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This work is related to modeling of synthetic sonar images of naval mines or other objects.
Considered here is the computation of high frequency scattering from the surface of a rigid
3D-object numerically represented by plane triangular facets. The far field scattered pressure from
each facet is found by application of the Kirchhoff approximation. Fawcett �J. Acoust. Soc. Am.
109, 1319–1320 �2001�� derived a time domain expression for the backscattered pressure from a
triangular facet, but the expression encountered numerical problems at certain angles, and therefore,
the effective ensonified area was applied instead. The effective ensonified area solution is exact at
normal incidence, but at other angles, where singularities also exist, the scattered pressure will be
incorrect. This paper presents a frequency domain expression generalized to bistatic scattering
written in terms of sinc functions; it is shown that the expression improves the computational
accuracy without loss of robustness. © 2006 Acoustical Society of America.
�DOI: 10.1121/1.2149842�
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I. INTRODUCTION

In the past decade low price hardware has made high
frequency sonar imagery systems widely available for naval-
mine identification, harbor surveillance, and offshore indus-
try. This work is related to the generation synthetic sonar
images of naval mines and other objects.

An object will be numerically represented by elementary
facets. The far field scattered pressure from each facet is
found by application of the physical optics solution or Kirch-
hoff approximation.1,2 The total scattered field is given as the
coherent sum of pressure contributions from all nonshad-
owed facets.

The plane rectangular facet has been used by
Sammelmann3 and George.4 However, for arbitrarily shaped
objects the plane rectangular facet can lead to problems con-
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cerning correct surface representation. The plane triangular
facet, on the other hand, is suited for all types of surfaces
because of its co-planar property. Fawcett5 derived the time
domain impulse response for backscattering from a plane
triangular facet. An alternative to the flat facet approach is
the application of nonuniform rational B-spline surfaces
�NURBS�.6 The field integral is evaluated over a parametric
space of Bezier surfaces using the method of stationary
phase.

The plane triangular facet is considered in this note. The
expression for the scattered pressure from the plane triangu-
lar facet, first presented by Fawcett,5 consists of three con-
tributions corresponding to a response from each of the three
vertices. However, this vertex response, which is applicable
in the time domain, becomes numerically unstable at certain
angles as the angle dependent coefficients get very large due
to division by very small numbers. One way to deal with this
is to replace the integral solution with the effective ensoni-

5
fied area, when the coefficients exceed, say, 1000. This
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choice might be appropriate for near normal incidence, but
for angles away from near normal incidence, where singu-
larities also exist, the scattered pressure will be incorrect. In
this note the time domain opportunity is abandoned and the
frequency domain expression is rewritten in a numerically
robust frame formulated additionally for bistatic scattering.

II. FACET-GEOMETRY AND FIELD APPROXIMATIONS

In this section a scattering integral for a rigid, plane and
triangular facet is derived. The Kirchhoff approximation as
well as the far field approximation are applied.

Suppose an arbitrarily shaped body is numerically rep-
resented by plane triangular facets. Each facet in the three-
dimensional space is represented by its vertex points P1, P2,
P3 and the unit surface normal vector, n̂s, pointing out of the
body. The vectors connecting the vertex points are defined by

u=P1P2
� , v=P1P3

� , and w=P2P3
� , and they are arranged such

that u represents the longest side of the triangle and �u
�v� · n̂s�0; see Fig. 1.

A local coordinate system � �� is introduced. The origin
O� has the global coordinates P0=P1+vu, where vu is the
projection of v on u. In the local coordinate system the tri-
angle is described by the axis-points x1�, x2�, and y3�. The base
of � �� is

ex� = u/�u� , �1a�

ey� = �v − vu�/�v − vu� , �1b�

ez� = ex� � ey�. �1c�

The base given by Eqs. �1a�–�1c� establishes a coordinate
transformation matrix applied on r0, the vector from P0 to
the source, and on r1, the vector from P0 to the observation
point. In the � ��-coordinate system r0 and r1 have been
transformed into r0� and r1�, respectively, but their �Euclidian�
lengths are unchanged, i.e., �r0��= �r0�=r0 and �r1��= �r1�=r1.
The unit surface normal vector has been transformed into
n̂s���001�T, and each point on the plane facet, S, is given by
xs���x�y�0�T; see Fig. 2.

The Kirchhoff approximation is applied on the rigid sur-
face and the total pressure field, p, is related to the incoming

FIG. 1. Local coordinate system � �� of a plane triangular facet.
field, pinc, through
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p�xs�� = 2pinc�xs�� �2�

�see, e.g., Fawcett5�. The Kirchhoff Helmholtz integral equa-
tion �see, e.g., Pierce,7 Eq. �4-6.4�� consequently reduces to
the integral

psc�r1�� =
1

2�
�

S

pinc�xs�� � G�xs��r1�� · n̂s� dS , �3�

where psc�r1�� is the facet-scattered pressure measured at
the observation point, r1�, and �G�r1� �xs�� is the gradient of
the free space Green’s function directed toward the obser-
vation point. The incoming field originates from a mono-
pole source,

pinc�xs�� = p0
eik�xs�−r0��

�xs� − r0��
, �4�

where p0 is the pressure amplitude 1 meter from the source.
In the far field, the range from the facet to the source by
far exceeds the dimensions of the facet, and hence, a first
order Taylor series expansion of �xs�−r0�� with respect to
xs� /r0 is possible,

�xs� − r0�� � r0 − r̂0� · xs�, �5�

where r̂0�=r0� /r0 �see, e.g., Ogilvy,1 Eq. �4.10��. The right-
hand side of Eq. �5� will be applied for the phase term of Eq.
�4� whereas it is sufficient to approximate the slowly varying
denominator in Eq. �4�, i.e., the term that represents geo-
metrical spreading, to zero order, that is, �xs�−r0���r0�. The
incoming field is

pinc�xs�� = p0
eikr0

r0
e−ikr̂0�·xs�, �6�

and hence, the part of the spherical wave that sweeps over
the facet is considered locally plane. The gradient of the

FIG. 2. Geometry applied for field integration over the surface of a trian-
gular facet.
Green’s function,
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�G�r1��xs�� =
r1� − xs�

�r1� − xs�3
�ik�r1� − xs� − 1�eik�r1�−xs��, �7�

�see, e.g., Pierce,7 Eq. �4-6.5�� is also approximated to the far
field. In the phase term, �r1�−xs���r1− r̂1� ·xs�, is applied, and
in the amplitude terms, r1�−xs��r1� is used. The expression
within the brackets of Eq. �7� is approximated to �ik�r1�−xs��
−1���ikr1−1�� ikr1, where the second approximation is
valid because ikr1�1. Hence,

�G�r1��xs�� = r̂1�ik
eikr1

r1
e−ikr̂1�·xs�, �8�

where r̂1�=r1� /r1. Insertion of Eq. �6� and Eq. �7� into Eq. �3�
leads to a scattering integral with a linear phase term

psc�x� =
p0ikeik�r0+r1�r̂1� · n̂s�

2�r0r1
�

S

e−ik�r̂0�+r̂1��·xs� dS . �9�

III. A ROBUST EXPRESSION FOR TRIANGULAR
FACET SCATTERING

If the phase variation over the facet is neglected, the
integral in Eq. �9� can be replaced by the facet area, S, and
the approximate effective ensonified area response is

psc�x� =
p0ikeik�r0+r1� cos �1

2�r0r1
S , �10�

where cos �1= r̂1� · n̂s�. However, this expression is only ex-
act for normal incidence. In the general case the dot-
product in the exponential term of the surface integral Eq.
�9� must be considered,

�r̂0� + r̂1�� · xs� = ax� + by�, �11�

where the angle dependent constants are given by

a = sin �0 cos �0 + sin �1 cos �1, �12a�

b = sin �0 sin �0 + sin �1 sin �1, �12b�

and where the angle between r j� and ns� is 0�� j �� /2, and
the angle in the x�y� plane is 0�� j �2�, j=0,1. The solu-
tion to Eq. �9� is brought on the vertex response form

psc�x� =
p0eik�r0+r1� cos �1

ik2�r0r1
��1e−ikax1� + �2e−ikax2�

+ �3e−ikby3�� , �13a�

where �1, �1, and �3 are the vertex coefficients given by

�1 =
− y3�

a�ax1� − by3��
, �13b�

�2 =
y3�

a�ax2� − by3��
, �13c�

�3 =
y3��x2� − x1��

�ax2� − by3���ax1� − by3��
. �13d�

The vertex response can be transformed into the time
5
domain to obtain the impulse response �see, e.g., Fawcett �.
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As can be observed from Eqs. �13b�–�13d� three singularities
are present, a=0, ax1�−by3�=0, and ax2�−by3�=0. For back-
scattering these singularities correspond to incident direc-
tions normal to the three sides of the triangle, i.e., normal to
u, w or v. From an analytical point of view, large values of
� j will cancel each other in Eq. �13a�. However, in a numeri-
cal implementation the cancellation tends to fail because of
truncation errors obtained near the working precision of the
computer. In what follows the time domain approach is aban-
doned and a numerically robust expression is derived. The
angle dependent terms a, �ax1�−by3��, and �ax2�−by3�� are
separated and expressed in terms of the well-behaved sinc
function. Hence, the solution to Eq. �9� is written

psc�x� =
p0eik�r0+r1� cos �1

2�r0r1
	 1

ikb



� �x1�e
−ik�ax1�+by3��/2 sin�k�ax1� − by3��/2�

k�ax1� − by3��/2

− x2�e
−ik�ax2�+by3��/2 sin�k�ax2� − by3��/2�

k�ax2� − by3��/2

+ �x2� − x1��e
−ika�x1�+x2��/2 sin�ka�x2� − x1��/2�

ka�x2� − x1��/2
� .

�14a�

When b→0, Eq. �14a� becomes numerically unstable, and is
replaced by the limit value, psc�x� for b→0, found by using
the rule of L’Hospital,

psc�x� =
p0eik�r0+r1� cos �1y3�

4�ir0r1
� �g�kax1�/2�x1�e

−ikax1�/2

− g�kax2�/2�x2�e
−ikax2�/2� , �14b�

where

g�x� =
− cos�x� + sin�x�/x

x
− i

sin�x�
x

. �14c�

IV. RESULTS

Validation is carried out by considering the canonical
problem of backscattering of a plane wave of unit amplitude
from a rigid sphere. The infinite harmonic series solution8 is
the Benchmark solution. The sphere is a good test case be-
cause sharp edges, where the Kirchhoff approximation fails,
are absent. The time domain response of a 445 kHz Ricker
pulse incident on a sphere with a radius equal to
10 centimeters measured at a range of 10 meters is deter-
mined. In the numerical model the surface of the sphere is
represented by iso-sized facets with areas of 11 mm2. Results
from three different numerical Kirchhoff approaches are con-
sidered. The first approach is the vertex response given by
Eqs. �13� where no numerical precautions are taken. In the
second approach the vertex response is combined with the
effective area response given by Eq. �10� according to
Fawcett.5 The vertex response is switched “off” and the ef-
fective area response “on” when the magnitude of one of the

coefficients in Eqs. �13� exceed 1000. Finally, the third ap-
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proach is the robust response given by Eq. �14�. Fourier syn-
thesis has been carried out on the benchmark solution as well
as on the three different numerical Kirchhoff approaches.

The results are given in Fig. 3. The robust response
given by Eq. �14� matches the analytic solution very well
except after the specular reflection where oscillations occur.
These oscillations are related to the numerical surface dis-
cretization of the sphere and not the scattering formulas. The
result from the pure vertex response, Eqs. �13�, clearly di-
verges from the analytical solution at the specular reflection,
but after that, it quickly approaches the robust response.
Hence, the pure vertex response is accurate as long as the
critical angles are not encountered; if this happens, erroneous
results orders of magnitudes from the actual response will
occur. The combined solution is significantly closer to the
analytical result at the specular reflection, but exhibits stron-
ger oscillations after the specular reflection, indicating that
the combined approach is a robust, but not very accurate,
numerical approach when singularities are encountered. The

FIG. 3. Backscattering from a rigid sphere. The thick solid line is the bench-
mark solution; the dotted line is the vertex response �Eq. �13�� the dashed-
dotted line is the vertex response, �Eq. �13��, combined with the effective
area response �Eq. �10��; and the solid line with circles is the robust re-
sponse �Eq. �14��.
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robust response expressed in terms of sinc functions has
proven to be the most numerically reliable expression.

V. CONCLUSION

A numerically robust expression for the far field bistatic
scattered pressure from a plane triangular facet written in
terms of sinc functions, Eq. �14�, has been presented. The
expression is applied for the computation of high frequency
scattering from arbitrarily shaped objects. Equation �14� has
been compared with two solutions based on the vertex re-
sponse expression, Eq. �13�. The first solution is the pure
vertex response which is numerically unstable at certain
angles. The second solution, presented by Fawcett,5 com-
bines Eq. �13� with the effective ensonified area, Eq. �10�, in
the case where one of the coefficients of the vertex response,
Eqs. �13b�–�13d�, exceeds a threshold value equal to 1000.
Comparisons have been carried out by considering the ca-
nonical problem of backscattering of a plane wave from a
rigid sphere, and the expression written in terms of sinc func-
tions has been shown to be the most reliable solution in
terms of accuracy.
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