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PROCEEDINGS OF THE I.R.E.

The Field Radiated by a Ring Quasi-Array of an

Infinite Number of Tangential or Radial Dipoles*
H. LOTTRUP KNUDSENt

Summary-A homogeneous ring array of axial dipoles will
radiate a vertically polarized field that concentrates to an increasing
degree around the horizontal plane with increasing increment of the
current phase per revolution. There is reason to believe that by using
a corresponding antenna system with tangential or radial dipoles, a
field may be obtained that has a similar useful structure as the
above-mentioned ring array, but which in contrast to the latter is
essentially horizontally polarized. In this paper a systematic investi-
gation has been made of the field from such an antenna system with
tangential or radial dipoles. Recently it was stated in the literature
that it is impossible to treat the general case where the increase of
the current phase per revolution is arbitrarily large by using ordinary
functions. The results obtained in this paper disprove this statement.

A similar investigation has been made of the field from the an-
tenna system with tangential dipoles described above in the case
where the current distribution on this system is a standing wave in-
stead of a progressing wave.

When the increment of the current phase per revolution converges
towards infinity, the gain of the antenna systems treated here con-
verges towards infinity, too, i.e. supergain occurs. Based on the
theory of supergain an approximate expression has been derived for
the minimum value of the radius of the antenna system, which it is
possible to use in practice.

INTRODUCTION
AS WAS SHOWN by Chireix,' an azimuthally omni-

directional antenna system with a field that is
concentrated around the horizontal plane and

with vertical polarization may be obtained by placing a
number of vertical dipoles equidistantly along a circle
in the horizontal plane (see Fig. 1(d)) and by feeding
these dipoles with currents having the same numerical
value but a phase increasing uniformly along the circle.
An antenna system of this type will be called a homo-
geneous ring array of axial dipoles. In order that this
ring array may be completely omnidirectional in the
horizontal plane the number of dipoles must be infinitely
large (see Fig. 1(a)). The current phase increases a
whole number, H, times 2wr during one revolution in the
positive direction.

Denoting the radius of the circle by a, the angle be-
tween the normal to the plane of the circle and the di-
rection from the ring array to the field point by 0, and
the azimuth of this point by 0, we find-according to
Chireix-the following expression for the array charac-
teristic G(0, 4) of a homogeneous ring array with in-
finitely many elements:

G = KleiHuJH(ka sin 0).2()

* Decimal classification: R120. Original manuscript received
by the Institute, November 11, 1951; revised manuscript received
December 17, 1952.

t The Microwave Laboratory, The Royal Technical University
of Denmark, Copenhagen, Denmark.

1 H. Chireix, "Antennes a rayonnement z6nithal r6duit," L'Onde
Alec., vol. 15, pp. 440-456; 1936.

2 As time factor is used e-iwt.

In this expression K1 is a constant depending on the
choice of the reference antenna, whereas k denotes the
intrinsic transmission coefficient, k = 27r/X, of free space,
where X is the wavelength.

If the radius a of the circle is so small that ka<<«, we
find from (1) the following approximate expression for
IG|

G -K2 sinH 0, (2)

where K2 is a constant. This expression shows that the
field, which is polarized in the 0-direction for any value
of the increment, H2Mr, of the current phase, concen-
trates more and more around the horizontal plane with
increasing values of HI. Chireix proposes that this
property of the homogeneous ring array might be used
for obtaining a fading-reducing antenna system.
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Fig. 1-(a) Ring array of a finite number of axial dipoles. (b) Ring
quasi-array of a finite number of tangential dipoles. (c) Ring
quasi-array of a finite number of radial dipoles. (d) Rinig array
of an infinite number of axial dipoles. (e) Ring quasi-array of a
infinite number of tangential dipoles. (f) Ring quasi-array of an
infinite number of radial dipoles.

Of late years FM and television have aroused interest
in horizontally polarized fields. It is an obvious thing,
therefore, in analogy with Chireix's investigation of a
homogeneous ring array of axial dipoles, to carry out an
investigation of the field from corresponding ring-
shaped antenna systems with tangential or radial di-
poles. The elements in these antenna systems are iden-
tical, but not identically oriented. In what follows we
shall denote an antenna system composed of identical
but not necessarily identically oriented elements as a
quasi-array. In this paper we set the problem of calcu-
lating the field from a homogeneous ring quasi-array of
an infinite number of tangential or radial dipoles. The
adjective "homogeneous" denotes here, as in the case of
the ring array, that the antennas are placed equidis-
tantly, and that they carry currents with the same nu-
merical value but with a phase that increases uniformly
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PROCEEDINGS OF THE I.R.E.

along the circle. The increment of the phase during one
revolution is denoted by H27r. With the notation used
in Fig. 1 a ring quasi-array of tangential or radial di-
poles may be expected to radiate a field that is polarized
essentially in the 4-direction, and which concentrates to
an increasing degree around the horizontal plane with
increasing Hi.

Figs. l(b) and (c) show a ring quasi-array of respec-
tively tangential and radial dipoles. In Figs. 1(e) and (f)
are shown. the corresponding antenna systems with an
infinite number of elements. It is observed that a ring
quasi-array of tangential dipoles then degenerates into
a wire bent in a circle, i.e. a circular frame aerial.

Carter3 has carried through a calculation of the field
from an array of a finite number of axial dipoles and a
ring quasi-array of a finite number of tangential or ra-
dial dipoles placed concentrically around a conducting
cylinder and with H= 0 or H= 1. In the case where the
radius of the conducting cylinder is equal to zero, and
where the number of dipoles converges towards infinity,
the antenna systems treated by Carter constitute spe-
cial cases of the systems investigated in this paper.
The field from an arbitrarily large, circular frame

aerial with constant current (i.e., H=O) has previously
been investigated by Foster4 and Moullin.5 This field
calculation is included in the present investigation as a
special case. The general case of a circular frame aerial
with a standing or a progressing current wave has been
tackled by Sherman.6 However, Sherman arrives at the
conclusion that a calculation of the field in an arbitrary
direction cannot be carried out. This statement is con-
tradicted by the results obtained in this paper. The pres-
ent paper deals particularly with quasi-arrays with pro-
gressing current waves. It seems as if a satisfactory
treatment of a circular frame aerial with a standing cur-
rent wave has not been given in the literature; this case
is therefore also treated in the present paper.

the rectangular co-ordinate system the j'th dipole has
the co-ordinate (a cos uj, a sin u;, 0), where

2 j
Uj = I

s

The current Ij in the j'th dipole is given by

Ij= 1eiHui

(3)

(4)
where I is a complex constant and H an integral num-
ber.

In calculating the radiated field we use the method of
radiation vectors described by Schelkunoff.7 Denoting
by r the intrinsic impedance of free space, by r the vec-
tor pointing from the center of the antenna system to
the field point, and setting r = r, we define a constant
Tby

iksLtI
T = eikr.

47rr (5)

By using the radiation vector F(O, 4) we may then ex-
press the electric and the magnetic field strength in the
radiated field as follows

r
E=TF, H-= -- X E,

r

where

Fr- 0

Fo = F. cos 0 cos4 +± Fy cos 0 sin ) - F, sin 0,

(6, 7)

(8)
F4, = - F sin 4) + Ft, cos 4.

The x-, y-, and z-components of the radiation vector F
are given by

Fx = -S sinuj, F,=S cosuj, F,=O, (9)
where

A HOMOGENEOUS RING QUASI-ARRAY OF
TANGENTIAL DIPOLES

Calculation of the Field
In this section we shall calculate the field from a ho-

mogeneous ring quasi-array of an infinite number of di-
poles placed along a circle with radius a so that the di-
poles are tangent to this circle, as shown in Fig. 1(e).
We first formulate the problem of the corresponding
ring quasi-,array with a finite number, s, of elements,
each one having the length L, see Fig. 1 (b). As sketched
in this figure, we introduce a spherical co-ordinate sys-
tem (r, 0, 4) and a rectangular co-ordinate system (x, y,
z) corresponding to the first system in the usual way. In

3 P. S. Carter, "Antenna arrays around cylinders," PROC. I.R.E.,
vol. 31, pp. 671-693; 1943.

4 D. Foster, "Loop antennas with uniform current," paper pre-
sented before a joint meeting of the I.R.E. and U.R.S.I.; April, 1937.

5 E. B. Moullin, "Radiation from large circular loops," Jour.
IEE (London), pt. III, vol. 93, pp. 345-351; 1946.

6 J. B. Sherman, "Circular loop antennas at ultrahigh frequen-
cies," PROC. I.R.E., vol. 32, pp. 534-537; 1944.

1 8

S = - E ei[Huj-Zcos (5-uj)]I
S j=j

z- ka sin 0.

(10)

(11)
The parameter z must not be mistaken for the co-ordi-
nate z, which does not occur in the calculation. The elec-
tric field strength is essentially expressed through the
vector F. For this reason 77 shall be called the normalized
electric field strength.

In the present case where the number of elements is
finite, the following limiting process must be performed
in the above expression

S ) 00,

(12)
2r

Au5 = -* du.
s

7S. A. Schelkunoff, "Electromagnetic Waves," D. van Nostrand
Company, Inc., New York, N. Y., pp. 330-336; 1943.
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Knudsen: Field of a Ring Quasi-Array

Setting

h _ ei[Hu-2 cos (0-u)] (13)

27r

we obtain

F2 = - h sin udu, FY = h cos udu, (14)

Fs = 0.

By a further transformation and application of Sommer-
feld's integral formula for a Bessel function8 we find, as
shown in the appendix,

FX -[JH(Z) cos 4 - iJH (Z) sin 4)ei](O-I0)

FV=[J C H
F = [iJH'(Z) COS + -JHf(Z) sin ei(~/)

(15)

FZ = 0.

By inserting these expressions in (8) we find the follow-
ing expressions for the 0- and 4-components of the nor-
malized, electric field strength:

H
FE = -JH(Z) cos OeiH(+-Il) (16)

z (6

F,6 = iJH'(z)e
Discussion of the Result
The homogeneous ring quasi-array in question is seen

to be azimuthally omnidirectional. However, the phase
of the field depends on 4 in the way expressed through
the factor eiH(0-7). The equiphase lines in the horizon-
tal plane thus constitute a system of H Archimedes's
spirals as is the case of the field from a ring array. The
field is said to be one that is spiral-phase. As has been
detailed by Sandeman,9 spiral-phase fields are utilized
in navigation for the purpose of direction-finding. Gran-
quist'0 has used a spiral-phase field and the correspond-
ing field obtained by reversing the current phases to a
simple determination of both distance and direction.
The component Fe is 900 out of phase with F,. There-

fore, the field will generally be elliptically polarized. The
polarization will only in special cases degenerate into
circular or linear polarization.

For H# ±1 and for 0=0 or wr we find FE = F, =-0. The
radiation in the direction of the axis is different from
zero only for H= + 1. The corresponding result for a
standing current wave was derived already by Sherman6
through a more direct argumentation.
We shall first investigate the appearance of the com-

ponents of the normalized, electric field strength for

8 E. Jahnke and F. Emde, "Funktionentafeen," Dritte Auflage,
B. G. Qeukner Verlag, Leipzig and Berlin, p. 149; 1938.

9 E. K. Sandeman, "Spiral-phase fields," Wireless Eng., vol. 26,
pp. 96-105; 1949.

10 C. E. Granqvist, "Radiofyr for avstlnd och riktning," paper
presented before Radiovetenskapliga Konferensen, Stockholm,
Sweden; 1949.

small values of the radius of the circle. Assuming that
(a/X)<<(1/2ir) we obtain the following results:
1 =0.

Fe = 0, F_ -icao sin 0. (17)

H_1.

Fe aH cos 0 sinH-l eiH(CI-r2),

F,O- iaH sinH-1 OeiH(OTI2)*
(18)

In these expressions aH denotes constants. In Figs. 2(a)
and (c-e), /<aH times the 0- and +5-components of the
normalized, electric field strength F are plotted as func-

of

(a) (b)

,.

I0'

(c)

(d) (e)
Fig. 2-Vertical pattern of alcl' multiplied by the normalized, elec-

tric field strength F(O, 4) for a small, homogeneous ring quasi-
array of an infinite number of tangential or radial dipoles. (a)
Tang. dipoles, H=0. (b) Rad. dipoles, H=0. (c) Tang. and rad.
dipoles, H= 1. (d) Tang. and rad. dipoles, H= 2. (e) Tang. and
rad. dipoles, H=7.

tions of 0. When H_ 2, the field is seen to have the same
character for any value of H. When H increases, the
component F, will concentrate to an increasing degree
around the plane of the circle, whereas Fe will decrease
towards zero. In the case of H> 1 the maximum value
of Fe occurs for 0a=' and 0a0"==r-0', where

0' = arctg VH - 1. (19)
The angle 0' =r-" is plotted as a function of II
through the firm line curve in Fig. 3. The quotient K, be-
tween the maximum values of Fo and F,, is expressed

7831953
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through

K = cos ' sin- 1 6'. (20)

The quotient K iS plotted as a function of H through the
firm line curve in Fig. 4. When H converges towards in-
finity, the angle 6' will converge towards 7r/2, i.e., the
two loops in Fo will approach unlimitedly the horizontal
plane. At the same time the quotient K will converge
towards zero, i.e., the field will in the limit become hori-
zontally polarized. However, as Fig. 4 shows, the hori-
zontal component of the field becomes vanishinglv small
first when H becomes very large. As will be discussed in
a following section, large fundamental difficulties will
arise when the increment of the current phase, H2M, for
an antenna with fixed dimensions increases beyond a cer-
tain limit.

For very large values of H the following approximate
expressions for the angle 6' and the quotient K may be
derived:

7 I1
0 1 - /-

2 -v/H- I

1 0.6065
ICz/ =

-,e(H -1) -VH- 1

(21)

(22)

where e denotes the basis of the natural logarithms.
These approximate expressions are plotted as the dotted
curves in Figs. 3 and 4.

e90

.50~~~~~~~~~~~~~~~~0

20-t 2

Fig. 3-The angle 0' or (ir/2) -0", 0' and 0" being the pole distances
for the directions in which maximum occurs for the 0-component
of the electric field strength of the field from a small, homo-
geneous ring quasi-array of an infinite number of tangential or
radial dipoles. The firm line curve corresponds to the exact ex-
pression (19), whereas the dotted curve corresponds to the ap-
proximate expression (21).

We now return to the general case where not neces-

sarily a/X<<1, as was assumed in the preceding para-

graph. First we consider the case where the current in
the frame aerial has not only a constant numerical value
but also a constant phase. For a frame aerial being fed
at a single point of the circumference, this current dis-
tribution constitutes a good approximation to the actual

distribution, when the perimeter of the frame is small as
compared with the wavelength. This has been utilized
in the elementary theory of frame aerials." In frame
aerials, the perimeter of which is large as compared with
the wavelength, the current can only be constant if spe-
cial arrangements are made for feeding the antenna.
Foster12 has proposed to feed the antenna sectionally;
this idea has been carried out by Alford and Kando-
ian.13"4 Moullin' has proposed to realize a constant cur-
rent distribution by using a large number of tangential
dipoles. In the case being considered here, H=0, the
field has only a k-component as an elementary consid-
eration also shows. For H=0 the expressions obtained
above for the field components were previously derived
and discussed by Foster4 and by Moullin.5 For the sake of
completeness Fk| is plotted as a function of 0 and for
various values of a/X in Figs. 5(a-c).

For H= 1 the numerical values of the components of
the normalized, electric field strength are plotted in
Figs. 5(d-f) for the same values of a/X as in the case
H=0. For 0= or 7r we find

i
Fo = :~- e

2

1
F,, =- e.

2
(23)

The field is seen to be circularly polarized in the direc-
tion of the axis. For a/X=0.1 to 0.2, i.e., when the pe-
rimeter of the circle is about one wavelength, the cur-
rent distribution on the antefina has the same character

as

0-4

0 10 20
H 2

Fig. 4-The quotient K of the maximum values of Fo and FK for the
field radiated by a small, homogeneous ring quasi-array of tan-
gential or radial dipoles. The firm line curve corresponds to the
exact expression (20), whereas the dotted curve corresponds to the
approximate expression (22).

as the current distribution on a single turn of the helical
antenna developed by Kraus." The fields from the two

11 J. H. Dellinger, "Principles of transmission and reception with
antennas and coil aerials," U. S. Bur. Stand., vol. 15, pp. 435-495;
December, 1919.

12 D. Foster, "Loop antennas with uniform current," PROC. I.R.E,
vol. 32, pp. 603-607; 1944.

13 A. Alford and A. G. Kandoian, "Ultra-high-frequency ioop an-
tennas," Trans. AIEE, vol. 59, pp. 843-848; 1940.

14 A. G. Kandoian, "Three new antenna types and their applica-
tions," PROC. I.R.E., vol. 34, pp. 70 W-75W; 1946.

1' J. D. Kraus, "The helical antenna." PROC. I.R.E., vol. 37, pp.
263-272; 1949.
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(a) H=0 (b) H=0
a/X=0.2 a/X=0.4.

(g) H=±2, (h) H=±2,
a/X=0.2. a/X=0.4.

(c) H= 0,
a/x= 1.0.

(i) H= ±2, (j) H= ±4,
a/X= 1.0. a/X=0.2.

Fig. 5-(Right) Vertical pattern of the 0- and ¢-components of the normalized, electric field strength F(O, P) of
geneous, ring quasi-array of an infinite number of tangential dipoles.

antennas are also similar, and the calculation of the
fields may proceed along the same lines.16'17

For H=-1, similar statements regarding the field
apply as in the case of H= 1.
The numerical values of the components Fo and Fk

are plotted in Figs. 5 (g-i) for H= +2 and in Figs.
5(j-1) for H= + 4. These figures show that the field con-

centrates, to an increasing degree, around the horizontal

plane with increasing HI, but that the structure of the
field changes considerably when the radius increases
beyond a certain value dependent on HI, extra loops
then beginning to appear in the radiation pattern. If it
is desired to utilize the properties of the field that are

characteristic of small values of the radius, and which

were discussed in detail above, it is therefore necessary

to choose a radius that does not exceed the just-men-
tioned value dependent on |H. On the other hand,
other considerations set a lower limit for the radius as

will be discussed in a following section.

16 H. L. Knudsen, "The field from a circular and a square helical
beam antenna." Trans. Danish Acad. Tech. Sci. (Copenhagen, Den-
mark) 1950, No. 8, 55 pp.

17 H. L. Knudsen, "Radiation field of a square, helical beam an-

tenna," Jour. Appl. Phys., vol. 23, pp. 483-491; 1952.

the field from a homo-

RING QUASI-ARRAY OF TANGENTIAL DIPOLES
SINE-SHAPED CURRENT DISTRIBUTION

Calculation of the Field

We desire to calculate the field from a ring quasi-ar-
ray of an infinite number of tangential dipoles, i.e., a

circular frame aerial, as shown in Fig. 1(e), and with a

sine-shaped current distribution. We start from a cor-

responding ring quasi-array of a finite number of ele-
ments (see Fig. 1(b)) calling the number of the elements
s and their length L. The position of the j'th dipole be-
ing given by the angle, uj, defined in (3), the current, Ij,
in the j'th dipole is in the present case expressed through

Ij = I cos Huj, (24)

where I is a complex constant and H an integral num-

ber.
The standing current wave given in (24) may be de-

composed into two current waves progressing in oppo-

site directions

I) = (eiHui+e-iHui). (25)

(d) H=+1, (e) H=+1,
a/X=0.2. a/X=0.4.

(f) H= ±1,
a/X= 1.0.

(1) H= +4,
a/X= 1.0.

(k) H= ±4,
a/X=0.4.

7851953
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The field from the sine-shaped current distribution con-
sidered here may now be calculated as a times the field
calculated in the last section for a progressing current
wave plus a times this field with H replaced by -H.
With the factor T expressed by (5) the electric field

strength is given by the normalized field strength F.
From the expressions obtained earlier for the com-
ponents Fe and F, for a homogeneous ring quasi-array
of an infinite number of tangential dipoles, we find for
the sine-shaped current distribution in question

H
FE = - ( j)H+l -JH(Z) cos 0 sin Hl,

z

are plotted in Fig. 7. By using these curves or similar
curves for other values of H and the curves in Fig. 5
showing Fe! and ! F,! for a circular frame aerial with a
progressing current wave, one may easily form a men-
tal picture or make a numerical calculation of the field
from a circular frame aerial with a sine-shaped current
distribution.

90'

(26)

F,= - (- j)H+1JH'(Z) cos Ho.
Discussion of the Result
The U- and q- components of the normalized, electric

field strength are seen to be in phase; the radiated field
is therefore linearly polarized. Denoting by a the angle
which the electric field vector in a point of the far zone
makes with a circle of latitude through this point, we
find

H
F-JH(Z)

a = arctg -= arctg cos 0 tg Ho .

Fo %, ~JH'(Z)co9tgH
(27)

Fig. 6-The direction, a, of the polarization as a function of azimuth
4 for various values of the pole distance 0 for a ring quasi-array
with a sine-shaped current distribution, of an infinite number of
tangential dipoles, characterized by H=2 and a/X=0.2. The
parts of the curves falling outside those shown here may be gen-
erated from these by a parallel translation in 7r/2 in the direction
of the 4-axis and n7r in the direction of the a-axis (n an integral
number).

For H= 0 the field is horizontally polarized in any direc-
tion. During one revolution along a circle of latitude
0 =constant, a will increase by H21zr. In Fig. 6 the angle
a is plotted as a function of 4 for a/X=0.2, H=2, and
0=0, vr/8, 7r/4, 37r/8, and ir/2.
The functions Fe0 and F,| occurring here are ob-

tained from the corresponding functions for the field
produced by a progressing current wave with the same
value of H through multiplication, respectively, by
I sin H,1 and by cos H,I. For H +±2 these functions

2700

Fig. 7-The functions Isin Ho (firm linie curve) and Icos Hk
dotted curve) for use in calculating the field from a ring quasi-
array, with a sine-shaped current distribution, of an infinite
number of tangential dipoles for H= ± 2.

HOMOGENEOUS RING QUASI-ARRAY
OF RADIAL DIPOLES

Calculation of the Field
In this section we shall calculate the field from the

homogeneous ring quasi-array of an infinite number of
radial dipoles shown in Fig. 1(f). We start with the cor-
responding quasi-array of a finite number of elements
shown in Fig. l(c). The number of elements isdenoted
by s and their length by L. With the notation used in
Fig. 1(c) the j'th dipole will have the co-ordinates (a
cos uj, a sin uj, 0) where u1 is the angle defined in (3).
Current Ii in j'th dipole is supposed to be given by (4).

Using the value of the factor T given in (5) we find,
through calculations similar to those in the previous sec-
tions, the following expressions for the components of
the normalized, electric field strength F:

FP = S cosuj, F =S sin uj, F, =O, (28)

where S is given by (10). Now introducing the notation
F* for the normalized, electric field strength for the cor-
responding homogeneous ring quasi-array of tangential
dipoles we find, by comparing the equations derived
above with (9),

Fx = F,,*, F, = - F.*, FZ = 0. (29)

By substituting these expressions in (8) we find the fol-
lowing expressions for the 0- and +-components of the
normalized, electric field strength:

Fe = F,* cos 0 cos 4 - F.* cos 0 sin (3

F, = - F,* sin 6 - F.* cos c.

786 JUne
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Knudsen: Field of a Ring Quasi-Array

,' p.

(a) H=O, (b) H=0,
a/X=0.2. a/X=0.4.

(c) H=0,
a/X=1 .0.

(d) H=±1,
a/X=0.2.

(e) H=± 1, (f) H=+1,
a/X=0.4. a/X=1.0.

(g) H= ±2, (h) H=±2, (i) H=±2, (j) H=+4, (k) H=-4,
a/X=0.2. a/X=0.4. a/X= 1.0. a/X=0. 2. a/X=0. 4.

Fig. 8-Vertical pattern of the 0- and +-components of the normalized, electric field strength F7(o, 5) of the
a homogeneous ring quasi-array of an infinite number of radial dipoles.

By comparing these formulas with (8) and using (16),
we find the following expressions for the 0- and +-com-
ponents of the normalized, electric field strength F:

Fe = FO* cos 0 = iJfH(Z) cos OeiH(q Xr2)

1 H
F, --Fe* -- = - - JH(Z) eiH(-/2)

cosO z

(31)

Discussion of the Result
The expressions derived for the field components show

that the field is a spiral-phase field, the phase increasing
H2-r during one revolution as indicated by the factor
ei,Hf[-(1r/)l. The field will generally be elliptically polar-
ized. As was the case for a ring quasi-array of tangential
dipoles, the field in the direction of the axis from the
quasi-array in question will be different from zero only
in the case of H= ± 1.
We shall first consider the special case where the ra-

dius of the circle is so small that (a/X)<<(1/27r). We may

then replace the functions occurring in the expressions
for the field components by the first term in their series
expansions. Hereby, we obtain the expressions:
H=0.

Feo - iao cos 0 sin 0, F, = 0.

H .1.

Fe
- iag cos 0 sing-1 OeeH(+-7T/2)

F,, - aH sinH- OeiH(,O-Tr2),

where aH denotes the same constants as in (17) and
(18). Again denoting by F* the normalized, electric field
strength of the field from the corresponding homogene-
ous ring quasi-array of tangential dipoles, we obtain
therefore in the case of (a/X) <«(1/2ir) and H. 1.

Fe iFe*, F4 iFo*. (34)
For a small radius and H> 1 the field radiated from the
antenna system in question is therefore-apart from a

factor ei(TIr)- identical with the field from the corre-

sponding ring quasi-array of tangential dipoles. In Figs.
2(b-e) are plotted 1/aH times the components Fe and
F, for various values of H. For (a/X) <<(1 /27r) and H_ 1
the quotient K between the maximum values of the 0-

and the 4)-components of the electric field strength is
approximately given by the same expression (20), and
therefore by the same curve (Fig. 4) as in the case of a

ring quasi-array of tangential dipoles.
We now proceed to the general case, in which no as-

sumption is made regarding the size of the antenna sys-

tem. Whereas in the case of (a/A)«<(1/27r) and I HI >-1,
the field from the quasi-array of radial dipoles consid-
ered here is approximately identical with the field from
the corresponding quasi-array of tangential dipoles, an

increasing inconsistency will set in with increasing ra-

dius. The numerical values of the components Fe and
F, of the normalized, electric field strength for the field
from a homogeneous ring quasi-array of radial dipoles
are plotted in Figs, 8(a-1) for H-0, ±1, ±2, and +4

(1) H= +4,
a/A-1.0.

field from
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7PROCEEDINGS OF THE I.R.E.

and for various values of a/X. In the case of I HI >1 the
comments given above to Fig. 5 regarding the field from
a homogeneous ring quasi-array of tangential dipoles
also apply to the present antenna system with radial
dipoles.

For H=0 the quasi-array considered here is of the
same type as the disk antenna introduced by B6hm.15
Furthermore, a homogeneous ring quasi-array of radial
dipoles with H= ± 1 is similar to a turnstile antenna in
which the number of arms is infinite and not four as in
the usual type.19

SUPERGAIN

As previously mentioned, the array characteristic G
of a homogeneous ring array, the radius a of which is
small as compared with the wavelength, and the cur-
rent phase of which increases H2ir during one revolu-
tion, may approximately be expressed through G =K
sin H0. With constant dimensions of the antenna and
with increasing H the radiation pattern will conse-
quently approach the disk-shape, i.e., the gain in hori-
zontal directions will converge towards infinity for H
- 'oo. However, this contradicts practical experience,
according to which the gain of an antenna with fixed
dimensions cannot exceed a certain value depending on
these dimensions. During the last decade this paradox
has been extensively discussed in the literature under
the name of supergain. A bibliography of this subject
is given in a paper by the author;20 its connection with
the communication theory is discussed in another paper
by the author.2" The explanation of the said paradox is
that it is certainly possible to calculate a current distri-
bution giving an arbitrarily large gain; but if this gain
increases beyond the value characteristic of the size of
the antenna in question, the Q of the antenna increases
so violently that the antenna rapidly becomes inapplica-
ble.
A homogeneous ring array seems to be the simplest

example of an antenna having supergain. Other simple
examples of supergain antennas are homogeneous ring
quasi-arrays of tangential or radial dipoles as shown by
(18) and. (33). We shall investigate the limitation in the
use of these ring quasi-arrays which may be deduced
from the theory of supergain. Of the various points of
view on supergain contained in the literature we shall
base our considerations on Woodward -and Lawson's22
approach to the problem. Woodward and Lawson,

whose paper deals with a linear array, utilize the fact
that the horizontal pattern of the array characteristic
G, as expressed as a function of t =sin 4, where 4) is the
angular deviation from the direction normal to the
group, as shown in Fig. 9, is the Fourier transform of the

0

- 47

7 _ f P=oI~ ~ g

.-

Fig. 9-Co-ordinates used in describing the current distribution and
the array characteristic of a linear array with the length 2a.

current distribution I along the array expressed as a
function of the co-ordinate y. Consequently, the current
distribution I(y) will be equal to the inverse Fourier
transform of G(t). This inverse transform being e.
pressed through an integration with respect to t over the
interval - o <t< co, not only the valtues of the array
characteristic G(t) corresponding to -1 < <1, i.e., to
real values of the azimuth 4), but also the values of G(t)
corresponding to - cc <t <-1 and 1 < t < co, will con-

I I -p

Fig. 10-Path of integration for the contour integral expressing
I(y) as a function of the array characteristic G(t).

18 0. Bohm, "Langwellen-Rundfunkantennen mit Underdrickung
der Steilstrahlung," Telefunkenztg., vol. 13, pp. 21-26; March, 1932.

19 G. H. Brown, "Turnstile aerials," Electronics, vol. 9, pp. 14-17
and 48; April, 1936.

20 H. L. Knudsen, 'Superforstaerkning hos antenner," Elekiro-
teknisk Tidsskrift (Oslo, Norway), vol. 64, pp. 213-221; 1951.

21 H. L. Knudsen, "Shannons tidsopdelingssoetning og super-
forstaerkning hos antenner," Teknisk Tidskrift (Stockholm, Sweden);
vol. 82, pp. 1023-1030; 1952.

22 P. M. Woodward and J. D. Lawson, "The theoretical precision
with which an arbitrary radiation-pattern may be obtained from a

source of finite size," Jour. IEE (London), Pt. III, vol. 95, pp. 363-
369; 1948.

tribute to the current distribution I(y). These last-men-
tioned intervals of t correspond to the two vertical
branches of the integration path C in the complex 4-
plane shown in Fig. 10, i.e., to complex values of 4.
Large values of G(t) for values of t outside the interval
- 1 < t < 1 consequently contribute to the current I(y)
without leaving any contribution to the radiation field,
i.e., the Q of the antenna will be large. Hence it follows
that for an antenna array to be applicable in practice,
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array characteristic G(t) must converge rapidly towards
zero when we move outside the interval -1<t <1.

For a homogeneous ring quasi-array of tangential di-
poles the components of the normalized, electric field
strength F are expressed by the current distribution
I eiHu through the transforms (14). The components of
the field from a ring quasi-array of radial antennas are
expressed by the current distribution through similar
transforms. An argument similar to the one applied
above may be used here, and also in the present case
we arrive at the conclusion that in order to obtain an
antenna that is applicable in practice we must demand
that the essential part of the radiation from the antenna
takes place for real values of the pole distance 0. De-
fining t =sin 0 this means for values of t in the interval
O<t<1. It appears from (15) and (29) that the field
components F. and F, are linear combinations of the
functions (H/x)JH(x) and Jl'(x) where x-kat. The
smallest value of ka for which the essential part of either
function comes within the interval 0<t<1 is roughly
given by

HiX
kamin _ H or amin. - (35)2r

The increment of the current phase per unit length in a
homogeneous ring quasi-array with the minimum ap-
plicable radius is seen to be equal to the increment per
unit length in a conventional, linear end-fire array. As
is well known, the increment of the current phase per
unit length in an array of this kind is approximately the
largest admissible one. Even in case of such a small ex-
tra increment of the current phase along the array as xr,
as proposed by Hansen and Woodyard,23 inconveniences
begin to arise. This was mentioned by these authors
themselves and further stressed by Schelkunoff24 and
Reid.25 It appears from Figs. 5 and 8 that the minimum
radii are not large enough to cause the field from quasi-
arrays with these radii to differ essentially from the field
of a ring quasi-array with a vanishingly small radius.

CONCLUSION

A calculation has been made of the field from a homo-
geneous ring quasi-array of an infinite number of tan-
gential or radial dipoles, in which the current phase in-
creases H2Mr during one revolution. It is shown that
apart from the case H= +±1 the field will, to an increas-
ing degree, concentrate around the horizontal plane
with increasing H. At the same time the field will ap-
proach more and more horizontal polarization. A corre-
sponding investigation has been made of the field from
a ring quasi-array of an infinite number of tangential

u8 W. W. Hansen and J. R. Woodyard, "A new principle in di-
rectional antenna design," PROC. I.R.E., vol. 26, pp. 333-345;1938.

14 S. A. Schelkunoff, "A mathematical theory of linear arrays,"
Bell Sys. Tech. Jour., vol. 22, pp. 80-107; 1943.

26 D. G. Reid, "The gain of an idealized Yagi array," four. IEE
(London), pt. IIIA, vol. 93, pp. 564-566; 1946.

dipoles in the case where the current distribution along
the quasi-array is a standing current wave. A circular
frame aerial that is fed at a single point of its circum-
ference, approximates such an antenna system. The
field radiated from this quasi-array is linearly polarized.

For H-* oo the gain of the antenna systems investi-
gated here converge towards infinity. By applying the
theory of supergain an approximate expression has been
derived for the minimum radius that the quasi-array
may have for a given value of H, without the antenna
having a Q too large to be applicable in practice.
The present article is the first of a series of papers

dealing with homogeneous ring quasi-arrays.
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APPENDIX

Calculation of Fx and F, for a Homogeneous Ring Quasi-
Array of Tangential Dipoles
By transforming the expression for FS given in (14)

we find

1 r2-
Fx = - -e H I

2x v -

ei(Hv-z cos v) sin (4, + v)dv

1 1FCs2
= *H'k1- ei((H+1)v zcOvcdv

2ir 2iLJo

r2v- 2rei[(Hl)v-z cos vldv] cos4:

+ ei[(H-lC)v-z COSv]dv1, - r
2 or

+J ee [(H-1)v-z cos vldv sin 4}
1
- I{ [J-1(z) + JH+1(Z)] COS 4
2

-i[fJ-1(z) - JH+1(Z)] sin 4)}eiH(ktIO2)

[ JH(Z) COS - iJH'(z) sin 4]eiH(-TI2) (36)

In a similar way, the expression for Fv, given in (14) is
transformed into the expression for F1 given in (15).
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