain for both values of l/w0. For κ → ∞
the profiles contact a re-entrant corner at the grain boundary, due to the restriction on slips.
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Figure 6. The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and initial
slip resistances τ II

0 /τ I
0 = 2 for l/w0 = 0.1 at ε̄1 = 5%.

Figure 7. The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and initial
slip resistances τ II

0 /τ I
0 = 2 for κ = 0 at ε̄1 = 5%.

The sensitivity of the surface profile to the material length scale l/w0 is shown in figure 7
for κ = 0 and in figure 8 for κ → ∞. These results pertain to the same bicrystal as reported in
figures 5 and 6. For the choice κ = 0 the profile at l/w0 = 0.001 and l/w0 = 0.01 coincide,
and only the profile curve for l/w0 = 1 is significantly different from the others. All the
profiles with κ = 0 show a monotonic decrease from the strong grain to the weak grain. In
contrast, the value of l/w0 has a significant effect upon the profiles in figure 8 at κ → ∞. For
l/w0 = 0.001 the profile is almost constant within the strong grain and decreases within the
weak grain, whereas for l/w0 = 0.1 the width of the deformed specimen first increases within
the strong grain before it decreases in the weak grain due to the full constraint on slip.

A comparison of surface profiles using strain gradient crystal plasticity and isotropic,
phenomenological strain gradient plasticity theory is given in figure 9. The crystal calculations
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Figure 8. The surface profile near the grain boundary for a bicrystal with θI = θII = 0 and initial
slip resistances τ II

0 /τ I
0 = 2 for κ → ∞ at ε̄1 = 5%.

Figure 9. Surface profile near the grain boundary using strain gradient crystal plasticity with
θI = θII = 0, initial slip resistances τ II

0 /τ I
0 = 2 and continuity of slips and strain gradient plasticity

for an isotropic material having continuity of plastic strains at the interface with σ II
0 /σ I

0 = 2. Both
at ε̄1 = 5% for two values of l/w0.

have been carried out for continuity of slips at the grain boundary (γ (α)
I = γ

(α)
II ) and κ = 0, i.e.

not using double nodes at the grain boundary. This option is only meaningful when the slip
systems in the two grains have the same orientation, which is the case for the results presented
in figure 9 (θI = θII = 0). The initial slip resistances are taken as τ II

0 /τ I
0 = 2. In the calculations

based on the isotropic formulation there is continuity of plastic strains at the grain boundary
and the yield strength of the two grains are taken as σ II

0 /σ I
0 = 2. The results show that there is

no significant difference in the surface profiles using the two different formulations, although
there is a tendency for the crystal profile to have a locally steeper slope than for the isotropic
phenomenological solid.
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Figure 10. The surface profile near the grain boundary for a bicrystal with θI = 0◦ and θII = 15◦
and the same material parameters for κ → ∞ and κ = 0 at ε̄1 = 5% for two values of l/w0.

Figure 11. The surface profile near the grain boundary for a bicrystal with θI = −15◦ and θII = 15◦
and the same material parameters for κ → ∞ and κ = 0 at ε̄1 = 5% for two values of l/w0.

Next, a bicrystal with a lattice mismatch as specified by θI = 0◦ and θII = 15◦ is considered.
The surface profile is shown in figure 10 for the case with κ = 0 (allowing for jumps in the
slip) and κ → ∞ using two different values of l/w0. For κ = 0 there is only a slight difference
in the profile for the two considered length scales, whereas the value of l/w0 has a more major
influence on the profiles at κ → ∞. The profiles are qualitatively similar to results already
displayed in figures 5 and 6 where the grains had the same orientation but different initial slip
resistances.

Finally, a bicrystal with the grain orientations θI = −15◦ and θII = 15◦ and the same
material parameters in each grain is studied. Figure 11 shows the surface profile for the two
extreme cases κ = 0 and κ → ∞ using two values of l/w0. As discussed already for the
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profile with θI = 0◦ and θII = 15◦, the value of l/w0 has only a minor effect upon the surface
shape for the choice κ = 0. An enhanced slip activity is evident near the interface for κ = 0
in figure 11, where the profile drops at the grain boundary creating a valley. It appears that
the interface behaves as a free surface and dislocation activity is enhanced adjacent to it. The
profile using κ → ∞ creates a tip at the grain boundary. This tip becomes thinner and sharper
with decreasing l/w0.

6. Concluding remarks

The surface profile near a grain boundary of an aluminium sheet deformed in tension has been
examined qualitatively in a scanning electron microscope. A local gradient in surface profile
is observed within a few micrometres of the grain boundary.

Finite element calculations are reported here on the surface profile adjacent to a grain
boundary in a bicrystal. The simulations are reported both for a strain gradient crystal plasticity
formulation and for an isotropic, phenomenological strain gradient plasticity solid. A penalty
to dislocations on each side of the grain boundaries has been introduced within the crystal
plasticity formulation. The predicted profiles are very sensitive to the choice of grain boundary
barrier to slip. In order to obtain physically realistic results for the surface profile, slip motion
to the grain boundary must occur.
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Abstract

The influence of grain size on yield and flow stress in polycrystalline metals is analyzed using a strain gradient crystal plasticity
theory with an internal material length scale. The numerical solutions are obtained with the finite element method considering a
polycrystal modeled by 40 individually oriented grains in a unit cell, each having three planar slip systems. An energy potential that
penalizes crystallographic slip at grain boundaries is included in the analyzes. The polycrystal is subjected to plane strain tension
for various grain sizes and higher order boundary conditions at the grain boundaries. An increase in flow stress with decreasing
grain size, d, was obtained on the form d−n, with n in the range 0.82 to 1.25 at initial yield and in the range 0.77 to 1.09 after 0.1
logarithmic strain.
© 2006 Elsevier Masson SAS. All rights reserved.

Keywords: Strain gradient plasticity; Grain size effects; Crystal plasticity

1. Introduction

Grain size strengthening in polycrystalline metals has been a subject of research interest for more than 50 years.
Hall (1951) and Petch (1953) independently found that the yield strength in mild steel varies with the inverse square
root of grain size as

σ = σ0 + kd−1/2 (1)

where d is the mean grain size, σ0 is the yield stress in the imaginary situation with infinitely large grains, and k is a
material constant (the Hall–Petch slope). Armstrong et al. (1962) showed experimentally that for a number of metallic
polycrystalline aggregates the flow stress at constant strain is related to the grain size, d , by the same form as the
Hall–Petch relationship between yield strength and grain size, i.e. σ , σ0 and k are functions of the strain.

Several models have been proposed to account for the grain size dependency. One theory is that grain boundaries
act as obstructions to dislocation motion and therefore dislocations pile-up at grain boundaries giving rise to stress
concentrations. Another model based on work hardening assumes an inverse relationship between dislocation density
and grain size. A theory that supports the work hardening model was proposed by Ashby (1970) arguing that an in-
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crease with strain in the density of geometrically necessary dislocations at a grain boundary affects the work hardening
of polycrystals.

Classical crystal plasticity formulations like Peirce et al. (1983) do not include any material length scales in the
constitutive equations, and therefore they cannot capture the experimentally observed grain size effects. Within recent
years several non-local crystal plasticity formulations have been proposed. Some of these formulations are based on
strain gradient plasticity theories that make use of an internal material length scale parameter (Shu and Fleck, 1999;
Borg, 2006). Other non-local formulations are continuum theories of dislocations (Acharya and Beaudoin, 2000;
Gurtin, 2002; Han et al., 2005; Evers et al., 2004; Kuroda and Tvergaard, 2006). Grain size effects in polycrystals
have been predicted with such crystal plasticity formulations by Acharya and Beaudoin (2000) and Evers et al. (2004).
Furthermore, discrete dislocation plasticity models have been used to analyze grain size strengthening in the work of
Biner and Morris (2002) and Balint et al. (2005).

In this work, the grain size effect in a polycrystal with planar slip systems under plane strain tension is studied
using the rate-dependent strain gradient crystal plasticity theory for finite deformations by Borg (2006). It works
within the framework of the strain gradient theory by Fleck and Hutchinson (2001). The theory is enhanced with a
grain boundary energy potential that penalizes crystallographic slip at internal grain boundaries, following Aifantis
and Willis (2005), Gudmundson (2004) and Borg and Fleck (2006). This potential is included to account for the
obstruction of dislocations at the grain boundaries.

2. Material model

The material behavior is modeled by a strain gradient crystal plasticity theory for finite strains proposed by Borg
(2006) within an updated Lagrangian framework. The formulation fits within the framework of the phenomenological
strain gradient theory by Fleck and Hutchinson (2001) and reduces to conventional crystal plasticity theory by e.g.
Peirce et al. (1983) in the absence of strain gradients. The theory is further enhanced by an interfacial potential to
account for the grain boundary resistance to dislocations. The kinematical basis is taken from Peirce et al. (1983),
where a quantitative description of plastic deformation in single crystals is based on crystallographic shearing along
specific slip systems. In the following, a Greek superscript in a parentheses denotes a slip system, repeated lower-case
Latin indices imply summation over the range 1–3, and a dot denotes the time derivative.

A slip system (α) is specified by the lattice vectors s
(α)
i and m

(α)
i , where s

(α)
i is the slip direction and m

(α)
i is

the direction normal to the slip plane. Introducing μ
(α)
ij = 1

2 (s
(α)
i m

(α)
j + s

(α)
j m

(α)
i ) as the classical Schmid orientation

tensor, the overall macroscopic plastic strain rate components can be related to the crystallographic slips, γ (α), as

ε̇
p
ij =

∑
α

γ̇ (α)μ
(α)
ij . (2)

To account for the effect of increased material hardening due to geometrically necessary dislocations caused by
plastic strain gradients, it is assumed that the slip rates and slip rate gradients, γ̇

(α)
,i , contribute to the plastic work.

Introducing two surface energy potentials φ
(α)
− (γ

(α)
− ) and φ

(α)
+ (γ

(α)
+ ) acting at the two sides of a grain boundary Γ ,

the principle of virtual power on total form in the deformed configuration can thus be written as (where φ
(α)′
− denotes

∂φ
(α)
− /∂γ

(α)
− , etc.)∫

V

(
σij δε̇

E
ij +

∑
α

Q(α)δγ̇ (α) +
∑
α

(
ξ

(α)
S s

(α)
i + ξ

(α)
M m

(α)
i + ξ

(α)
T t

(α)
i

)
δγ̇

(α)
,i

)
dV

+
∫
Γ

∑
α

(
φ

(α)′
− δγ̇

(α)
− + φ

(α)′
+ δγ̇

(α)
+

)
dΓ =

∫
S

(
Tiδu̇i +

∑
α

r(α)δγ̇ (α)

)
dS (3)

where σij is the Cauchy stress and ε̇E
ij is the elastic part of the strain rate. The stress field Q(α) is a stress measure

work-conjugate to the slip, γ (α), and ξ
(α)
S , ξ

(α)
M and ξ

(α)
T are higher order stresses work-conjugate to the slip gradients

along the slip direction, the direction normal to the slip plane and the transverse direction, respectively. The vector
t
(α)
i denotes the transverse direction and thus forms a triad with vectors s

(α)
i and m

(α)
i . For simplicity and clarity it is
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assumed that the slip gradient in the transverse direction does not contribute to the plastic work, which is the case for
plane strain problems with in-plane slip systems, and therefore the term ξ

(α)
T t

∗(α)
i δγ̇

(α)
,i is excluded in the following.

The surface stress traction is denoted Ti , and r(α) is the higher order traction working on the external boundary S. In
the absence of the grain boundary term, Eq. (3) has the same form as the principle of virtual power in Gurtin (2002).

The presence of the grain boundary energy term causes jumps in the slips, having γ
(α)
− on one side of the boundary

and γ
(α)
+ on the other side of the boundary. Full constraint along Γ with γ (α) = 0 is obtained by letting φ

(α)′
− and

φ
(α)′
+ tend to infinity, whereas vanishing surface energy along Γ simulates that dislocations are free to cross the grain

boundary. Here, the expressions adopted for the grain boundary energy potentials are of the form

φ
(α)
− = 1

2
κ
(
γ

(α)
−

)2
, φ

(α)′
− = κγ

(α)
− , (4)

φ
(α)
+ = 1

2
κ
(
γ

(α)
+

)2
, φ

(α)′
+ = κγ

(α)
+ (5)

where κ is a material parameter describing the strength of the grain boundary. This quadratic function of γ (α) is taken
as a simple example. Other functions might give a better description of the physics at the grain boundary, but this is
still an open issue.

To obtain the principle of virtual power on incremental form in the reference configuration, Kirchhoff stress mea-
sures are defined as (defining J as the determinant of the deformation gradient)

ςij = Jσij , q(α) = JQ(α), ρ
(α)
S = Jξ

(α)
S , ρ

(α)
M = Jξ

(α)
M . (6)

The incremental elastic constitutive equation is taken in terms of the Jaumann rate of Kirchhoff stress,
�
ςij , as

�
ςij �t = Rijkl

(
�εkl − �t

∑
α

γ̇ (α)μ
(α)
kl

)
= �ςij − �ωikσkj − σik�ωjk (7)

where ω̇ij denotes the material spin rate and the elastic stiffness tensor is given by Rijkl = E
1+ν

( 1
2 (δikδjl + δilδjk) +

ν
1−2ν

δij δkl), where E is the elastic modulus, ν is Poisson’s ratio and δij denotes the Kronecker delta symbol.

A non-local measure of the effective slip, γ
(α)
e , is defined on the basis of the slip rate and its directional derivative

through the incremental relation

γ̇ (α)2

e = γ̇ (α)2 + (
lS γ̇

(α)
,i s

(α)
i

)2 + (
lM γ̇

(α)
,i m

(α)
i

)2 (8)

where lS and lM are internal material length parameters introduced for dimensional consistency. An effective stress
τ

(α)
e is defined to be work conjugate to the effective slip rate, γ

(α)
e , such that

τ (α)
e δγ̇ (α)

e = q(α)δγ̇ (α) + ρ
(α)
S s

(α)
i δγ̇

(α)
,i + ρ

(α)
M m

(α)
i δγ̇

(α)
,i . (9)

A power-law creep model is adopted for the effective slip rate, γ̇
(α)
e , to model the viscous material behavior

γ̇ (α)
e = γ̇0

(
τ

(α)
e

g(α)

)1/m

(10)

where γ̇0 is a reference slip rate and m is a strain rate hardening index. The slip resistances g(α) characterize the
current strain hardened state of the crystal, and harden from an initial value τ0 according to

ġ(α) =
∑
β

hαβ γ̇ (β)
e , hαβ = hδαβ + ph(1 − δαβ). (11)

Here, p is the latent hardening index and h is the self-hardening modulus given by

h(γa) = h0

(
h0γa

τ0nh

+ 1

)nh−1

, γa =
∑
α

∫
γ̇ (α)
e dt, (12)

where the constant h0 represents an initial hardening rate, nh is the hardening exponent, and γa is the accumulated
effective slip.
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3. Numerical method and modeling details

This work is based on the assumption of plane strain and three in-plane slip systems at a relative orientation of 60◦
from one to the next (see Fig. 1). The absolute orientation of a crystal is given by the angle θ between slip system one
and the x2-direction.

The numerical calculations are carried out using a finite element method where the slip rate increments are taken
as state variables on equal footing with the displacement increments. The displacement increments, �ui , and the slip
rate changes, �γ̇ (α), are interpolated within each element between nodal displacement increments, �DN , and nodal
slip rate changes, �γ̇

(α)
N , respectively

�ui =
2k∑

N=1

NN
i �DN, �γ̇ (α) =

l∑
N=1

MN�γ̇
(α)
N (13)

where NN
i and MN are shape functions and k and l are the number of nodes used for the interpolations. For the

plastic and total strain fields to have the same degree of interpolation, the slips, and thereby the plastic strains, must
have shape functions of one degree lower than the displacements. The elements used for the displacements are 8-node
quadrilaterals with quadratic shape functions, and the elements used for interpolation of the slip rate increments are
4-node quadrilaterals with linear shape functions, i.e. k = 8 and l = 4. The coordinates of the nodes in the 4-node
elements are identical to the coordinates of the corner nodes in the 8-node elements.

The discretized equations are obtained by use of these relations in the principle of virtual work. The equation system
decouples relations from slip rate increments to displacement increments. The approach is as follows: first solve for
the displacement increments, and then solve for slip rate increments for each slip system using the displacement
increments. The integrations are carried out using 2 × 2 point Gaussian integration for both element types.

The polycrystal model to be analyzed is shown in Fig. 2. It includes 40 grains (single crystals) of which 24 are
six-sided, 8 are five-sided and 8 are four-sided. The initial dimensions of the polycrystal are given by a0/b0 = 1.5.
The absolute orientation of each grain, given by the angle θ obtained from a random number generator is shown on
the figure, though the same orientation of all grains (θ = 0◦) is used for some of the calculations reported on here.

The symmetry boundary conditions applied on the polycrystal are given by

u̇1 = 0, Ṫ2 = 0 at x1 = 0,

u̇1 = U̇1, Ṫ2 = 0 at x1 = a0,

u̇2 = 0, Ṫ1 = 0 at x2 = 0,

u̇2 = U̇2, Ṫ1 = 0 at x2 = b0

(14)

Fig. 1. The three slip systems used have 60◦ between each and an absolute orientation given by the angle θ .
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Fig. 2. The analyzed polycrystal consists of 40 grains with grain size d . The orientation given by the angle θ is given in each grain.

Fig. 3. Example of a finite element mesh used for the numerical analyzes.

where Ṫi are surface traction rates. Using a special Rayleigh–Ritz finite element method (Tvergaard, 1976), the pre-
scribed cell-side displacement rates, U̇1 and U̇2, are determined such that the average true stress in the x2-direction is
zero.

The higher order boundary conditions are applied as vanishing higher order traction, r(α) = 0, on the external
boundaries of all the four and five-sided grains. The external boundaries of the six-sided grains are treated as internal
grain boundaries. This is chosen to simulate symmetry boundary conditions along the four external boundaries, even
though this can only be achieved when the slip systems in the four and five-sided grains are oriented symmetrically
around the x1- and x2-direction. To allow for a discontinuity in slips across grain boundaries, the slips in adjacent
grains are uncoupled by placing double nodes for the 4-node elements at grain boundaries. Continuity of the displace-
ment field is ensured through coupling of the displacements at nodes on the grain boundaries. The grain boundary
energy potential makes it possible to simulate different conditions at the grain boundaries. The two extreme cases are
letting the grain boundaries be impenetrable to dislocations by restricting the slips to vanish (κ → ∞), or letting the
higher order stresses vanish (κ = 0). Intermediate conditions can be achieved by using other values of κ .

An example of a finite element mesh used is shown in Fig. 3, where each hexagonal grain consists of a grid 16
elements wide and 12 elements high, giving a total of 6144 elements for the polycrystal. In all cases studied it has
been checked that a sufficiently refined mesh has been used.
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4. Results

The material parameters used in the calculations are given by the initial slip resistance, τ0/E = 0.001, Poisson’s
ratio, ν = 0.3, the initial hardening rate, h0/τ0 = 10, the latent hardening index, p = 1.4, the hardening exponent,
nh = 0.1, the strain rate hardening index, m = 0.01 and the reference slip rate, γ̇0 = 0.001 s−1. The applied end
displacement rate, U̇1, is specified so that U̇1/a0 = γ̇0.

A slip gradient in the direction normal to the slip plane, γ
(α)
,i m

(α)
i , does not induce any geometrically necessary

dislocations, and therefore it can be argued that it should not contribute to the strain hardening of the material. Thus,
the length scale related to the gradient in the direction normal to the slip plane is set to zero, lM = 0, for all of the
results presented here. The other material length scale, lS , is in the following simply denoted as l.

For the results presented in Fig. 4 all 40 grains have the same absolute orientation given by θ = 0◦. The figure shows
curves for the average true stress in the x1-direction, σ , normalized by the initial slip resistance, τ0, as a function of the
average logarithmic strain in the x1-direction, ε = ln(1 + U1/a0). The grain boundaries are modeled as impenetrable
to dislocations using κ → ∞ (obtained by restricting γ (α) = 0). Results are shown for grain sizes reaching from
infinity (labeled local) down to three times the internal material length parameter. The curve labeled local is obtained
with l = 0 and with no restrictions on the slips at grain boundaries (κ = 0), corresponding to a conventional crystal
plasticity formulation. It is seen that the initial yield strength and the hardening increase with decreasing grain size.

Figs. 5 and 6 display contours of accumulated slip,
∑

α

∫
γ̇ (α) dt , for some of the calculations presented in Fig. 4

with d/l = 20 and d/l = 3, respectively. The contours are plotted after 0.05 logarithmic strain in the x1-direction. For
both grain sizes the accumulated slip has the highest value in the middle of the grains and decreases to zero at the grain
boundaries. The accumulated slip gradients from the “vertical” grain boundaries are much higher for d/l = 20 than
for d/l = 3. This is due to the contribution from the slip gradients to the internal plastic work and to the hardening of
the material. Thus, when the grain size to material length parameter ratio is increased, the slip gradients are reduced to
minimize the internal work done by the material. Because of the absolute orientation of the grains (θ = 0◦), almost all
slip will occur along the two slip systems oriented at ±30◦ from the x1-direction. This explains why the slip gradients
along the x2-direction are almost independent of the grain size.

Instead of the physically rather unrealistic condition of identical orientation of slip systems in all grains, all of
the following results are obtained using the random grain orientation shown in Fig. 2. Fig. 7 is similar to Fig. 4, but
now for randomized grain orientations. The slips are again restricted to vanish along the grain boundaries (except for
the curve labeled local). The results are qualitatively equal to the results obtained with all grains having the same
orientation.

Fig. 4. Stress strain curves for different grain sizes with the same slip system orientation, θ = 0◦ , in all grains. The slip, γ (α) , is prescribed to be
zero on all grain boundaries (κ → ∞).
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Fig. 5. Contours of the accumulated slip after 0.05 logarithmic strain with grain size d/l = 20 and the same slip system orientation in each grain.
The slip, γ (α) , is prescribed to be zero on all grain boundaries (κ → ∞).

Fig. 6. Contours of the accumulated slip after 0.05 logarithmic strain with grain size d/l = 3 and the same slip system orientation in each grain.
The slip, γ (α) , is prescribed to be zero on all grain boundaries (κ → ∞).

Fig. 8 shows the increase in flow stress normalized by the initial slip resistance for decreasing grain size. Curves
are shown at initial yield (labeled εp = 0.0002) and also at ε = 0.1, both for a polycrystal with the same orientation in
all grains and for a polycrystal with randomly oriented grains. The flow stress, σ , is taken as the average true stress in
the x1-direction. Initial yield is taken at 0.0002 plastic strain defined by ε = 0.0002 + σ(1 − ν2)/E, where the elastic
strain is taken as σ(1 − ν2)/E due to the plane strain conditions. In Fig. 8 σ0 denotes the average true stress in the
x1-direction at either εp = 0.0002 or ε = 0.1 for a polycrystal with infinitely large grains, in practice obtained from a
local calculation. Having the same orientation of all grains or a random orientation of the grains seems to have a minor
influence on the increase in initial yield stress for all grain sizes. However, at ε = 0.1 the level of the curve obtained
with the random orientation of the grains is higher than the level of the curve obtained with the same orientation of all
grains. All four curves have been fitted with a function of the form d−n, where a and b are the fitting parameters. The
values of n giving the best fit are shown in the figure.

Fig. 9 shows stress strain curves for different grain sizes with randomly oriented grains, where the higher order
stresses are vanishing on grain boundaries (κ = 0). In this case the grain size effect is much smaller than for the case
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Fig. 7. Stress strain curves for different grain sizes and randomized grain orientations. The slip, γ (α) , is prescribed to be zero on all grain boundaries
(κ → ∞).

Fig. 8. The increase in flow strength vs. grain size at initial yield and after 0.1 logarithmic strain. The slip, γ (α) , is prescribed to be zero on all grain
boundaries (κ → ∞).

with vanishing slip at grain boundaries. The only size effect is due to the different orientation of adjacent grains,
causing an inhomogeneous strain field in the polycrystal which gives a gradient effect in the non-local theories.

The increase in flow stress for the calculations shown in Fig. 9 is shown in Fig. 10. As in Fig. 8 for vanishing slip
at grain boundaries, results are given after 0.0002 plastic strain (initial yield) and at ε = 0.1. The curves are fitted with
a function of the form d−n and the best fit parameters are shown in the figure.

In the previous results only two extreme boundary conditions at grain boundaries have been considered. That is
either no slip (κ → ∞) or no higher order stresses (κ = 0). Applying other values of the surface energy potential
parameter, κ , some intermediate conditions can be achieved. Fig. 11 shows stress strain curves for a polycrystal with
randomly oriented grains for grain sizes d/l = 5 at different values of the grain boundary surface energy parameter, κ .
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Fig. 9. Stress strain curves for different grain sizes and randomized grain orientations. The higher order stresses are prescribed to be zero on all
grain boundaries (κ = 0).

Fig. 10. The increase in flow stress vs. grain size at initial yield and after 0.1 logarithmic strain. The higher order stresses are prescribed to vanish
on all grain boundaries (κ = 0).

The two extreme conditions, κ = 0 and κ → ∞, give the lower and the upper curve, whereas other values of κ give
stress strain curves between them.

Figs. 12 and 13 show stress strain curves for varying grain sizes with grain boundary surface energy parameters
κ/(τ0l) = 10 and κ/(τ0l) = 100, respectively. In both cases, the level of the stress strain curves is increasing with
decreasing grain sizes.

The increase in flow stress at ε = 0.1 is shown in Fig. 14 for the two values of the grain boundary surface energy
parameter used in Figs. 12 and 13. Results for the increase in initial yield stress are not shown, because the initial
yield stress can only be changed for extremely high values of κ/(τ0l). The reason for this is that the surface energy is
taken to be a linear function of the slips, which are very small at initial yield. The best fit parameters to a function of
the form d−n are shown on the figure.
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Fig. 11. Stress strain curves for different grain boundary surface energy parameters for a polycrystal with random grain orientations and grain size
d/l = 5.

Fig. 12. Stress strain curves for different grain sizes and randomized grain orientations. The grain boundary surface energy parameter is set to
κ/(τ0l) = 10.

5. Conclusion

In this study, the flow stress dependence on the grain size under plane strain uniaxial tension has been analyzed
using a strain gradient crystal plasticity theory. A penalty to dislocation pile up on each side of grain boundaries
has been used in the form of a grain boundary energy potential. The grain boundary energy parameter, κ , has been
varied from κ = 0, simulating a grain boundary with vanishing higher order stresses, up to κ → ∞, simulating a grain
boundary impenetrable to dislocations.

The analyzed polycrystal consists of 40 grains, and results are presented both for the same slip system orientation
in all grains and for a random slip system orientation. In the case with the same slip system orientation in all grains,
there is only a grain size effect for κ �= 0. In the case with the random slip system orientation, there is a grain size
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Fig. 13. Stress strain curves for different grain sizes and randomized grain orientations. The grain boundary surface energy parameter is set to
κ/(τ0l) = 100.

Fig. 14. The increase in flow stress vs. grain size after 0.1 logarithmic strain for two different grain boundary surface energies.

effect for all values of κ . The reason for this is the slip gradients caused by different crystallographic orientation of
neighboring grains. The grain size effect due to the random orientation of the grains is small compared to the effect of
restricting the grain boundaries to be impenetrable to dislocations. Contours of accumulated slip shows that the largest
slips are found in the middle of the crystals, due to the obstruction of crystallographic slip at the grain boundaries.
Furthermore, it is observed that the slip gradients are reduced when the specimen size is decreased.

The increase in flow stress as a function of the grain size was fitted to a function in the form of d−n for different
grain boundary energy parameters. Exponents, n, in the range 0.82 to 1.25 at initial yield and in the range 0.77 to 1.09
after 0.1 logarithmic strain was observed. These values are somewhat higher than what is predicted from the classical
Hall–Petch relationship with exponent n = 0.5. In the study of Evers et al. (2004) using a scale dependent model to
predict grain size effects in a polycrystal under plane stress loading conditions, they found a Hall–Petch exponent in
the range 1.19 to 1.50. Biner and Morris (2002) and Balint et al. (2005) used discrete dislocation plasticity models
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to analyze the dependence of shear yield strength on grain size, and observed Hall–Petch exponents in the range 0.4
to 1.0.
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1 Introduction

It is well accepted that crack growth in many ductile materials occurs by the
mechanisms of void nucleation, growth and coalescence. Voids typically nu-
cleate from second phase particles which exist within the material. The sizes
of the voids are often of the order of one micrometer. Elastic-plastic contin-
uum analyses to model the subsequent growth of the voids have traditionally
employed isotropic material properties (see e.g. Koplik and Needleman (1988)
and Tvergaard (1990)). However since the size of the voids is often smaller
than the grain size in a polycrystalline material, it is more appropriate to
assume anisotropic elastic-plastic properties.

There are two regimes in which plasticity around a void in an anisotropic
single crystal have been studied analytically. The first is for voids that are
sufficiently small so that the continuum plasticity approximation is not valid.
Several authors (e.g. Stevens et al., 1972; Lubarda et al., 2004; Ahn et al., 2006)
have considered the interaction between voids and individual dislocation loops
for cylindrical voids as well as spherical voids. The focus of these studies was
to calculate the applied stress state at which discrete dislocation loops are
nucleated from the void, which leads to void growth.

The other regime is for void sizes for which the continuum approximation is
valid. Recent studies (Kysar et al., 2005; Gan and Kysar, 2007) have used
continuum anisotropic slip line theory to derive the stress and deformation
fields associated with a cylindrical void in a single face centered cubic crystal as
well as a hexagonal close packed crystal, along with related experimental and
numerical studies by Gan et al. (2006). The constitutive properties considered
for the analytical studies are rigid, ideally plastic. The studies have shown that
there are angular regions around such voids within which slip on single slip
systems occurs. The stress states were also derived and it was shown that the
average pressure necessary to activate plastic deformation around a void in a
face centered cubic crystal can be up to 50% higher than that for an isotropic
material, although for a hexagonal close packed material the average pressure
necessary to activate plastic deformation around the void is approximately the
same as for isotropic plastic materials. These analyses are applicable for voids
which are significantly larger than the voids treated by discrete dislocation
plasticity.

The emphasis of the present study is to extend the anisotropic slip line studies,
which assume ideal plasticity, to material constitutive models which account
for hardening of plastic slip systems and void size effects. Two different mate-
rial models will be considered. The first includes strain hardening which is typ-
ically associated with the creation and accumulation of so-called statistically-
stored dislocations. This type of strain hardening is implemented in a local
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constitutive formulation which has no intrinsic length scale. The other mate-
rial model includes strain gradient effects which are typically associated with
the segregation of so-called geometrically necessary dislocations. This type
of material model is implemented in a non-local constitutive formulation–or
strain gradient plasticity formulation–which has an intrinsic length scale. Sim-
ulations are performed with both types of material models and the resulting
stress and deformation fields are compared to each other as well as to the
analytical solution for plastic deformation around voids.

The formulation of the continuum single crystal plasticity theory with no in-
trinsic length scale is similar to that employed by Peirce et al. (1983). The
strain gradient formulation employed in this study is as presented by Borg
(2007). The basic formulation is equivalent to that of Gurtin (2002) and
the constitutive equations are based on the theory by Fleck and Hutchin-
son (2001). A representative material length scale of about 5μm has been
estimated by Fleck et al. (1994) from fitting experimental data on a copper
wire torsion test to strain gradient plasticity theory results. Also, Fredriksson
and Gudmundson (2005) have compared results by a strain gradient plasticity
theory with experimental results, which have given estimates of the material
length scale ranging from 0.45μm to 2.7μm. These estimates are performed
with strain gradient formulations different from the one used in the present
study, however the present length scale is also expected to be on that order.
Furthermore, recent work which compares simulations which utilize strain
gradient crystal plasticity theory employed in the present study to discrete
dislocation plasticity simulations suggests the material length scale to be ap-
proximately 0.33μm (Hussein et al., 2006).

For the local case there is no length scale so the size of the void does not
enter into consideration. However for the non-local case the size of the void
must be specified. The two void sizes to be considered have radii r0/l = 10
and r0/l = 1, where r0 and l are the initial radius and the length scale of the
constitutive relationship, respectively.

The effect of hardening behaviors within the framework of a non-local consti-
tutive model and also the framework of a local constitutive model are investi-
gated separately. It will be shown that the addition of hardening to the local
model mainly reduces the amount of slip which occurs near a void; the extent
and boundaries of the single slip angular sectors are not affected. The non-
local formulation, on the other hand, introduces a significant change in the
extent and boundaries of the single slip sectors. In fact, the sector structure
changes significantly so that regions of double slip develop. It is also shown
that the critical stress to activate plastic deformation around the void is up
to three times higher for the smaller void size than for the larger void size, at
least for the non-local constitutive formulation chosen for this study.
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This paper is organized as follows. Section 2 discusses the material model used
in this study. This will be followed by a discussion of the numerical implemen-
tation of the material model in Section 3. The results of the simulations are
presented in Section 4. Concluding discussions are in Section 5.

2 Material model

The material model used for this study is a strain gradient crystal plasticity
theory for finite strains proposed by Borg (2007). The theory is based on the
constitutive framework of the isotropic strain gradient plasticity theory by
Fleck and Hutchinson (2001) including ideas from the finite strain version by
Niordson and Redanz (2004), and with the basic formulation equivalent to
the formulation of Gurtin (2002). In the absence of strain gradients the model
reduces to conventional crystal plasticity theory by e.g. Peirce et al. (1983).
For simplicity, the following summary of the model is only valid for small
strains, even though a formulation that allows for finite strains has been used
for the analyses.

In crystal plasticity the quantitative description of plastic deformation is based
on crystallographic shearing that represents dislocation motion along specific
slip systems. A slip system is described by its unit lattice vectors s

(α)
i and

m
(α)
i , where s

(α)
i is the slip direction and m

(α)
i is the direction normal to the

slip plane. By use of the classical Schmid orientation tensor

μ
(α)
ij =

1

2
(s

(α)
i m

(α)
j + s

(α)
j m

(α)
i ) (1)

the overall macroscopic plastic strain rate components can be expressed by
the slip γ(α) along slip system (α) as

ε̇p
ij =

∑
α

γ̇(α)μ
(α)
ij (2)

To account for the effect of increased material hardening due to the presence
of geometrically necessary dislocations caused by plastic strain gradients, the
plastic dissipation rate does not only depend on slip rates but also on slip rate
gradients. Following Fleck et al. (1994), the slip gradient in the slip direction is
related to geometrically necessary edge dislocations, and a slip gradient in the
transverse direction is related to geometrically necessary screw dislocations.
Based on this, an effective slip measure, γ(α)

e , depending on the slip and the
slip gradients is introduced as

γ̇(α)2

e = γ̇(α)2 +
(
lS γ̇

(α)
,i s

(α)
i

)2
+

(
lT γ̇

(α)
,i t

(α)
i

)2
(3)
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where t
(α)
i is a unit vector in the transverse direction (with t(α) = s(α) ×m(α))

and lS and lT are material length scales introduced for dimensional consistency.
Here, ( ),i = ∂/∂xi is the spatial derivative. The principle of virtual power
takes the form

∫
V

⎛
⎝σijδε̇ij +

∑
α

(
Q(α) − τ (α)

)
δγ̇(α) +

∑
α

(
ξ

(α)
S s

(α)
i + ξ

(α)
T t

(α)
i

)
δγ̇

(α)
,i

⎞
⎠dV

=
∫

S

(
Tiδu̇i +

∑
α

r(α)δγ̇(α)

)
dS (4)

where Q(α) is a stress field work conjugate to the slip rate, and the higher
order stresses ξ

(α)
S and ξ

(α)
T are work conjugate to the slip rate gradients along

the slip direction and the transverse direction, respectively. Ti is the stress
traction and r(α) denotes the higher order traction working on the boundary
S. The Cauchy stress is denoted σij and τ (α) = σijμ

(α)
ij is the Schmid stress.

The virtual power relation (4) is a special case of the virtual power relation
in Gurtin (2002).

By use of an effective stress, denoted τ (α)
e , which is work-conjugate to the

effective slip rate measure, γ̇(α)
e , constitutive equations are obtained for the

effective stress Q(α) and the higher order stresses ξ
(α)
S and ξ

(α)
T as

Q(α) = τ (α)
e

γ̇(α)

γ̇
(α)
e

(5)

ξ
(α)
S = τ (α)

e

γ̇
(α)
,i s

(α)
i

γ̇
(α)
e

l2S, ξ
(α)
T = τ (α)

e

γ̇
(α)
,i t

(α)
i

γ̇
(α)
e

l2T (6)

Then, the introduced stress τ (α)
e can be expressed in the following quadratic

form

τ (α)2

e = Q(α)2 + l−2
S ξ

(α)2

S + l−2
T ξ

(α)2

T (7)

The viscous material behavior is modeled by use of a power-law creep model
formulated as

γ̇(α)
e = γ̇0

(
τ (α)
e

g(α)

)1/m

(8)

where γ̇0 is a reference slip rate and m is a strain rate hardening index. The slip
resistances g(α) characterize the current strain hardened state of the crystal,
and harden from an initial value τ0 according to

ġ(α) =
∑
β

hαβ γ̇(β)
e , hαβ = hδαβ + ph (1 − δαβ) (9)
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Here, p is the latent hardening index, δαβ denotes the Kronecker delta function,
and h is the self-hardening modulus given empirically by

h(γa) = h0/ cosh

(
h0γa

τs − τ0

)
, γa =

∑
α

∫
γ̇(α)

e dt (10)

where the constant h0 represents an initial hardening rate, τs is a saturation
stress, and γa is the accumulated effective slip.

3 Numerical method

The numerical solutions are obtained using the finite element method. The
slip rate increments are taken as nodal degrees of freedom on an equal footing
with the displacement increments. These primary unknowns are interpolated
within each element between nodal increments as

Δui =
2k∑

N=1

NN
i ΔDN , Δγ̇(α) =

l∑
N=1

MNΔγ̇
(α)
N (11)

where NN
i and MN are shape functions and k and l are the number of nodes

used for the interpolations. For this plane strain study, the elements used for
the displacements are 8-node quadrilaterals with quadratic shape functions,
and the elements used for interpolation of the slip rate increments are 4-
node quadrilaterals with linear shape functions, i.e. k = 8 and l = 4. The
integrations are carried out using 2 × 2 point Gaussian integration for both
element types. To ensure the integration points for the two element types to
coincide, the same Jacobian is used for both element types.

The specimen considered in this study is shown in Figure 1. It is a square
(a0 = b0) single hexagonal close packed crystal containing a cylindrical void
in the center with a diameter of one tenth of the side length (r0 = 0.1a0). The
axis of the cylindrical void is chosen to be parallel to the basal plane normal
[0001] as in Gan and Kysar (2007). The three active slip systems, each oriented
at the angle 60◦ with respect to the others, are also shown in Figure 1.

For a local material it is possible to consider only a quarter of the crystal due
to symmetry, whereas for the nonlocal material the higher order boundary
conditions make such an approach difficult. In this study the full crystal is
considered for all analyses. The boundary conditions applied to the single
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Fig. 1. Cylindrical void in an HCP single crystal showing coordinate systems, di-
mensions, slip systems and crystallographic orientation.

crystal are given by

u̇1 = 0, Ṫ2 = 0 at x1 = −a0

u̇1 = U̇1, Ṫ2 = 0 at x1 = a0

u̇2 = 0, Ṫ1 = 0 at x2 = −b0

u̇2 = U̇2, Ṫ1 = 0 at x2 = b0

(12)

where Ṫi are surface traction rates and U̇i are the prescribed end displacement
rates. Furthermore, the higher order boundary conditions are applied as van-
ishing higher order tractions, r(α) = 0, on the four external edges and on the
void surface. Another possibility for the higher order boundary conditions is
to let the slips vanish, i.e. letting the boundaries be impenetrable to disloca-
tions. That would be appropriate at a stiff inclusion but not for a void. The
mesh used for the presented results consists of 16224 elements and is finest at
the void surface with 312 elements around the void.

For the plane strain problem considered, with in-plane slip systems, there are
no slip gradients in the transverse direction, and therefore the length scale pa-
rameter, lT , has no influence on the results. The other length scale parameter,
lS, is denoted l in the following.

4 Results

The material parameters used in the calculations are Young’s modulus, E =
63.9 GPa, Poisson’s ratio, ν = 0.36, initial slip resistance, τ0 = 1 MPa, refer-
ence slip rate, γ̇0 = 0.001 s−1, and strain rate hardening index, m = 0.03. Re-
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sults using the local constitutive formulation are presented both with and with-
out strain hardening. For the results with hardening the following hardening
parameters are used: self-hardening modulus, h0 = E/100, saturation stress,
τs = 1.8τ0, and latent hardening index, p = 1.0. All the presented results using
the non-local formulation are without strain hardening, i.e. h0 = 0. The pre-
scribed end displacement rates are given by U̇1/(2a0) = U̇2/(2a0) = 0.0001 s−1.
The results presented in this section are taken at the deformation state given
by U1/(2a0) = U2/(2a0) = 3.5 × 10−5.

Contours of slip in the three slip systems and the total slip, γtot = γ(1) +γ(2) +
γ(3), are shown in Figure 2 for a non-hardening local material, i.e. using the
internal material length scale l = 0 and the hardening modulus h0 = 0. It is
seen that the slip contours are periodic with a period of 90◦. Slip system one
is mostly active in the region 0 ≤ θ ≤ 30◦, slip system two is mostly active
in the region 30◦ ≤ θ ≤ 60◦, and slip system three is mostly active in the
region 60◦ ≤ θ ≤ 90◦ of the upper right quadrant. The location of angular
sectors with only one effective slip system is as predicted by anisotropic slip
line theory in Gan and Kysar (2007), where they are denoted as slip sectors.

The slip contours using a local formulation with hardening are shown in Fig-
ure 3. The slip sectors are very similar to the results for the non-hardening
material, except that the magnitudes of the accumulated slips are less than
for the non-hardening case.

Figure 4 shows the slip in the three slip systems and the total slip, γtot =
γ(1) + γ(2) + γ(3) , plotted along the path r/r0 = 1.0 for a non-hardening local
material. It can be seen that the boundaries between two active slip sectors
around θ = 0◦, 30◦, 60◦ etc. are very thin. Within each slip sector the level of
slip is almost constant along the void surface. The analogous plot is shown in
Figure 5 for a hardening local material. Here, the slip sector boundaries are
also very thin as for the non-hardening local material.

×10
−3

1.8

1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

γ(1) γ(2) γ(3) γtot

Fig. 2. Contours of slip in the three slip systems using a local formulation without
hardening (l = 0, h0 = 0).

Stress contours expressed in polar coordinates (σrr, σθθ and σrθ) are shown
in Figure 6 for the non-hardening local material. The left column shows con-
tours over the entire specimen, and the right column shows contours in the
vicinity of the void. The results are very similar to those obtained by Gan
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Fig. 3. Contours of slip in the three slip systems using a local formulation with
hardening (l = 0, h0 = E/100).
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Fig. 4. Slip along the path r/r0 = 1.0 using a local formulation without hardening.
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Fig. 5. Slip along the path r/r0 = 1.0 using a local formulation with hardening.

and Kysar (2007) using anisotropic slip line theory for a rigid-ideally plastic
crystal. However, here we have edge effects and purely elastic deformations
far from the void, so the results are only directly comparable near the void.
The radial stress, σrr, has a 12-point ‘star’ structure, whereas the circumfer-

9



ential stress, σθθ, has a more smooth variation. The magnitude of the polar
shear stress, σrθ, is much smaller than the two other stress components and
displays an interesting pattern with alternating positive and negative values.
In addition, the anisotropic slip line theory solution predicts values of σrθ that
are periodic with angle on logarithmic spirals which emanate from the void
surface.
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Fig. 6. Contours of stresses expressed in polar coordinates for a non-hardening local
material.
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Figure 7 shows the stress components expressed in Cartesian coordinates along
the path r/r0 = 1.0 for the non-hardening local material; they are periodic
with a period of 180◦. The shear stress is constant, |σ12/τ0| ≈ 1.08, within
the slip sectors where slip system two is active. The slip line solution (Gan
and Kysar, 2007) predicts |σ12/τ0| = 1.0 in these slip sectors. This difference
is mainly due to the viscoplastic effects in the present formulation which are
not accounted for in the analytical slip line solution. In Figure 8 the stress
components expressed in polar coordinates are plotted along the path r/r0 =
1.0. As expected, the radial stress component, σrr, and the polar shear stress
component, σrθ, vanish at the void surface. The average circumferential stress,
σθθ, on the surface of the void predicted from simulation is close to 2.3τ0, while
the slip line solution predicts an average normalized circumferential stress of
6 ln(3)/π ≈ 2.098. The value of σθθ is periodic with a period of 30◦ which is
also evident from the contour plots of σθθ in Figure 6. At the radius r/r0 =

√
3

the slip line solution predicts σrr/τ = 2/
√

3 ≈ 1.155 and σrθ = 0. Also, the
circumferential stress, σθθ, is expected to vary in the same way as on the void
surface. The stresses in polar coordinates from the simulation along the path
r/r0 =

√
3 are plotted for the non-hardening local material in Figure 9. The

radial shear stress vanishes at all angles for that radius as predicted and the
radial stress has the average value σrr/τ0 ≈ 1.17.
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Fig. 7. Stress components in Cartesian coordinates along the path r/r0 = 1.0 for a
local material without hardening.

The slip contours shown in Figure 10 for a non-local material with void size
relative to the material length scale r0/l = 10 are somewhat different than
the results for the local material shown in Figure 2. The magnitudes of the
slips are approximately the same which indicates only a very small gradient
contribution to the effective slip. The main difference though is that the slip
contours are no longer symmetric about the radial center line in each slip sec-
tor. This result is not unexpected. Classical continuum single crystal plasticity
theory for infinitesimal deformation gradients is invariant to an interchange
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Fig. 8. Stress components in polar coordinates along the path r/r0 = 1.0 for a local
material without hardening.
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Fig. 9. Stress components in polar coordinates along the path r/r0 =
√

3 for a local
material without hardening.

of the unit lattice vectors s
(α)
i and m

(α)
i . This can be seen in the definition

of the Schmid tensor (1) and its subsequent use in the development of the
infinitesimal theory in which lattice rotations are negligible. As a consequence
of this invariance and the symmetry of the slip systems, the slip distribution
about the radial center line of each slip sector is symmetric in spite of the
fact that only one effective slip system is active in that region. (N.B. The sim-
ulations employ a finite deformation formulation, however the accumulated
slips are sufficiently small so that the computed lattice rotation is negligible.)
Introduction of the effective slip measure γ(α)

e in (3) breaks this symmetry

because the directions s
(α)
i and m

(α)
i are treated differently. Indeed it can be

seen for the non-local hardening case in Figure 10 that the slip gradients in
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the slip directions are smaller than the slip gradients in the directions normal
to the slip planes which can be explained as a consequence of the differences
in contributions of slip gradients in the slip directions and slip plane normal
directions to the internal plastic work. The reduction of symmetry is also ev-
ident in that the slip contours for the non-local material are periodic with a
period of 180◦, whereas the slip contours in Figure 2 for the local material
have a period of 90◦.

The slip contours for a non-local material with a small void size—here taken
to be r0/l = 1 and shown in Figure 11—are very different from the results for
the local material shown in Figure 2 and also from the non-local material with
a larger void size, r0/l = 10, in Figure 10. All slip occurs in localized bands
in the slip directions, so the slip gradients in the slip directions are much
smaller than the slip gradients in the directions normal to the slip planes.
Again the symmetry is broken and it is notable that the magnitude of slip is
significantly lower than for the other cases. The plastic slip is localized near
the void surface, and as before the smallest magnitude of slip gradient is in
the direction of slip rather than the transverse direction.

It is interesting to note that the plastic slip contours for the case of r0/l = 1
bear a resemblance to the slip expected due to dislocation emission and motion
from a cylindrical void by Lubarda et al. (2004) in an analytical study. In that
work, the void is assumed to exist in an initially dislocation-free crystal so
that any plastic deformation must be due to dislocations nucleated from the
void surface. Similarly, for the high strain gradient case in the present study,
the strain gradients lead to very rapid hardening response which would tend
to ”shut down” the active slip systems, allowing only those slip systems which
can operate under relatively low gradients of slip to become active. It should be
noted that there is an important difference between the analytical predictions
of Lubarda et al. (2004) and the results herein. In the dislocation emission
analyses, the presumed active dislocation is that with a slip direction which
intersects the void surface with an angle of 45◦, which is not the case in the
present simulations.
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Fig. 10. Contours of slip in the three slip systems for a non-local material with
r0/l = 10.

Figure 12 shows slip sector boundaries (areas with double slip), defined as
areas where the slip magnitudes in at least two slip systems are higher than
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Fig. 11. Contours of slip in the three slip systems for a non-local material with
r0/l = 1.

10−4. It can be seen that the slip sector boundaries are very similar for the
hardening and the non-hardening local formulation. This is to be expected
since the introduction of hardening in a local formulation does not break the
invariance due to interchange of s

(α)
i and m

(α)
i of the kinematical structure and

constitutive relations for the case of infinitesimal deformation gradients, which
is effectively the case for the very modest magnitudes of strain encountered in
these simulations. The reduced symmetry for the case of non-local formulation
manifests itself in a broadened slip sector boundary for the void size r0/l = 10.
It is presumed that the enhanced local hardening associated with the region of
double slip might serve to further modify the sector boundary structure around
a void, an effect which is not modelled in the present simulation. Finally the
significant change in slip behavior associated with the small void size case
r0/l = 1 is evident in Figure 12.

l = 0l = 0
h0 = 0 h0 �= 0

r0

l
= 10

r0

l
= 1

Fig. 12. Areas with double slip for the local formulation with and without hardening
and for two void sizes using the non-local formulation.

The slips around the void surface are plotted in Figure 13 for the void size
r0/l = 10. The slip magnitudes are significantly lower than the slip magnitudes
for the local material shown in Figure 4, and also the curves are smoother in the
non-local case. Another significant difference is that the slip sector boundaries
are much wider than for the local material (as shown in Figure 12), and there
are even areas where all three slip systems are active; however, within these
areas of triple slip the slip magnitude on one of the three slip systems is very
small. Figure 14 shows the slips around the void surface for the void size
r0/l = 1. It can be seen that there are large variations in the total slip around
the void surface; there are even material points which suffer almost no plastic
deformation.
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Fig. 13. Slip along the path r/r0 = 1.0 for a non-local material with void size
r0/l = 10.
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Fig. 14. Slip along the path r/r0 = 1.0 for a non-local material with void size
r0/l = 1.

Contours of stresses expressed in polar coordinates for the non-local material
with void size r0/l = 10 are shown in Figure 15 and can be compared to those
for the local material in Figure 6. The reduction in symmetry from 12-fold
to 6-fold rotation is evident around the void. Two points stand out. One is
that the magnitude of the stress components does not change dramatically
from that of the local non-hardening case for the void size r0/l = 10. In
addition, as discussed above, the slip line solution predicts that σrθ = 0 and
σrr = constant on r/r0 =

√
3 so that the stress field exhibits self-similarity

in the radial direction for a non-hardening local crystal. The contours of σrθ

in Figure 15, though, demonstrate that the radial self-symmetry is lost in
addition to a reduction of the rotational symmetry. The polar stress contours
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are shown in Figure 16 for the small void sizes (r0/l = 1). The stresses exhibit
a 6-fold rotational symmetry and the magnitudes are larger.
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Fig. 15. Contours of stresses expressed in polar coordinates for a non-local material
with void size r0/l = 10.

The stresses expressed in Cartesian coordinates for the larger void size (r0/l =
10) are shown in Figure 17 along the path given by r/r0 = 1.0. It is seen
that the shear stress, σ12, is not constant in the sectors where slip system
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Fig. 16. Contours of stresses expressed in polar coordinates for a non-local material
with void size r0/l = 1.

two is active as it was the case for the local material. Figure 18 shows the
stress components expressed in polar coordinates for the non-local case with
r0/l = 10 along the path given by r/r0 = 1.0. The radial stress and the polar
shear stress both vanish at the void surface. The circumferential stress, σθθ,
has its peaks near θ = 30◦, 90◦, 150◦, 210◦, 270◦ and 330◦. The stress level
of the peaks is about 10τ0, whereas the circumferential stress for the local
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material varies between approximately 2.1τ0 and 2.5τ0. Thus even the larger
void sizes (r0/l = 10) can dramatically increase the necessary stress level on
the void surface to effect plastic deformation. It is interesting to note that the
regions of high σθθ do not extend very far radially from the void surface into
the surrounding crystal, and that these regions are separated by regions which
have a zero σθθ which implies that the material in these regions on the void
surface are devoid of stress.

For the case of small voids (r0/l = 1), the stresses exhibit a 6-fold rotational
symmetry and the magnitudes are larger. The stresses on the void surface
are shown in Figure 19. Again the radial stress and the shear stress vanish,
whereas the circumferential stress varies between approximately 4τ0 and 12τ0.
Thus, there are no material points around the void surface with zero stress as
there were with the void size r0/l = 10.
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Fig. 17. Stress components in Cartesian coordinates along the path r/r0 = 1.0 for
a non-local material with r0/l = 10.

Figure 20 shows the equibiaxial stress level, σ, at which plastic deformation
initiates as a function of the void size. The initiation of plastic deformation
is here defined as the far-field stress level where the effective shear stress,
τ (α)
e , exceeds the slip resistance, τ0, in any part of the crystal. For a void

in an elastic medium subjected to an equibiaxial tensile stress, σ, applied at
a remote distance from the void, the analytical stress solution at the void
surface predicts a circumferential stress σθθ = 2σ and vanishing radial and
polar shear stresses. The resolved shear stress on a slip system is highest when
the circumferential stress direction is 45◦ from the slip direction. In that case,
the resolved shear stress, τ (α), equals half the circumferential stress (τ (α) =
σ). Thus, for a local material where τ (α)

e = τ (α) purely elastic considerations
predict that plastic deformation initiates at σ/τ0 ≈ 1. Furthermore, the slip
line solution predicts the average value of σθθ around the void surface at which
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Fig. 18. Stress components in polar coordinates along the path r/r0 = 1.0 for a
non-local material with r0/l = 10.
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Fig. 19. Stress components in polar coordinates along the path r/r0 = 1.0 for a
non-local material with r0/l = 1.

plastic deformation has initiated at all angles as 3 ln (3)τ/π ≈ 1.049τ . It is
seen in Figure 20 that this is in fact the case for l = 0. When the void size
is decreased relative to the material length scale, the stress level required to
initiate plastic deformation is increased. For a void radius, r0, equal to the
internal material length scale, l, the required stress level has increased to
approximately three times the slip resistance.
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5 Conclusions

The goal of this study is to study the influence of hardening and void size on
the stress and deformation fields around a cylindrical void in a single crystal.
Hardening within the framework of a local constitutive formulation is consid-
ered which corresponds physically to an accumulation of statistically stored
dislocations. In addition, strain gradient effects within the framework of a non-
local constitutive formulation is considered, which corresponds physically to
a segregation of geometrically necessary dislocations. A combination of strain
hardening and strain gradient effects is not considered in this study.

The results show that the introduction of hardening in the local constitutive
relationship has very little effect on the slip fields around the void when com-
pared to the case of a non-hardening local material. The overall extent of the
angular sectors of single slip is unaffected, but the magnitude of the slip is
decreased.

When a non-local constitutive relation is used, however, the results are signif-
icantly different from the non-hardening local case. For the case of void size
r0/l = 10, the boundaries between the angular slip sectors broaden so that
there are regions in which multiple slip systems are activated simultaneously.
The magnitudes of the slip change very little between the two cases.

For the case of small void size (r0/l = 1), the form of the deformation field
changes dramatically. The deformation localizes into regions which intersect
the void surface and are parallel to the slip system. This localization is reminis-
cent of the type of dislocation activity associated with dislocation nucleation
from a void in a crystal which is free of dislocations or other dislocation sources
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as discussed in Lubarda et al. (2004).

Finally, the applied stress state to activate plastic deformation around the
void associated with the non-local material can be as high as three times that
of the non-hardening local case. The study by Kysar et al. (2005) concluded
that the stress state necessary to activate plastic deformation in face centered
cubic crystals can be up to 50% higher than that of an isotropic material,
however there was very little difference for hexagonal closed packed crystals
(Gan and Kysar, 2007). This discrepancy exists because the effective Schmid
factors for the slip systems of a hexagonal close packed crystal are higher
than the analogous Schmid factors for the slip systems of a face centered
cubic crystal. Therefore, one can conclude that the anisotropy of the material
properties as well as the non-local constitutive formulation act to increase the
externally applied stress required to activate void growth in single crystals.
This has potential implications in the development of theories of effective
porous media which are used to model crack growth in ductile materials.
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Abstract

The effect of void size on void growth in single crystals with uniformly distributed
cylindrical voids is studied numerically using a finite deformation strain gradient
crystal plasticity theory with an intrinsic length parameter. A plane strain cell model
is analyzed for a single crystal with three in-plane slip systems. It is observed that
small voids allow much larger overall stress levels than larger voids for all the stress
triaxialities considered. The amount of void growth is found to be suppressed for
smaller voids at low stress triaxialities. Significant differences are observed in the
distribution of slips and on the shape of the deformed voids for different void sizes.
Furthermore, the orientation of the crystalline lattice is found to have a pronounced
effect on the results, especially for the smaller void sizes.

Key words: Void growth, Strain gradient plasticity, Single crystal, Size effects

1 Introduction

Failure by nucleation, growth and coalescence of microscopic voids is an im-
portant fracture mechanism in ductile materials. After nucleation voids may
grow due to plastic straining of the surrounding material, and finally coales-
cence can occur at a critical strain. Extensive research has been performed
in the area of modeling void growth to coalescence in polycrystalline mate-
rials (Gurson, 1977; Koplik and Needleman, 1988; Tvergaard, 1990). Also,
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single crystal void growth analyses have been carried out to study e.g. effects
of lattice orientation on the overall behavior and on the shape of deformed
voids (Nemat-Nasser and Hori, 1987; O’Reagan et al., 1997; Potirniche et al.,
2006a).

All of the above mentioned analyses are size independent. However, a signifi-
cant amount of experimental work has shown that plastic deformation at the
micron scale in crystalline solids is size dependent (Fleck et al., 1994; Ma and
Clarke, 1995; Stlken and Evans, 1998). Thus, size independent models do not
agree with experimental results for void sizes on the micron range. Several size
dependent continuum plasticity models have been proposed, and most of them
– the so-called strain gradient plasticity theories – accounts for the presence
of geometrically necessary dislocations through plastic strain gradients (e.g.
Fleck and Hutchinson, 2001; Gurtin, 2002).

Size-dependent void growth of both cylindrical voids and spherical voids in
isotropic materials has been studied by use of strain gradient plasticity cell
models under different stress triaxialities by several authors (Fleck and Hutchin-
son, 2001; Tvergaard and Niordson, 2004; Niordson, 2006; Niordson and Tver-
gaard, 2006; Borg et al., 2006). The general results from these studies are that
the load carrying capability is increased with decreasing void size and that
void growth rates are significantly reduced for decreasing void sizes. Similar
results were observed by Shu (1998) who studied size effects at small strains in
a single crystal with a cylindrical void using a strain gradient crystal plasticity
model. Strain gradient theories include an internal material length parameter
(typically on the micron scale) to be determined by experiments or compar-
isons to other size dependent models. Single crystal void analyses have also
been performed by use of a discrete dislocation plasticity model in Hussein et
al. (2007) which focuses on comparisons between strain gradient crystal plas-
ticity and discrete dislocation plasticity predictions. Void growth for very small
voids has been studied by Potirniche et al. (2006b) using molecular dynamics
simulations restricted to voids on the nano-scale by current computational
capabilities.

The stress and deformation fields associated with a cylindrical void in a single
crystal loaded by a far-field equi-biaxial compressive stress have been studied
with an analytical continuum anisotropic slip line theory by Kysar et al. (2005)
and Gan and Kysar (2007), along with related experimental and numerical
findings by Gan et al. (2006). These studies show that angular regions exist
around the void within which slip on single slip systems occurs. A numerical
strain gradient crystal plasticity study, using the same material model as for
the present work, focusing on size effects in the stress and deformation fields
near a cylindrical void within a single crystal loaded by a far-field equi-biaxial
tensile stress has been carried out by Borg and Kysar (2007). Significant size
effects were observed in that work.
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The present study focuses on size effects in void growth for a single crystal
with uniformly distributed voids under different stress triaxialities. Numerical
simulations are performed using a strain gradient crystal plasticity material
model by Borg (2007). A plane strain cell model with three in-plane slip sys-
tems is used, and the interaction of neighboring cylindrical voids is accounted
for using periodic boundary conditions for displacements and slip rates on the
cell edges. The effect of initial void size on the overall stress-strain behavior
and on the evolution of void size during deformation is investigated for two
void volume fractions. Also, lattice orientation effects at different initial void
sizes and stress triaxialities are discussed and contours of slip are shown to-
gether with the deformed void shapes. Finally, the influence of void size on
the maximum stress and the strain level at this maximum is analyzed.

The paper is organized as follows. Section 2 serves as a summary of the mate-
rial model used in this study. The numerical implementation of the material
model and the unit cell model is discussed in Section 3. Section 4 presents the
result of the simulations and Section 5 contains the conclusions.

2 Material model

This section serves as a summary of the material model used for the analyses
presented. The material model employed is the strain gradient crystal plas-
ticity model of Borg (2007), which is based on the principle of virtual power
introduced by Gurtin (2002) with the constitutive equations motivated from
the isotropic strain gradient plasticity theory of Fleck and Hutchinson (2001).
It reduces to conventional crystal plasticity by e.g. Peirce et al. (1983) in the
absence of strain gradients.

Plastic deformation is based on crystallographic shearing along specific slip
systems specified by the slip direction, s

(α)
i , and the direction normal to the

slip plane, m
(α)
i . The total strain rate, which is taken as the symmetric part

of the velocity gradient, is decomposed into an elastic part and a plastic part,
ε̇ij = ε̇e

ij + ε̇p
ij , where the plastic strain rate components can be related to the

crystallographic slip rate, γ̇(α), through

ε̇p
ij =

∑
α

γ̇(α)μ
(α)
ij (1)

Here, μ
(α)
ij = 1

2
(s

(α)
i m

(α)
j + s

(α)
j m

(α)
i ) is the classical Schmid orientation tensor.

To account for the presence of geometrically necessary dislocations caused by
slip gradients, the internal plastic dissipation rate is taken to depend on the
slip rates as well as the slip rate gradients. One can argue that a slip gradient in
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the slip direction is related to geometrically necessary edge dislocations, a slip
gradient in the transverse direction is related to geometrically necessary screw
dislocations, whereas a slip gradient in the direction normal to the slip plane
does not induce any geometrically necessary dislocations (Fleck et al., 1994).
In the present work only plane strain situations with in-plane slip systems are
considered. Thus, the slip gradient in the transverse direction vanish and the
principle of virtual power in the current configuration for a body V takes the
form

∫
V

(
σijδε̇

e
ij +

∑
α

Q(α)δγ̇(α) +
∑
α

ξ
(α)
S s

(α)
i δγ̇

(α)
,i

)
dV (2)

=
∫

S

(
Tiδu̇i +

∑
α

r(α)δγ̇(α)

)
dS

where σij is the Cauchy stress tensor, Q(α) is a stress field work conjugate to

the slip rate and ξ
(α)
S is a higher order stress work conjugate to the gradient

of the slip rate in the slip direction, s
(α)
i γ̇

(α)
,i . The surface stress traction is

denoted Ti while r(α) are the higher order tractions working on the surface S
of the body.

To obtain the principle of virtual power on incremental form in the reference
configuration, Kirchhoff stress measures are defined as

ςij = Jσij , q(α) = JQ(α), ρ
(α)
S = Jξ

(α)
S (3)

where J is the determinant of the deformation gradient. The incremental elas-
tic constitutive equation is taken in terms of the lattice Jaumann rate of

Kirchhoff stress,
�
ς
∗

ij , as

�
ς
∗

ij Δt = Rijkl

(
Δεkl − Δt

∑
α

γ̇(α)μ
(α)
kl

)
= Δςij − ΔtΩ∗

ikςkj − ΔtςikΩ
∗
jk (4)

where Ω∗
ij denotes the lattice spin rate given by the skew symmetric part of

the elastic part of the velocity gradient. The isotropic elastic stiffness tensor
is given by Rijkl = E

1+ν

(
1
2
(δikδjl + δilδjk) + ν

1−2ν
δijδkl

)
, where E is the elastic

modulus, ν is Poisson’s ratio and δij denotes the Kronecker delta.

A nonlocal measure of the effective slip, γ(α)
e , is defined on the basis of the slip

rate and its directional derivative through the incremental relation

γ̇(α)2

e = γ̇(α)2 +
(
lγ̇

(α)
,i s

(α)
i

)2
(5)

4



where l is the internal material length parameter introduced for dimensional
consistency. An effective stress τ (α)

e is defined to be work conjugate to the
effective slip rate, γ̇(α)

e , and can be expressed as

τ (α)2

e = q(α)2 + l−2ρ
(α)2

S (6)

A power-law model is adopted for the effective slip rate to model the viscous
material behavior

γ̇(α)
e = γ̇0

(
τ (α)
e

g(α)

)1/m

(7)

where γ̇0 is a reference slip rate and m is the viscoplastic exponent. The slip
resistances g(α) characterize the current strain hardened state of the crystal,
and harden from an initial value τ0 according to

ġ(α) =
∑
β

hαβ γ̇(β)
e , hαβ = hδαβ + ph (1 − δαβ) (8)

Here, p is the latent hardening index and h is the self-hardening modulus given
by

h(γa) = h0

(
h0γa

τ0n
+ 1

)n−1

, γa =
∑
α

∫
γ̇(α)

e dt (9)

where the constant h0 represents an initial hardening rate, n is the hardening
exponent, and γa is the accumulated effective slip.

3 Numerical method

The numerical solutions are obtained using a special kind of finite element
method where the slip rate increments are treated as primary unknowns on
equal footing with the displacement increments. These fields are interpolated
within each element between nodal increments as

Δui =
2k∑

N=1

NN
i ΔDN , Δγ̇(α) =

l∑
N=1

MNΔγ̇
(α)
N (10)

where NN
i and MN are shape functions and k and l are the number of nodes

used for the interpolations. For the present plane strain study, the elements
used for the displacements are 8-node quadrilaterals with quadratic shape
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functions, and the elements used for interpolation of the slip rate increments
are 4-node quadrilaterals with bilinear shape functions, i.e. k = 8 and l = 4.
The integrations are carried out using 2 × 2 point Gaussian integration for
both element types. To ensure that integration points for the two element
types coincide, the same Jacobian is used for both element types.

A plane strain cell model with three in-plane slip systems is used to model
a periodic arrangement of cylindrical voids within a single crystal (figure 1).
The slip systems are oriented 60◦ with respect to the others, and their absolute
orientation are given by the angle φ between slip system 2 and the x1-axis.
The void radius is denoted r0 and the lengths of the cell sides are denoted
a0 and b0, and are here taken to be equal (a0 = b0). Two initial void volume
fractions, f0, are considered in the present study; f0 ≈ 3.1% and f0 ≈ 12.6%
corresponding to r0/a0 = 0.1 and r0/a0 = 0.2, respectively.

r0

x1

x2

a0

b0

s(1)

s(2)

s(3)

φ

Fig. 1. The analyzed unit cell with a cylindrical void in the center. The absolute
orientation of the three slip systems, with the relative orientation of 60◦ between
them, are given by the angle φ.

The loading is simulated by imposing periodic boundary conditions on the
unit cell edges as

Δui = εijΔxj (11)

where Δui is the difference between displacements on opposite sides of the unit
cell specified by the difference in position vector Δxj while εij is the imposed
macroscopic strain, specified as ε12 = ε21 = 0 and ε11 = U/a0, where U/a0

is the applied strain in the x1-direction. Using a special Rayleigh-Ritz finite
element method (Tvergaard, 1976), the ratio of ε22/ε11 is determined such that
there is a fixed ratio of the average true stresses σ2/σ1 = κ. Periodicity for
the displacements and stresses is enforced using a penalty method, whereas
periodicity for the slip rates is enforced by eliminating nodal degrees of freedom
to ensure that slip rates at corresponding points on opposite sides of the
unit cell are equal. Boundary conditions at the void surface are specified by
vanishing tractions and higher order tractions. The finite element model used
for the results presented consists of 1440 elements with 96 elements along the
void surface.
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4 Results

Numerical results for bi-axial loading of porous crystals with void volume
fractions of 12.6% and 3.1% are presented in this section. Two different orien-
tations of the crystal lattice relative to the unit cell are considered; φ = 0◦ and
φ = 15◦. For all analyses the ratio of initial slip resistance to Young’s modulus
is τ0/E = 0.001 and Poisson’s ratio is ν = 0.3. The deformation hardening be-
havior is characterized by the self hardening modulus h0/τ0 = 10, the power
hardening exponent n = 0.1 and the latent hardening index p = 1.0. The
viscous effects are specified by the reference slip rate γ̇0 = 0.001s−1 and the
viscoplastic exponent m = 0.03. The overall loading rate in the main tensile
direction is U̇/a0 = γ̇0.

The normalized true stress is shown as a function of the logarithmic strain
in the main tensile direction (x1) in figure 2a for three different void sizes
and three different stress ratios (κ = σ2/σ1 = 0.5; 0.75; 1.0) with the void
volume fraction f0 = 12.6% and lattice orientation φ = 0◦. The different
void sizes are specified by the ratio of the void radius to material length
parameter, r0/l. The curves labeled conv. are for calculations with a vanishing
material length parameter, such that the model reduces to conventional crystal
plasticity. For all analyses material softening is observed in the form of rapidly
decaying response curves after the maximum stress level. The results show
enhanced softening behavior for larger stress ratios as is also the case for
isotropic plasticity (Koplik and Needleman, 1988). The size of the voids has
an important influence on the response of the material, as small voids allow
much larger overall stress levels. Furthermore, it is seen that the maximum
attainable stress level is almost independent of the bi-axial stress ratio, κ,
within the range considered here. On the other hand, the strain at which the
maximum stress is attained decreases considerably with increasing values of
κ.

The significant softening in the response for the voided crystals observed in
figure 2a is due to void growth. This is shown in figure 2b where the void
volume relative to the initial void volume is presented as a function of strain.
For larger stress ratios more void growth is predicted in accordance with con-
ventional predictions (Koplik and Needleman, 1988). On the other hand, it is
observed that the void size (as specified by r0/l) has almost no effect on the
amount of void growth for κ = 1.0, and it has a minor effect for κ = 0.75 and
0.5 by suppressing void growth for smaller voids.

For equi-biaxial loading (κ = 1.0) contour plots of slip at an overall deforma-
tion given by U/a0 = 0.1, are shown in the figures 3a and 3b, for a conventional
porous crystal and a crystal with micron size voids (r0/l = 1), respectively.
The figures present slip distributions on each individual slip plane (as defined
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Fig. 2. Results for the initial void volume fraction f0 = 12.6% and slip system
orientation φ = 0◦. (a) Overall response in terms of the true stress vs. logarithmic
strain. (b) Relative void growth vs. logarithmic strain. Curves are shown for different
stress ratios and void sizes.

in figure 1) as well as the total slip, corresponding to selected analyses in fig-
ure 2. It is seen that a conventional crystal model predicts equal distributions
of total slip between the voids along the x1- and the x2-directions. Further-
more, it is seen that the proper symmetry between the slip systems 1 and
3 for φ = 0◦ exists. Figure 3b shows that for a micron scale void modeled
by strain gradient crystal plasticity, gradients are suppressed along the slip
planes, due to the energetic expenses included in the last term in the volume
integral in equation (2). This leads to well developed slip bands on slip systems
1 and 3 connecting voids in the x2-direction. This implies that the total slip
is not equally distributed between voids in the two perpendicular directions,
and leads to unequal overall strain in the x1- and the x2-directions, as well as
ovalizing of the voids, which is not the case for the conventional analyses.

0.8

0.6

0.4

0.2

(a) γ(1) γ(2) γ(3) γtot

0.8

0.6

0.4

0.2

(b) γ(1) γ(2) γ(3) γtot

Fig. 3. Contours of slip on the three slip systems and the total slip at the overall
deformation U/a0 = 0.1 for a crystal with initial void volume fraction f0 = 12.6%,
slip system orientation φ = 0◦ and stress ratio κ = 1.0. Both results from a conven-
tional calculation (a) and from a gradient-dependent calculation with r0/l = 1 (b)
are shown.
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Figures 4a and 4b show results corresponding to figures 3a and 3b, respectively,
for κ = 0.5 at the overall deformation U/a0 = 0.2. The figures show that slip
concentrates between voids along planes perpendicular to the main loading
direction (x1). Even though the slip bands are not as well developed as for
κ = 1.0, figure 4b illustrates how slip gradients are suppressed along the slip
planes when r0/l = 1, as opposed to the conventional results presented in
figure 4a. This leads to a more smooth void shape for micron sized voids,
when compared to conventional predictions.

1.2

0.9

0.6

0.3

(a) γ(1) γ(2) γ(3) γtot

1.2

0.9

0.6

0.3

(b) γ(1) γ(2) γ(3) γtot

Fig. 4. Contours of slip on the three slip systems and the total slip at the overall
deformation U/a0 = 0.2 for a crystal with initial void volume fraction f0 = 12.6%,
slip system orientation φ = 0◦ and stress ratio κ = 0.5. Both results from a conven-
tional calculation (a) and from a gradient-dependent calculation with r0/l = 1 (b)
are shown.

Until now only results for φ = 0◦ have been discussed. Figures 5a and 5b
compare response curves for two different orientations of the crystal lattice
relative to the void planes, for κ = 1.0 and κ = 0.5, respectively, with the void
volume fraction f0 = 12.6%. It is seen that the overall material response differs
at large deformation levels, as softening is more pronounced when φ = 0◦. On
the other hand, the maximum stress level does not depend strongly on the
crystal orientation for either of the void sizes considered here.

For a single void in an infinite equi-biaxially loaded crystal angular sectors of
single slip exists around a circular cylindrical void in a hexagonal close-packed
crystal as that analyzed here (Gan and Kysar, 2007). For φ = 15◦ slip system
3 will be active in a 30◦ angular band centered around both the x1- and the x2-
axis. Thus, for a periodical distribution of voids as that in figure 1, there will
be a strong interaction between the neighboring voids along the x1- and the
x2-directions giving rise to increased slip on slip system 3. This is observed in
figure 6a, which shows the slip distributions for a conventional material at an
overall deformation level of U/a0 = 0.1 for the stress ratio κ = 1.0 and a void
volume fraction of 12.6%. Accounting for gradient hardening decreases the slip
gradients along the slip directions and this decreases the interaction between
neighboring voids along the x1- and x2-directions as seen from figure 6b.
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Fig. 5. Overall true stress vs. logarithmic strain for the crystal with initial void
volume fraction f0 = 12.6% at two slip system orientations. Results are given for
the stress ratios κ = 1.0 (a) and κ = 0.5 (b) for different void sizes.

For φ = 0◦ the symmetry lines for the total slip are oriented along the coor-
dinate axes (see figures 3 and 4), since the slip planes are symmetric across
the axes and the loading is oriented along the axes. When the crystal orienta-
tion is rotated relative to the void planes, these symmetries will disappear as
shown in the figures 6 and 7, where slip distributions are shown for φ = 15◦.
For κ = 1.0 results are presented in figures 6a and 6b, for a conventional
porous crystal and a crystal with micron scale voids r0/l = 1.0, respectively,
while corresponding results are shown in figures 7a and 7b for κ = 0.5 and
U/a0 = 0.2. For κ = 1.0, the conventional results in figure 6a show that sym-
metries exist along lines at a 45◦ angle between the coordinate axes. This
is due to the same symmetry of the slip-planes and the equi-biaxial loading.
Hence, this symmetry exists even for the gradient dependent solid in figure 6b.
For κ = 0.5 the results in figures 7a and 7b show that these symmetries are
broken, due to the lack of symmetric loading.

For a smaller void volume fraction of 3.1% and φ = 0◦ response curves and
curves of void volume as a function of strain is shown in figures 8a and 8b,
respectively. Results are shown for different bi-axial stress ratios and different
void sizes. Comparing with figure 2, it is observed that the maximum stress
level is significantly larger for the material with the smaller void volume frac-
tion consistent with conventional results for isotropic plasticity (Needleman,
1972). Furthermore, it is seen that material softening is more pronounced for
the smaller void volume fraction due to increased void growth. As for the
larger void volume fraction, the maximum stress level is almost independent
of κ, whereas the strain at the maximum stress level increases with decreasing
stress ratio. The suppression of void growth for small voids is observed clearly
in figure 8b for all considered stress ratios, with the strongest effect for the
smallest stress ratio.
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Fig. 6. Contours of slip on the three slip systems and the total slip at the overall
deformation U/a0 = 0.1 for a crystal with initial void volume fraction f0 = 12.6%,
slip system orientation φ = 15◦ and stress ratio κ = 1.0. Both results from a
conventional analysis (a) and from a gradient-dependent analysis with r0/l = 1 (b)
are shown.
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Fig. 7. Contours of slip on the three slip systems and the total slip at the overall
deformation U/a0 = 0.2 for a crystal with initial void volume fraction f0 = 12.6%,
slip system orientation φ = 15◦ and stress ratio κ = 0.5. Both results from a
conventional analysis (a) and from a gradient-dependent analysis with r0/l = 1 (b)
are shown.

5 Conclusions

This study analyzes the size effects in void growth within single crystals
containing uniformly distributed cylindrical voids subjected to bi-axial stress
states. Numerical analyses for a cell model are performed using a strain gradi-
ent crystal plasticity model. The material length scale for the material model
used in the present work has been estimated to l = 0.325μm in Hussein et al.
(2007) by fitting strain gradient crystal plasticity results to discrete disloca-
tion plasticity results. With this length scale the two void sizes considered in
the present study, r0/l = 2 and r0/l = 1, are both in the sub-micron range.
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Fig. 8. Results for the initial void volume fraction f0 = 3.1% and slip system orien-
tation φ = 0◦. (a) Overall response in terms of the true stress vs. logarithmic strain.
(b) Relative void growth vs. logarithmic strain. Curves are shown for different stress
ratios and void sizes.

The results show that small voids allow much larger overall stress levels for
all the stress ratios and initial void volume fractions considered. The strain
level at which the maximum stress is achieved was also found to be dependent
on the initial void sizes. A summary of the obtained results for the initial
void volume fraction f0 = 12.6% is shown in figure 9. The highest true stress
level in the x1-direction is shown as a function of void size in figure 9a for
two stress ratios, and figure 9b shows the strain level in the x1-direction at
which the maximum stress is achieved. The horizontal curves show results
for conventional crystal plasticity, which the gradient-dependent calculations
converge to for large void sizes. It is interesting to note that the stress levels
for the two stress ratios shown, κ = 1.0 and κ = 0.5, are almost identical. For
κ = 0.5 the strain level at the maximum stress increases with decreasing void
size, whereas this strain level is much less affected by the initial void size for
κ = 1.0.
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Fig. 9. (a) Maximum true stress in the main tensile direction versus void size and
(b) the strain level at which this stress is achieved versus void size. The results are
given for two stress ratios and for the initial void volume fraction f0 = 12.6% and
lattice orientation φ = 0◦.
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The amount of void growth depends strongly on the stress ratio for both the
initial void volume fractions studied. Decreasing the void size to the micron
scale is found to suppress void growth for the smaller stress ratios. The inter-
action on the different slip systems between neighboring voids depends on the
lattice orientation relative to the void structure. It is found that gradient ef-
fects on the micron scale changes the character of the interaction mechanisms
completely by favoring the development of slip bands between neighboring
voids.

Contours of slip in the three slip systems are shown for some of the simulations
performed at an overall deformation state well beyond the point of maximum
true stress in the x1-direction. These plots also show the deformed void shapes,
and significant dependences on both lattice orientation and initial void size
are observed, with smaller voids being significantly more smooth than large
voids upon deformation.

The strength and the ductility of a metal is limited by void growth to coales-
cence. This study shows that porous crystals can sustain larger overall stress
levels for voids on the micron scale when compared to macroscopic voids. This
is due to gradient hardening of the material around the voids and, for mod-
erate stress triaxialities, partly due to the suppression of void growth on the
micron scale. Hence, the strength of a crystal increases with decreasing void
size for a fixed void volume fraction. Furthermore, increased material ductility
for small voids is observed for moderate stress triaxialities, due to suppression
of void growth for crystals with micron scale voids.
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Abstract

The shear and equi-biaxial straining responses of periodic voided single crystals are

analysed using discrete dislocation plasticity and a continuum strain gradient crystal

plasticity theory. In the discrete dislocation formulation the dislocations are all

of edge character and are modelled as line singularities in an elastic material. The

lattice resistance to dislocation motion, dislocation nucleation, dislocation interaction

with obstacles and annihilation are incorporated through a set of constitutive rules.

Over the range of length scales investigated, both the discrete dislocation and strain

gradient plasticity formulations predict a negligible size effect under shear loading.

By contrast, under equi-biaxial loading both plasticity formulations predict a strong

size dependence with the flow strength scaling approximately inversely with the void-

spacing. Excellent agreement is obtained between predictions of the two formulations

for all crystal types and void volume fractions considered when the material length

scale in the non-local plasticity model chosen to be 0.325μm (around ten times the

slip plane spacing in the discrete dislocation models).

Keywords: Dislocations; size effects; voids; plasticity; computer simulation



1 Introduction

There is a considerable body of experimental evidence that plastic deformation in crys-

talline solids is size dependent at length scales of the order of tens of microns and smaller,

(e.g. Ashby, 1970; De Guzman et al., 1993; Fleck et al., 1994; Ma and Clarke, 1995). One

well-appreciated source of this size dependence is associated with plastic strain gradients

and geometrically necessary dislocations. Such effects are expected to play a significant

role in the deformation of voided ductile solids when large plastic strain gradients occur

over a micron length scale.

Studies of the deformation of voided ductile solids have focused on the growth of a single

void in an infinite length scale independent elastic-plastic solid (e.g. McClintock, 1968; Rice

and Tracey, 1969), or on a periodic array of identical voids (e.g. Needleman, 1972; Gurson,

1977; Tvergaard, 1981). Recent experimental investigations by Schlueter et al. (1996) and

Khraishi et al. (2001) have shown strong void size effects with micro- and submicron size

voids growing at significantly reduced rates compared to larger voids subjected to the same

stress levels.

A variety of non-local plasticity theories (mainly strain gradient constitutive formulations)

have been proposed to account for the observed size dependence of micro-scale plastic

flow in crystalline solids (e.g. Fleck and Hutchinson, 2001; Gurtin, 2002). Numerical and

analytical studies employing such phenomenological strain gradient plasticity formulations

have consistently predicted reductions in the void growth rates for smaller voids; see for

example Fleck and Hutchinson (1997) and Tvergaard and Niordson (2004). More recently,

Liu et al. (2003) extended the Rice and Tracey (1969) model for void growth using a flow

stress for the matrix material derived from the Taylor (1934) dislocation model that has an

internal material length scale. Subsequently, Wen et al. (2005) modified the Gurson (1977)

yield surface to account for void size effects by employing the analysis of Liu et al. (2003).

All such continuum models need as an input a characteristic material length scale that is

typically calibrated from experimental data. By contrast, molecular dynamics simulations

of void growth (Potirniche et al., 2006) do not require such calibration but are restricted

to the nano-void regime by current computational capabilities.

In principle, discrete dislocation plasticity should be able to bridge the gap between the

molecular dynamics simulations and the continuum nonlocal plasticity theories. In this

study we investigate the size dependence of the response of voided crystalline materials
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using both discrete dislocation and strain gradient crystal plasticity. The focus is on: (i)

understanding the effect of loading conditions on the void size effect and (ii) employing the

discrete dislocation calculations to extract the appropriate material length scale for use in

strain gradient plasticity models of voided crystals.

2 Model formulations

Plane strain analyses of the shear and equi-biaxial responses of periodic voided single

crystals (Fig. 1) are carried out. The crystals are elastically isotropic with Young’s modulus

E and Poisson’s ratio ν and have slip systems φ(α) with respect to the x1 axis. Two types

of crystals are considered: a crystal with two symmetric systems φ(1) = −φ(2) = 54.7◦ and

a crystal with three systems φ(1) = −φ(2) = 54.7◦ and φ(3) = 0◦. Plane strain conditions

are assumed with the plane of deformation being the x1 − x2 plane, and a small strain

approximation is made. We consider two formulations to describe plasticity in the crystals:

(i) discrete dislocation plasticity and (ii) the strain gradient crystal plasticity model of Borg

(2006).

2.1 Discrete dislocation plasticity formulation

Plasticity in the discrete dislocation formulation originates from the motion of edge dis-

locations, represented as line singularities in an elastic medium. These dislocations can

nucleate and glide on the active slip planes. At each stage of loading, the stress and defor-

mation state is computed using superposition of a singular dislocation field and an image

field (Van der Giessen and Needleman, 1995). The singular field (̃ ) associated with N

dislocations is calculated analytically from the isotropic linear elastic dislocation fields in

an infinite medium (Hirth and Lothe, 1968). The complete solution is obtained by adding a

smooth image field (̂ ) that ensures that the boundary conditions are satisfied (see Sec. 2.3

for details). The displacements ui, strains εij , and stresses σij are written as

ui = ûi + ũi, εij = ε̂ij + ε̃ij , σij = σ̂ij + σ̃ij , (1a)

3



where the (̃ ) field is the sum of the fields of the individual N dislocations in their current

positions, i.e.

ũi =

N∑
J=1

ũ
(J)
i , ε̃ij =

N∑
J=1

ε̃
(J)
ij , σ̃ij =

N∑
J=1

σ̃
(J)
ij . (1b)

The image field is obtained by solving a linear elastic boundary value problem using finite

elements with the boundary conditions changing as the dislocation structure evolves.

At the beginning of a calculation the crystal is stress- and dislocation-free. The long

range interactions of the dislocations are accounted for through their elastic fields while

constitutive rules are prescribed for short range interactions. Dislocation dipoles with

Burgers vectors ±b are nucleated at point sources, that simulate Frank-Read sources,

randomly distributed on discrete slip planes. Nucleation occurs when the magnitude of

the resolved shear stress at the source exceeds a critical value τnuc during a time period

tnuc. The sign of the dipole is determined by the sign of the resolved shear stress along

the slip plane while the distance between the two dislocations at nucleation, Lnuc, is taken

such that the attractive stress that the dislocations exert on each other is equilibrated by

a shear stress of magnitude τnuc. After nucleation, the dislocations glide apart, driven by

the Peach-Koehler force acting on them, given by

f (I) = m
(I)
i

[
σ̂ij +

∑
J �=I

σ̃
(J)
ij

]
b
(I)
j , (2)

where m
(I)
i is the unit normal to the slip system on which the dislocation with Burgers

vector b
(I)
j resides. The magnitude of the glide velocity V

(I)
gld along the slip direction of

dislocation I is taken to be linearly related to the Peach-Koehler force f (I) through the

drag relation

V
(I)
gld =

1

B
f (I), (3)

where B is the drag coefficient. Annihilation of two opposite signed dislocations on a slip

plane occurs when they are within a material-dependent critical annihilation distance Le.

Obstacles to dislocation motion are modelled as points associated with a slip plane that

cause dislocations that attempt to pass through them to be pinned. An obstacle releases a

pinned dislocation when the Peach-Koehler force on the obstacle exceeds τobsb, where τobs

is the obstacle strength.

4



2.2 Continuum strain gradient crystal plasticity formulation

The strain gradient crystal plasticity model of Borg (2006) is employed here to account

for the enhanced hardening in voided crystals due to plastic strain gradients. The model

is based on the principle of virtual work introduced by Gurtin (2002) with the constitu-

tive equations motivated from the isotropic strain gradient plasticity model of Fleck and

Hutchinson (2001).

Plastic deformation is due to slip on slip systems defined by the slip plane normal, m
(α)
i ,

and the slip direction s
(α)
i . Employing the slip rate γ̇(α) on slip system α, we define the

plastic strain rate as

ε̇p
ij =

∑
(α)

γ̇(α)μ
(α)
ij , (4a)

where μ
(α)
ij = 1

2

(
s
(α)
i m

(α)
j + s

(α)
j m

(α)
i

)
is the Schmid orientation tensor and the total strain

rate ε̇ij is written as

ε̇ij = ε̇p
ij + ε̇e

ij , (4b)

where ε̇e
ij is the elastic strain rate.

Here attention is restricted to plane strain situations where the vectors s
(α)
i and m

(α)
i lie

in the same plane. The principle of virtual work for a body V , subjected to tractions

Ti = σijnj on the surface S of the body with outward unit normal ni is expressed as

∫
V

⎛
⎝σijδε̇

e
ij +

∑
(α)

q(α)δγ̇(α) +
∑
(α)

ρ
(α)
S s

(α)
i δγ̇

(α)
,i

⎞
⎠ dV =

∫
S

⎛
⎝Tiδu̇i +

∑
(α)

r(α)δγ̇(α)

⎞
⎠ dS, (5)

where q(α) and ρ
(α)
S are the work conjugates to plastic slip and plastic slip-gradient in the

slip direction, respectively and r(α) = ρ
(α)
S s

(α)
i ni is the higher order surface traction.

With the effective slip rate γ
(α)
e defined as (Borg, 2006)

γ̇(α)2

e = γ̇(α)2 +
(
lS γ̇

(α)
,i s

(α)
i

)2

, (6)

the corresponding work-conjugate effective stress is given as

τ (α)2

e = q(α)2 + l−2
S ρ

(α)2

S , (7)
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where lS is the internal material length scale. The constitutive equations for q(α) and ρ
(α)
S

then follow as

q(α) = τ (α)
e

γ̇(α)

γ̇
(α)
e

, and (8)

ρ
(α)
S = τ (α)

e

γ̇
(α)
,i s

(α)
i

γ̇
(α)
e

l2S. (9)

Finally, we specify that strain rate hardening follows a power-law relationship of the form

γ̇(α)
e = γ̇0

(
τ

(α)
e

τ0

)1/m

, (10)

where γ̇0 is the reference slip rate, m is the viscoplastic exponent and τ0 is the slip resistance.

2.3 Periodic voided crystal

A sketch of a crystal with a cubic distribution of rectangular voids with a spacing d and

d tanφ(1) in the x1 and x2 directions, respectively is shown in Fig. 1a. The voided crystals

have a volume fraction vf of voids and here we analyse their response by considering

a rectangular unit of dimension d × d tanφ(1). The aspect ratio of the unit cell ensures

periodicity of the motion of the discrete dislocations on discrete slip planes, i.e. dislocations

exiting from one side of the unit cell can re-enter from the corresponding point on the

opposite side. The rectangular void (occupying a volume fraction vf ) is centrally located

in the unit cell. For simplicity, we restrict attention to the case where the void has the

same aspect ratio as the unit cell. The length d which defines the void spacing in the

crystal was varied between 0.5 μm and 8 μm in the discrete dislocation calculations.

Loading of the voided crystal is simulated by imposing periodic boundary conditions on

the unit cell edges as

Δui = ε̄ijΔxj , (11)

where Δui is the difference between displacements on opposite sides of the unit cell specified

by the difference in position vector Δxj while ε̄ij is the imposed macroscopic strain. Trac-

tion free boundary conditions are imposed on the surfaces of the void (including r(α) = 0

in the strain gradient plasticity calculation).

In the discrete dislocation plasticity calculations, the individual dislocation fields are the

analytically known fields for dislocations in an infinite medium. Thus, the (̃ ) fields are
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not periodic and periodicity is enforced via the (̂ ) fields, such that the boundary condi-

tions, eq. (11), are satisfied. In addition, we also impose periodicity on the motion of the

dislocations, i.e. dislocations leaving from one edge re-enter from the opposite edge. This

is achieved by removing the exiting dislocation from the calculation (while retaining its

contribution to slip) and re-inserting a new dislocation at the corresponding point on the

opposite side of the unit cell. It is worth emphasising here that consistent with the r(α) = 0

boundary condition employed on teh void surfaces in the strain gradient plasticity calcula-

tions, dislocations are assumed to be free to exit the crystal from the traction free surfaces

of the void. Similarly, in the strain gradient plasticity calculations, in addition to the peri-

odic displacement fields given by eq. (11), periodicity for the slip rates is also enforced, i.e.

nodal degrees of freedom are eliminated to ensure that slip rates at corresponding points

on opposite sides of the unit cell are equal.

Two types of loadings are considered here: (i) shear loading (Fig. 1b) and (ii) equi-biaxial

straining (Fig. 1c). In shear, the strain components in eq. (11) are specified as ε̄12 = ε̄21 =

γ/2 and ε̄11 = ε̄22 = 0, where γ the applied shear strain. The work-conjugate applied shear

stress is then

τ =
1

2d2 tan φ(1)

∫
C

(T1x2 + T2x1)dC, (12)

where Ti = σijnj is the traction on the boundary C of the unit cell with nj the outward

unit normal. Under equi-biaxial straining we specify ε̄12 = ε̄21 = 0 and ε̄11 = ε̄22 = εv/2,

where εv is the imposed two-dimensional volumetric strain. The work-conjugate applied

equi-biaxial stress is then calculated as

σ =
1

2d2 tanφ(1)

∫
C

(T1x1 + T2x2)dC. (13)

A time step of Δt = 0.5 ns is needed to resolve the dislocation dynamics so rather high

loading rates, γ̇ = ε̇v = 1000 s−1, were used in the discrete dislocation calculations, while

more realistic loading rates γ̇ = ε̇v = 10−3 s−1 were employed in the strain gradient cal-

culations. Material parameters are chosen (see Section 2.4) such that the crystal exhibits

only a small rate sensitivity and hence the results from the discrete dislocation and strain

gradient plasticity simulations are comparable even though the applied strain rates in the

two formulations differ considerably. The finite element computations of the (̂ ) fields in

the discrete dislocation calculations were performed using bilinear elements (54 × 76 ele-

ments for all d values in both the shear and equi-biaxial loading calculations) while in the

strain gradient calculations special elements (48 × 64 and 36 × 48 elements in the shear

and equi-biaxial loading calculations, respectively) with an 8-node quadratic displacement
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interpolation and a 4-node bilinear slip rate interpolation were employed; see Borg (2006)

for details of the numerical scheme employed in the strain gradient plasticity calculations.

2.4 Material properties: discrete dislocation plasticity

We first describe the material property set used in the discrete dislocation calculations and

the resulting stress versus strain response of the single crystal with no voids. The responses

of the unvoided crystals are then used to motivate the material property set for the strain

gradient plasticity model.

Crystals with two and three active slip systems were considered here. These crystals

were elastically isotropic with Young’s modulus E = 70 GPa and Poisson’s ratio ν =

0.33. The crystals were initially stress- and dislocation-free. Dislocation sources were

randomly distributed on the slip planes spaced 100b apart, with a density ρnuc. Each source

is randomly assigned a nucleation strength from a Gaussian distribution with average

τ̄nuc = 50 MPa and standard deviation Δτnuc = 1.0 MPa; the nucleation time tnuc = 10 ns

for all sources. The magnitude of the Burgers vectors is taken to be b = 0.25 nm for

all dislocations. The drag coefficient for dislocation motion is B = 10−4 Pa s and the

annihilation distance is Le = 6b. Obstacles of strength τobs = 150 MPa are randomly

distributed with a density ρobs = 2ρnuc.

The aim of this study is to investigate size effects in voided crystals. In the limit of no

voids, the infinite crystal is expected to have a macroscopically homogeneous response and

hence not exhibit size effects. In order to investigate the size effect in voided crystals for

void spacings in the range 0.5 μm ≤ d ≤ 8.0 μm, it is essential that the corresponding

unit cells with no voids display no size effects. Here we choose the appropriate values of

the source and obstacle densities so as to ensure that unvoided crystals with unit cells

of size 0.5 μm ≤ d ≤ 8.0 μm give statistically indentical responses. The predicted shear

stress τ versus strain γ responses of the unvoided three slip system crystal for ρnuc =

300 μm−2 are plotted in Fig. 2a for the choices d = 0.5 μm, 2 μm and 8 μm. Over the

range of unit cell sizes of interest, we observe that the shear response is reasonably size

independent. To emphasise the effect of source density in enabling us to achieve a size

independent response over the range 0.5 μm ≤ d ≤ 8.0 μm, the predicted normalised shear

flow strength τf/τnuc (τf is defined as the average shear stress over the shear strain range

0.0075 ≤ γ ≤ 0.01) is plotted in Fig. 2b as a function of ρnuc for selected values of d. It is
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evident that only for ρnuc > 150 μm−2, the predicted responses are reasonably independent

of d. All calculations presented subsequently use source and obstacle densities 300 μm−2

and 600 μm−2, respectively. A similar study also confirmed that the shear response of the

unvoided two slip system crystal is also independent of d for ρnuc = 300 μm−2.

2.5 Material properties: strain gradient plasticity

The material properties in the strain gradient plasticity calculations were chosen to closely

mimic those used in the discrete dislocation plasticity calculations. The elastic properties

and crystallographic orientations were chosen to be identical to those in the discrete dislo-

cation model. However, the plasticity parameters which include the strain rate hardening

constants and the material length scale, do not have a clear analog in the material pa-

rameter set used in the discrete dislocation calculations. We determined the appropriate

plasticity constants in the strain gradient plasticity model as follows.

The discrete dislocation calculations of the unvoided three slip system crystals predict

a size independent non-hardening shear response with a shear yield strength of 30 MPa.

We thus calibrated the plastic properties in the size independent limit (lS = 0) of the

strain gradient model to obtain this shear response, i.e. we set the slip system strength

τ0 = 30 MPa, the viscoplastic exponent m = 0.02 and the reference slip rate γ̇0 = 10−3 s−1

in all the strain gradient calculations presented here. Subsequently, we shall show that

a choice lS = 0.325 μm gives good agreement between the discrete dislocation and strain

gradient plasticity predictions for all crystallographic geometries, void volume fractions

and loading configurations considered. In the following we present results over a range

of d/lS values such that, with lS = 0.325 μm, the strain gradient calculations correspond

exactly to the voided crystals analysed using the discrete dislocation formulation.

3 Numerical results for the voided crystals

Numerical predictions for the shear response of voided two and three slip system crystals

with vf = 1 % and 4 % are presented in Section 3.1. In Section 3.2, these results are

contrasted with the equi-biaxial straining response of the vf = 4 % three slip system

crystals.
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3.1 Shear loading

Discrete dislocation plasticity predictions of the normalised shear stress τ/τnuc versus strain

γ response of the vf = 4 % three slip system crystals are plotted in Fig. 3a for four val-

ues of the void spacing d. The voided crystals display an ideally plastic response with

τ/τnuc ≈ 0.6: taking into account the inherent variability in the discrete dislocation pre-

dictions (Needleman et al., 2006), no clear size effect is observed over the range values of d

analysed. Consistent with these stress histories, the associated evolution of the dislocation

density ρdis with γ (Fig. 3b) also displays only a small size dependence. The corresponding

strain gradient plasticity predictions of the τ/τnuc versus γ response are included in Fig. 3c

for values of d/lS in the range 1.54 ≤ d/lS ≤ ∞. While d/lS = ∞ corresponds to the

conventional length scale independent continuum crystal plasticity limit, we shall see sub-

sequently that the other values of d/lS shown in Fig. 3c are representative of the discrete

dislocation predictions plotted in Fig. 3a. Similar to the discrete dislocation results, we

observe that the shear flow stress only has a small size dependence over the range of d/lS

values investigated here.

Predicted distributions of the total slip Γ at γ = 0.01 are shown in Fig. 4 for selected

values of d and d/lS for the discrete dislocation and strain gradient plasticity formulations,

respectively. The total slip Γ is defined as

Γ =
∑
(α)

|γ(α)|, (14a)

where the slip γ(α) in the strain gradient calculations is the accumulated plastic slip on

each slip plane, whereas in the discrete dislocation calculation it is defined as

γ(α) = s
(α)
i εijm

(α)
j . (14b)

In discrete dislocation plasticity, the calculation of γ(α)1 involves averaging the displacement

jumps across the slip planes by first evaluating the displacements ui on the finite element

mesh and then obtaining the strain field εij = (ui,j + uj,i)/2 by numerical differentiation.

Thus, the numerical values of Γ in the Figs. 4a and 4b are mesh size dependent while the

strain gradient plasticity results in Figs. 4c-d are mesh size independent. Thus, comparisons

between the discrete dislocation and strain gradient plasticity predictions in Fig. 4 should

1The quantity γ(α) in the discrete dislocation calculations is not the actual slip on slip plane (α) as it

includes not only small contributions from the elastic strains but also some contributions from dislocations

gliding on all slip systems.
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be restricted to the qualitative nature of the distributions of Γ rather than precise numerical

comparisons. Both the discrete dislocation and strain gradient plasticity formulations

predict that plastic slip localises on the φ(3) = 0◦ slip planes intersecting the void. As

negligible strain gradients are developed along the slip planes, both the discrete dislocation

and strain gradient formulations predict negligible size effects in the shear response of the

voided crystals. The corresponding distributions of the lattice rotations Ω are plotted

in Fig. 5. In the discrete dislocation calculations the lattice rotation is obtained via the

relation

Ω =
1

2
(û2,1 + ũ2,1 − û1,2 − ũ1,2) , (15a)

with the spatial derivatives of the (̃ ) displacement fields calculated analytically so as to

ensure that slip is not included. Analogously, the lattice rotations in the strain gradient

crystal plasticity model are obtained by excluding the plastic rotations from the material

rotations as

Ω =
1

2
(u2,1 − u1,2) − 1

2

∑
(α)

γ(α)
(
s
(α)
2 m

(α)
1 − s

(α)
1 m

(α)
2

)
. (15b)

The discrete dislocation and strain gradient calculations both predict spatial gradients in

the lattice rotations Ω for all cases considered here including the size independent limit of

the strain gradient calculations (d/lS = ∞). These spatial gradients indicate the storage

of geometrically necessary dislocations (Nye, 1953; Ashby, 1970) even though the τ versus

γ response is reasonbaly size independent. We note that the large lattice rotations imme-

diately above and below the void in the discrete dislocation predictions are indicative of

the formation of a kink-band on the φ(3) = 0◦ planes. The strength of this kink band seems

to increase with increasing d.

The size dependence of the shear responses of the voided crystals are summarised in Fig. 6.

Results are presented for voided two and three slip system crystals with vf = 1 % and 4 %.

The size dependence is quantified in terms of the flow stress τf and the average dislocation

density ρf , defined as the average values of τ and ρdis, respectively over the strain range

0.0075 ≤ γ ≤ 0.01. Discrete dislocation predictions of τf and ρf versus d are plotted in

Figs. 6a and 6b, respectively while the strain gradient plasticity predictions of τf versus

d/lS are included in Fig. 6c. The discrete dislocation predictions are averages over four

realisations of source and obstacle distributions and the error bars marked in Figs. 6a and

6b indicate the variations over these realisations. Since the φ(3) planes of the three slip

system crystal are aligned with the applied shear stresses, these voided crystals have a

lower flow strength compared to the two slip system voided crystals. Further, consistent

with expectations, the vf = 1 % crystals have a higher flow strength compared to the 4 %
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crystals. Over the range of d values considered here, both the discrete dislocation plasticity

and strain gradient plasticity formulations predict a negligible size dependence of τf . In

line with these predictions, the discrete dislocation plasticity calculations also indicate that

the dislocation density ρf is not strongly dependent on d.

While no qualitative differences between responses of the two and three slip voided crystals

were predicted in the calculations reported above, it is worth mentioning that the discrete

dislocation predictions of the dislocation distributions in these two cases are markedly

different. The dislocation distributions at γ = 0.01 in the d = 4.0 μm voided two and

three slip system voided crystals (vf = 4 %) are plotted in Figs. 7a and 7b, respectively.

While the two slip system voided crystal has a reasonably uniform dislocation distribution

throughout the unit cell, dislocations in the three slip system crystal are localised on a

cross centred at the void with the remaining unit cell reasonably dislocation free. These

differences are rationalised by recalling that with the φ(3) =◦ slip planes aligned with the

shearing directions in the three slip system crystal, deformation preferentially occurs by

the formation of slip bands along the 0◦ planes intersecting the void and by the formation

of a kink band (see the lattice rotation distributions in Fig. 5) on the 0◦ planes immediately

above and below the void. On the other hand, deformation in the two slip system crystals

is more uniform with the crystals undergoing symmetric double slip.

3.2 Equi-biaxial straining

Over the length scale considered here, both the discrete dislocation and strain gradient

plasticity formulations predict negligible size effects for voided crystals subjected to shear.

We proceed to consider the other extreme loading case of equi-biaxial straining of the

voided crystals. For the sake of brevity, attention is restricted to the vf = 4 % three slip

system crystals.

Discrete dislocation plasticity predictions of the biaxial stress σ and dislocation density ρdis

versus strain εv responses of the voided crystals are plotted in Figs. 8a and 8b, respectively.

Predictions are shown for length scales in the range 0.5 μm ≤ d ≤ 4.0 μm. Note that the

d = 8.0 μm predictions are omitted here as the biaxial straining calculations for the large

unit cells are prohibitively time-consuming. Unlike the shear loading case, a distinct size

effect in the σ versus εv response is observed with the strength of the voided crystals

increasing with decreasing d. Moreover, unlike under shear loading the crystals display a
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hardening response at least for the smaller values of d considered here. While the strength

of the crystals displays a strong size dependence, no clear trend is observed in the variation

of ρdis with d (Fig. 8b). The corresponding strain gradient plasticity predictions of the σ

versus εv response are plotted in Fig. 8c. These responses are qualitatively similar to the

discrete dislocation predictions over the range of d/lS values considered here and confirm

that the non-hardening response is recovered in the size independent limit d/lS = ∞.

Discrete dislocation (Figs. 9a and 9b) and strain gradient plasticity (Figs. 9c-e) predic-

tions of the distributions of the total slip Γ indicate that under biaxial straining, spatial

gradients in the slip magnitude develop along the active slip planes. Thus, unlike under

shear loading, these gradients give rise to hardening due to the presence of geometrically

necessary dislocations and the consequent size effects in the responses plotted in Figs. 8a

and 8c. The strain gradient plasticity calculations clearly show that higher gradients in

Γ are present for smaller values of d/lS, which give rise to the increased strength with

decreasing d.

The discrete dislocation and strain gradient plasticity predictions of the size effects under

equi-biaxial straining are summarised in Figs. 10a and 10b, respectively. Similar to the

shear loading case, the results are summarised in terms of the flow strength σf and corre-

sponding dislocation density ρf defined as the average values of σ and ρdis over the range

0.0075 ≤ εv ≤ 0.01. Moreover, the discrete dislocation results plotted in Fig. 10a are aver-

ages over four realisations of source and obstacle distributions with the error bars showing

the ranges of σf and ρf obtained in these calculations. Both the discrete dislocation and

strain gradient plasticity calculations predict a strong size effect in the flow strength with

σf decreasing with increasing d over the entire range of void spacings considered here. How-

ever, such a clear size dependence is not observed in the discrete dislocation predictions

of ρf : we conclude that while the density of geometrically necessary dislocations increases

with decreasing d, an interplay between the statistical and geometrically necessary disloca-

tion densities means that this trend is not reflected in the variation of the total dislocation

density ρf with d.
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4 Comparison between the discrete dislocation and

strain gradient plasticity predictions

While qualitative comparisons between discrete dislocation and strain gradient plasticity

predictions are shown above, quantitative comparisons require that the length scale lS

be specified explicitly in the strain gradient plasticity calculations. Comparisons between

the discrete dislocation and strain gradient plasticity predictions of τf and σf with void

spacing d are shown in Fig. 11a for the vf = 4 % three slip system crystals and the choice

lS = 0.325 μm. Similar comparisons are shown in Fig. 11b for the shear loading of the

vf = 1 % and 4 % two slip system crystals again with the choice lS = 0.325 μm. With this

choice of lS, excellent agreement is obtained between the discrete dislocation and strain

gradient plasticity predictions for both shear and equi-biaxial straining of all the voided

crystals considered here. To illustrate the scaling of the strengths with the void spacing d

we fit relations of the form

τf = k

(
d

dref

)−n

+ τ∞, (16a)

and

σf = k

(
d

dref

)−n

+ σ∞, (16b)

to strain gradient plasticity predictions of the shear and equi-biaxial flow strengths in

Fig. 11. In eq. (16), dref = 1 μm and k are the reference structural length and strength,

respectively, τ∞ and σ∞ are the strain gradient plasticity predictions of the flow strength in

the limit d/lS → ∞ (i.e. the conventional length scale independent crystal plasticity limit)

and n is an exponent characterising the sensitivity of the flow strength to the void spacing

d. Least-squares fits to the strain gradient plasticity predictions using eq. (16) are included

in Fig. 11 with the corresponding constants listed in Table 1. These fits indicate that while

under equi-biaxial loading the flow strength σf exhibits approximately an inverse scaling

with d (n ≈ 1.0), under shear loading the size effect is significantly weaker with n ≈ 0.2.

Note that with lS = 0.325 μm, the d/lS = 3.08 and 12.31 strain gradient plasticity results

in Figs. 4, 5 and 9 correspond to d = 1 μm and 4.0 μm, respectively and thus can be

directly compared with the discrete dislocation predictions in the corresponding figures.

The comparisons presented in this work indicate that the discrete dislocation and strain

gradient plasticity predictions of the responses of the voided crystals compare favourably
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not only in terms of the flow strengths but also in terms of the distributions of the total slip

Γ though there is some discrepancies between the discrete dislocation and strain gradient

plasticity predictions of the lattice rotations (Fig. 5).

5 Discussion

In plastically deforming crystals, the accumulation, interaction and motion of large num-

bers of dislocations give rise to complex spatiotemporal dynamics, which may lead to

organised dislocation structures including, for example, walls, cells, subgrains and persis-

tent slip bands. The characteristic length scales that are associated with the dislocation

patterns lead to the now well-appreciated size dependence of plastic response at the micron

scale. Conventional plasticity theories predict a size independent response. A variety of

non-local plasticity theories (mainly strain gradient constitutive formulations) have been

proposed to account for the observed size dependence of micro-scale plastic flow in crys-

talline solids, (e.g. Fleck and Hutchinson, 2001; Gurtin, 2002). The physical motivation

for these typically stems from accounting, in a phenomenological relation, for the effects

of geometrically necessary dislocations, (Nye, 1953; Ashby, 1970). These continuum plas-

ticity models assume that plasticity can occur at any point where the flow criterion is

met. However, a necessary criterion for plasticity is that sufficient slip can be produced

by the available dislocations. This in turn requires the presence of one or more dislocation

sources close to that location – this is not always the case as demonstrated in Needleman

et al. (2006). In the discrete dislocation calculations presented here we ensured that source

limited plasticity effects were negligible by choosing sufficiently high source and obstacle

densities. Thus, the origin of the size effect in the calculations presented here was restricted

primarily to geometrically necessary dislocations that the strain gradient plasticity theories

attempt to model.

In the discrete dislocation formulation, the shear/tensile responses of the crystals are out-

comes of the boundary value problem solution, with the dislocation mobility, source and

obstacle strength and density all playing a role in setting the yield strength and hardening

rates. Here we calibrated the size independent hardening response in the strain gradient

plasticity model from the discrete dislocation predictions of the shear response of the un-

voided crystals. Good agreement between the discrete dislocation and strain gradient plas-

ticity predictions was obtained with the choice of the material length scale lS = 0.325 μm
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in the strain gradient plasticity model. This material length scale corresponds to roughly

ten times the slip plane spacing in the discrete dislocation and is consistent with the ac-

tive slip band spacing found in the discrete dislocation calculations (Figs. 4 and 9). It is

worth noting that similar to the findings reported here, Shu et al. (2001) also found good

agreement between discrete dislocation and strain gradient predictions of the simple shear

response of a constrained strip with the choice of a material length scale approximately

ten times the slip plane spacing.

Fleck and Hutchinson (2001) have argued that at least two distinct material length parame-

ters must be introduced in any phenomenological gradient plasticity theory, one parameter

characterising problems for which stretch gradients are dominant and the other relevant to

problems when rotation gradients (or shearing gradients) are controlling. The indentation

and void growth problems are similar in that the stretch gradients play the critical role in

determining size effects. Begley and Hutchinson (1998) analysed the size dependence of

indentation data for different metals of varying hardness to infer that the stretch gradient

length scale usually fell within the range between 0.2 μm and 0.5 μm. By contrast, the

length scale associated with the shearing gradients is critical in the torsion of wires and

Fleck et al. (1994) inferred from their experiments that this length scale is approximately

2 μm for polycrystalline copper. The comparisons between the discrete dislocation and

strain gradient plasticity calculations reported here suggest that a single material length

scale lS = 0.325 μm is sufficient to give good agreement between the two sets of simulations

for both shear and equi-biaxial loading of a voided crystal. This length scale is in broad

agreement with the stretch length scales inferred by Begley and Hutchinson (1998).

6 Concluding remarks

We have carried out plane strain analyses of the shear and equi-biaxial loading responses

of periodic voided crystals employing both discrete dislocation plasticity and continuum

strain gradient crystal plasticity formulations. The general features that emerge from our

analyses include:

• Under shear loading, the formation of strong slip bands reduces the slip gradient

along the slip planes in both the discrete dislocation and strain gradient plasticity

formulations. Thus, both theories predict a non-hardening response with small size
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effects.

• By contrast, under equi-biaxial straining, both formulations predict a strong size

dependence with the flow strength displaying approximately an inverse scaling with

the void spacing d.

• Excellent agreement between the strain gradient plasticity and discrete dislocation

predictions is obtained for all loading cases, crystal types and void volume fractions

considered here. This agreement is obtained when the material length scale lS in the

strain gradient formulation is set to approximately ten times the slip plane spacing

in the discrete dislocation model.
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Loading Material k n σ∞ or

(MPa) τ∞ (MPa)

Equi-biaxial 3 slip systems, 99 1.01 88

straining vf = 4 %

3 slip systems, 1.6 0.29 23

vf = 4 %

Shear 2 slip systems, 12 0.23 59

vf = 4 %

2 slip systems, 7.7 0.13 75

vf = 1 %

Table 1: The parameters used to plot eq. (16) in Fig. 11.
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Figure 1: (a) The two-dimensional crystal with a periodic cubic arrangements of rectan-

gular voids. Sketches of the unit cell of the voided crystal subjected to periodic (a) shear

loading and (b) equi-biaxial straining.
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Figure 2: (a) Discrete dislocation predictions of the shear stress τ versus strain γ response

of the three slip system single crystal with ρnuc = 300 μm−2 and ρobs = 600 μm−2. Results

are shown for selected values of the unit cell size d. (b) The variation of the shear flow

stress τf of the three slip system single crystals as a function of the source density ρnuc for

selected values of d.
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Figure 3: The shear response of the vf = 4 % three slip system voided crystal. Discrete

dislocation predictions of the evolution of the (a) shear stress τ and (b) dislocation density

ρdis with shear strain γ for selected values of the void spacing d. (c) Corresponding strain

gradient crystal plasticity predictions of the shear stress versus strain response for selected

values of the normalised void spacing d/lS. Predictions of the two formulations are directly

comparable with the choice lS = 0.325 μm.
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Figure 4: Predictions of the distributions of the total slip Γ in the vf = 4 % three slip

system voided crystal at an applied shear strain γ = 0.01. Discrete dislocation plasticity:

(a) d = 1.0 μm and (b) d = 4.0 μm. Strain gradient plasticity: (c) d/lS = 3.08, (d)

d/lS = 12.31 and (e) the size independent limit with d/lS = ∞. The scale bars marked in

(c) and (d) assume lS = 0.325 μm.
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Figure 5: Predictions of the distributions of the lattice rotations Ω in the vf = 4 % three slip

system voided crystal at an applied shear strain γ = 0.01. Discrete dislocation plasticity:

(a) d = 1.0 μm and (b) d = 4.0 μm. Strain gradient plasticity: (c) d/lS = 3.08, (d)

d/lS = 12.31 and (e) the size independent limit with d/lS = ∞. The scale bars marked in

(c) and (d) assume lS = 0.325 μm.
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Figure 6: Summary of the predicted size dependence of the shear responses of the vf = 1 %

and 4 % two and three slip system crystals. Discrete dislocation plasticity: (a) shear

flow strength τf and (b) corresponding dislocation density ρf versus void spacing. Strain

gradient plasticity: (c) τf versus normalised void spacing d/lS. The flow strength τ∞ in

the size independent limit (d/lS = ∞) is marked in (c) for each case.
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Figure 7: Discrete dislocation plasticity predictions of the dislocation distributions in the

(a) two slip system and (b) three slip system crystals (vf = 4 %) at an applied shear strain

γ = 0.01.
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Figure 8: The equi-biaxial straining response of the vf = 4 % three slip system crystal.

Discrete dislocation predictions of the evolution of the (a) stress σ and (b) dislocation

density ρdis with strain εv for selected values of the void spacing d. (c) Corresponding

strain gradient crystal plasticity predictions of the stress versus strain response for selected

values of the normalised void spacing d/lS. Predictions of the two formulations are directly

comparable with the choice lS = 0.325 μm.



(a) (b)
1 μm 1 μm

(c) (d) (e)
1 μm 1 μm

0.14
0.12
0.1
0.08
0.06
0.04
0.02

Γ

Γ
0.40
0.36
0.31
0.27
0.22
0.18
0.13
0.09
0.04
0.00

Figure 9: Predictions of the distributions of the total slip Γ in the vf = 4 % three slip

system crystal at an applied equi-biaxial strain εv = 0.01. Discrete dislocation plasticity:

(a) d = 1.0 μm and (b) d = 4.0 μm. Strain gradient plasticity: (c) d/lS = 3.08, (d)

d/lS = 12.31 and (e) the size independent limit with d/lS = ∞. The scale bars marked in

(c) and (d) assume lS = 0.325 μm.
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Figure 10: Summary of the predicted size dependence of the equi-biaxial straining response

of the vf = 4 % three slip system crystal. Discrete dislocation plasticity: (a) Flow strength

σf and corresponding dislocation density ρf versus void spacing. Strain gradient plasticity:

(b) σf versus normalised void spacing d/lS.
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Figure 11: Discrete dislocation and strain gradient plasticity predictions of the variation

of the flow strengths of the voided crystals with void spacing d. Results are shown for (a)

shear and equi-biaxial flow strengths of the vf = 4 % three slip system crystals and (b)

the shear flow strengths of the vf = 1 % and 4 % two slip system crystals. The material

length scale in the strain gradient model is assumed to be lS = 0.325 μm. Fits of the form

eq. (16) to the strain gradient plasticity predictions are also included with the constants

employed listed in Table 1.


