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Abstract

Although significant advancement has been made over recent years with respect to three-dimensional upper bound calculations of
tunnel facing, a considerable difference still exists between analytically and empirically based stability values. The current work suggests
that the difference may well be the outcome of the traditional use of Tresca yield criterion for the upper bound calculations, which, by
definition, does not distinguish between the shearing modes (compression, extension, plane strain). Consequently, this paper suggests and
discusses a new yield function, which allows for asymmetric yielding. Such yielding is only beneficial in case of three-dimensional and
continuous velocity fields, and therefore a numerical procedure that generates relevant kinematically admissible fields for classical upper
bound calculation is suggested. The procedure involves conversion of a load controlled boundary value problem to a velocity controlled
problem at the limit state of collapse. The analysis results in significantly lower upper bound values than those presented earlier (for
Tresca material), and much closer to the stability curves of Kimura and Mair (1981), commonly used in design.
� 2018 Tongji University and Tongji University Press. Production and hosting by Elsevier B.V. on behalf of Owner. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The use of underground space has increased signifi-
cantly over the last few decades together with an improve-
ment in tunneling techniques and quality. Nonetheless,
unfortunate events of tunnel collapse still occur. The most
critical time for soil instability and potential collapse
occurs before lining placement, when an unlined heading
area is either completely unsupported or partly supported
by constant air or fluid pressures. Considering collapse
may well be the most dangerous scenario of tunnel
https://doi.org/10.1016/j.undsp.2018.03.001
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construction, it is no wonder that significant research effort
has been placed over the years to evaluate both analytically
and experimentally the limit state of tunnel stability.

This paper deals with the problem of tunnel face stabil-
ity in undrained clay, and does not address stability prob-
lems of frictional and dilative materials (e.g., Atkinson and
Potts, 1977; Leca and Dormieux, 1990; Pan and Dias,
2016; Zhang et al., 2015).

For cohesive soils, the limit state is characterized by a
stability number, N, describing the critical ratio between
pressures and weight to soil strength:

N ¼ rS � rT þ cðC þ D=2Þ
su

ð1Þ

where rT and rS are the normal stresses acting on the tun-
nel face and on the ground surface, respectively, c is the
unit weight of the soil, C is the tunnel cover depth, D is
the diameter of the tunnel, and su is the undrained shear
strength of the soil. The above definition is classically
and hosting by Elsevier B.V. on behalf of Owner.

ommons.org/licenses/by-nc-nd/4.0/).

nnel face stability using asymmetric yielding, Underground Space (2018),

http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.undsp.2018.03.001
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:askla@byg.dtu.dk
https://doi.org/10.1016/j.undsp.2018.03.001
https://doi.org/10.1016/j.undsp.2018.03.001


Fig. 1. Tunnel stability values based on various upper bound analyses and
design curves based on centrifuge test results.
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attributed to homogeneous soils, whereas for inhomoge-
neous soils the strength at a representative depth is
selected. Most of the upper bound solutions developed
over the years focused on plane strain conditions (e.g.
Augarde et al., 2003; Osman et al., 2006; Sloan and
Assadi, 1993; Wilson et al., 2013; Xiang and Song, 2017),
most likely due to the three dimensional complexity
involved with tunnel face stability. Yet, a few solutions
for the more complicated 3D problem exist.

Davis et al. (1980) were among the first to establish stabil-
ity numbers for a circular tunnel heading, using both the
lower and the upper bound theorems. Their stability num-
bers based on the upper bound theorem range between 8.4
and 18.7 for C=D between 1 and 4. Klar et al. (2007) have
formulated a 3D continuous mechanism based on an incom-
pressible ‘elastic’ flow field and derived similar upper bound
values. The mechanism velocity field is essentially the same
as that solved using incompressible viscous flow, because
there is an analogy between the field equations of the two
cases. Mollon et al. (2010) developed a multiple rigid-
block mechanism to establish upper bound values, which
also vary in a similar trend. An impressive attempt to reduce
the upper bound solution has been made by Mollon et al.
(2013), who formulated two ingenious continuous mecha-
nisms which were solved by a mixed analytical-numerical
approach, involving velocities along curvilinear coordi-
nates. They, however, used in their upper bound calcula-
tions an approximated strain tensor that is based on an
orthogonal homogeneous coordinate system together with
the velocities from the curvilinear coordinate system, thus
ignoring straining along orthoradial lines due to radial dis-
placements. Using this approach they were able to reduce
the upper bound values. However, their stability numbers
may not be considered strict upper bound solutions due to
the approximated nature of the strain tensor. The exact rep-
resentation of the curvilinear strain rate tensor together with
a closed form solution forMollon et al. (2013)’s mechanisms
were provided byKlar andKlein (2014). The adjusted upper
bound values of Mollon et al. (2013)’s mechanisms, consid-
ering the complete strain tensor, fall in a similar range to
those of previous solutions, without the significant decrease
hoped for. Recently, Zhang et al. (2017) followed the work
of Klar and Klein (2014) and provided, with the same gen-
eral mechanism, stability numbers also for cases in which
the strength increases linearly with depth.

In all of the above analytical works, the Tresca
yield criterion was used to represent soil yielding (i.e.
f ¼ jr1 � r2j þ jr2 � r3j þ jr3 � r1j � 4su ¼ 0, where r1; r2

and r3 are principal stresses and su is the undrained shear
strength), leading to a dissipation rate of 2suj_�jmax per unit
volume and sujdvj per unit area along velocity discontinuities
(where j_�jmax is the absolutely largest principal component of
the plastic strain rate and dv is the velocity jump).

Although an advancement has been made with respect
to the analytical evaluation of the stability numbers, rou-
tine design still utilizes the empirically based stability
Please cite this article in press as: Elkayam, I., & Klar, A., Upper bound of tu
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curves of Kimura and Mair (1981), most probably because
they lie significantly below the upper bound values. Fig. 1
shows the empirical stability values and those of the afore-
mentioned analytical solutions. As can be seen, all of the
analytical values are found within a rather narrow band
significantly above the empirical values. It may be claimed
that this is due to the fact that the values are based on the
upper bound theorem and further work is required to find
more representative mechanisms (and lower stability num-
bers). However, a different logical explanation may be
attributed to this gap.

The main goal of Klar and Klein (2014) was not to
establish new stability numbers, but rather to utilize the
continuous mechanisms to evaluate the surface deforma-
tion and volume loss under working conditions based on
energy principles as part of the mobilized strength design
method (e.g. Klar and Osman, 2008; Klar and Randolph,
2008; Osman et al., 2006). In their work Klar and Klein
(2014) recognized that all elements within the tunnel face
collapse mechanism experience extension mode of defor-
mation. That is, two of the eigenvalues of the strain rate
tensor (i.e. principal strains) are in compression while the
third is in extension (which due to incompressibility has
the largest absolute value among the principal strains).
However, the Tresca yield criterion does not distinguish
between compression and extension and provides the same
undrained shear strength for both modes. In reality soil
exhibits smaller undrained shear strength in extension.
For example, test results of Gasparre (2005) and
Nishimura (2005) for London Clay showed that the ratio
between extension strength and compression strength
ranges between 0.67 and 0.75 with depth (average value
of 0.72). The difference between extension and compression
undrained strength values in clays is not new nor limited to
London Clay. For example, a ratio of 0.75 between the two
was recognize by Duncan and Seed (1966) for San Fran-
cisco Bay Mud, and a ratio of 0.71 by Campanella and
Vaid (1973) for Haney Clay.
nnel face stability using asymmetric yielding, Underground Space (2018),
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Fig. 2. TEKJ2J3 yield function for k ¼ 0:7: projection on the p-plane
together with the Tresca yield criterion.
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The difference between undrained shear strength values
in extension and compression may explain the gap between
the upper bound solutions and the centrifuge test results,
because upper bound calculations using Tresca yield crite-
rion cannot capture the difference in undrained shear
strength.

It should be noted that Kimura and Mair (1981)’s design
curves are based on Mair (1979)’s centrifuge experimental
results, which were normalized by the estimated extension
strength, and that the above claim should not hold under
this circumstance. However, later works (which also vali-
date Kimura and Mair (1981)’s design curves using field
data) refer to the compression strength or do not explicitly
mention the extension strength. The same is true to the
work of Kimura and Mair (1981), which does not state
the nature of the shear strength. This ambiguity, for itself,
suggests that specific analytical and experimental studies,
focusing on this feature, are in order.

One should recall that an upper bound analysis with a
Tresca yield criterion using an ‘extension undrained shear
strength’ (for su) cannot generally be considered a strict
upper bound solution because it may underestimate strength
(and dissipation) for elements which are not in pure symmet-
ric extension. Therefore, one cannot simply adopt the
undrained extension strength for calculation. Nonetheless,
upper bound solutions can still be established by considering
an asymmetric yield criterion which takes into account the
variation of strength as a function of the shearing mode.

This topic was recently discussed in EURO:TUN2017
(Klar and Elkayam, 2017), and this paper further extends
the work with more details regarding the analysis and more
analysis cases aiming at reducing the aforementioned gap.

2. TEKJ2J3 yield criterion

A rigorous upper bound calculation requires a kinemat-
ical admissible field which involves plastic flow that is asso-
ciative with the yield criterion (Davis and Selvadurai, 2005);
that is an associated flow rule. This means that for upper
bound calculations involving undrained shearing, the yield
function for a given soil element should be independent of
the confining stress, resulting in zero volumetric strain in
plastic flow, due to the normality condition. Note that the
size of the yield surface may still be depth dependent, thus
allowing for the soil strength to be a function of the initial
confining stress. This aspect, of depth dependency is not
considered in the current work which is limited to a homo-
geneous strength field. The Tresca and von Mises yield cri-
teria are commonly used for upper bound analyses of
undrained materials, but they do not exhibit any difference
of strength (or dissipation rate) between compression and
extension shearing modes. In general, the effect of shearing
mode on strength is apparent both in isotopic (remolded)
clays and in (stress induced or inherent) anisotropic clays,
although to a different extent. In anisotropic material the
orientation of the principal direction to the clay platelets
may be of relevance. This paper, however, focuses on the
Please cite this article in press as: Elkayam, I., & Klar, A., Upper bound of tu
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condition in which shearing mode plays the most crucial
role, without considering the orientation of the bedding.

To consider the effect of different shearing modes, an
asymmetric yield function, named TEKJ2J3, is suggested.
It is suitable for upper bound calculations of undrained soil
(zero volumetric strain).

f ðJ 2;J 3;su;kÞ¼
ffiffiffiffiffiffiffi
3J 2

p
�2su 1�3

2
1�kð Þ2J

3=2
2 �3

ffiffiffi
3

p
J 3

4J 3=2
2 �3

ffiffiffi
3

p
J 3

 !
¼0

ð2Þ

where J 2 and J 3 are the basic invariants of the stress deviator
(J 2 ¼ sijsij=2 and J 3 ¼ sijsjkski=3), su is the undrained shear
stress under triaxial compression, and k is the ratio between
the extension and compression undrained triaxial strength
values. When k ¼ 1 the model degenerates into the von
Mises yield criterion. Fig. 2 shows its projection on the p-
plane together with the Tresca yield criterion. Since the
function is independent of the confining stress, this image
is correct for any confining stress, as does the Tresca yield
criterion (that is, the size of the projection is the same for
any given p-plane). Fig. 3 illustrates the yield criterion in
the principal stress space. As can be seen, no dependency
on the confining stress exists, inferring the function can be
used for undrained analysis. That is, normal vectors to the
yield surface illustrated in Fig. 3, which represent strain rate
directions, will not produce any volumetric deformation.
The yield surface remains convex as long as k is larger than
0.68, inferring that for practical use for upper bound calcu-
lations k should be in the range of 0:68 6 k 6 1, since the
upper bound theorem requires convexity of the yield func-
tion. As stated earlier most clays are associated with k of
approximately 0.7, and this values is chosen for further
analysis.

Let us examine the strength and energy dissipation,
under different shearing modes, which result from this yield
function together with an associative plastic flow. For triax-
ial compression state (i.e. _�I ¼ j_�jmax and _�II ¼ _�III ¼
�0:5j_�jmax), the shear strength (i.e. ðrI � rIIIÞf=2) is su and
nnel face stability using asymmetric yielding, Underground Space (2018),
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Fig. 3. TEKJ2J3 yield surface in the principal stress space (k ¼ 0:7).
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the rate of plastic work is 2suj_�jmax, just as in Tresca mate-
rial. Note that the roman numerals I, II, and III are used
to denote major, intermediate and minor principal stresses
(or strains), whereas the Hindu-Arabic numerals to indicate
3 principal stresses (or strains) without specific information
about their relative magnitude. For triaxial extension state,
i.e. _�I ¼ _�II ¼ 0:5j�jmax and _�III ¼ �j_�jmax the shear strength
ðrI � rIIIÞf=2 ¼ ksu and the rate of plastic work is

2ksuj_�jmax; that is, k times smaller than that of Tresca
material. For plane strain condition (i.e. _�II ¼ 0 and
_�I ¼ � _�III ¼ j_�jmax) the shear strength, ðrI � rIIIÞf=2,
depends on the value of k and may be found
analytically by locating the stress point on the yield
surface for which the associated plastic flow rate (i.e.

kf@f =@r1; @f =@r2; @f =@r3gT ) is perpendicular to one of
the principal directions (i.e. @f =@ri ¼ 0 where i is 1, 2 or
3). The relevant analytical expression for this condition is
implicit and requires a numerical root search for solution.
Fig. 4 shows the solution of this root search problem as a
function of k. The figure shows the ratio of soil strength val-
ues, in terms of the radius of the largest Mohr circle,
ðrI � rIIIÞf=2, to the undrained strength in triaxial compres-

sion, su. In addition to the plane strain condition, Fig. 4
Fig. 4. Normalized soil strength values as function of k.
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shows the value of triaxial compression and extension. Note
that for these modes of straining this is also the ratio of plas-
tic work rate between the new model and Tresca model. As
can be seen, the plane strain strength and dissipation are
higher than those of Tresca, reaching the value of vonMises
when k ¼ 1 (with strength roughly 15% higher than that of
Tresca). Nonetheless, the difference from Tresca is smaller
than 5% for k smaller than 0.8. This indicates that 2D cal-
culations with this model should provide similar results to
classical analyses with Tresca, yet capable of providing
the lower strength for the 3D tunnel heading problem.
One should remember that the strain condition along dis-
continuities is that of plane strain, and therefore the utiliza-
tion of the above asymmetric yield function does not offer
any advantage to classical upper bound mechanisms involv-
ing deformation of multiple rigid bodies (deforming at their
interfaces), as it will result in a similar dissipation rate to
that of Tresca, yet it is of importance if one wishes to
retrieve the 2D solution.

The fact that dissipation along discontinuities is that of
plane strain (that is, excessive compared to extension) high-
lights the importance and advantage of incorporating con-
tinuous velocity fields, such as those of Klar et al. (2007)
and Mollon et al. (2013), for upper calculations when using
an asymmetric yield function.

3. Evaluation of upper bound values by BVP switch

The current work utilizes certain capabilities of the
explicit time marching technique of FLAC3D (Itasca,
2015) that can facilitate rigorous calculation of upper
bound values. FLAC3D has been previously used to estab-
lish stability numbers for tunnel face by bracketing the
limit state through recursive analyses (e.g. Mollon et al.,
2013). In the bracketing method, the limit state is identified
by searching the highest load for which the system can still
achieve a static equilibrium. In the explicit time marching
scheme, a static equilibrium is defined when the accelera-
tions, or the unbalanced forces, slowly diminish until they
become negligible compared to the driving load. If the
accelerations do not diminish, an unstable state is declared,
and the load should be decreased (or the strength
increased) to achieve the limit state. Through successive
bracketing and intersections, the limit state can be calcu-
lated quite accurately. The bracketing method is well
accepted in slope stability analysis, where the search is per-
formed over the mobilized strength.

Although the bracketing approach can characterize the
limit state quite efficiently, it does not constitute a rigorous
upper bound solution, since it never involves a constant
velocity field. That is, the velocity field either decelerates
towards a static equilibrium or accelerates in the unstable
state. Nonetheless, the mechanisms that naturally develop
in the unstable state of the bracketing procedure can be
used to generate kinematically admissible velocity fields
for upper bound calculations by a few relatively simple
steps. The unstable mechanisms in the bracketing method
nnel face stability using asymmetric yielding, Underground Space (2018),
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Fig. 5. Developed mechanism in case of b ¼ 4;C=D ¼ 1 and P=D ¼ 0.

Fig. 6. Upper bound stability numbers as function of P=D and C=D (for b ¼ 0): (a) results based on Tresca yield function, (b) results based on asymmetric
(TEKJ2J3) yield function (with k ¼ 0:7).

Table 1
Stability numbers based on Tresca dissipation and mechanism from the ‘Tresca analysis’.

C=D

1.0 1.5 2.0 2.5 3.0 3.5 4.0

P=D 0.0 7.56 8.81 9.76 10.56 11.21 11.77 12.19
0.5 5.43 6.63 7.57 8.38 9.04 9.60 10.08
1.0 4.28 5.52 6.45 7.27 7.92 8.48 8.98
2.0 3.29 4.33 5.20 5.92 6.62 7.17 7.59
1 2.45 3.03 3.48 3.85 4.16 4.42 4.66

Table 2
Stability numbers based on TEKJ2J3 dissipation and mechanism from ‘TEKJ2J3 analysis’.

C=D

1.0 1.5 2.0 2.5 3.0 3.5 4.0

P=D 0.0 6.56 7.32 7.96 8.61 9.04 9.34 9.64
0.5 4.75 5.64 6.30 6.87 7.32 7.78 8.09
1.0 3.94 4.82 5.55 6.06 6.58 6.86 7.12
2.0 3.22 4.11 4.79 5.33 5.77 6.06 6.24
1 2.52 3.12 3.58 3.96 4.28 4.55 4.80
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Table 3
Stability numbers based on Tresca dissipation and mechanism from the ‘TEKJ2J3 analysis’.

C=D

1.0 1.5 2.0 2.5 3.0 3.5 4.0

P=D 0.0 8.32 9.46 10.42 11.29 11.92 12.40 12.86
0.5 5.95 7.23 8.22 9.01 9.64 10.30 10.73
1.0 4.73 6.09 7.07 7.92 8.62 9.10 9.48
2.0 3.52 4.74 5.62 6.60 7.32 7.77 8.06
1 2.45 3.03 3.48 3.85 4.16 4.42 4.66
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are associated with an accelerating velocity field (since the
problem is load controlled in the search for limit state). An
admissible collapse mechanism (with a constant velocity
field) can be generated by converting the problem into a
displacement or velocity controlled boundary value prob-
lem (BVP). This may be achieved by capturing the surface
velocity profile in a given unstable state, and using it as a
boundary condition for a new problem (involving elastic
perfectly plastic soil behavior). The steady state (constant
velocity) mechanism that develops in the new problem
may constitute an admissible velocity field for a classical,
and rigorous, upper bound calculation. In principle, if
the procedure is performed on the verge of stability, the
resulting upper bound solution may well represent the
exact solution (in fact, one may consider the static case,
on the verge of stability, as a lower bound).

For weightless soil, the solution can start with identify-
ing the limit state surcharge using the bracketing method,
and then switching the last unstable state into a velocity
controlled BVP. Note that scaling down of the surface
velocity field may be used to avoid numerical issues in
the consecutive velocity controlled BVP.

For none zero weight soil, an initial stress condition
should be defined to be in equilibrium with the gravita-
tional forces. This includes stresses on the tunnel face, cor-
responding to the prescribed k0 condition. The limit state
surcharge can then be searched for, before switching to
the velocity controlled BVP. In both cases, the velocity
controlled BVP should be ran sufficiently long until a
steady state velocity field develops. In the explicit scheme,
this requires the use of a suitable damping scheme that
removes stress waves, yet allows for the development of a
constant velocity field. In fact, FLAC3D incorporates,
inherently, a damping scheme that acts only on reversal
of velocity signs, such to allow the natural development
of steady state plastic flow fields. Once the steady state
develops there is either plastic flow or no flow, and the
velocity field may be considered as rigid plastic.

Unlike simulations aiming to produce estimations of
expected displacements and settlement troughs, the above
approach is not sensitive to the location of the boundaries,
provided that the developed collapse (plastic flow field)
does not reach any of the boundaries. Providing smooth
boundaries to the problem allows a convenient validation
of this condition, such that if at the end of the calculation
Please cite this article in press as: Elkayam, I., & Klar, A., Upper bound of tu
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process the mechanism intersects the boundary the solution
is invalid and the location of the boundary should be
changed. As an example, Fig. 5 shows the mesh and the
developed mechanism, using contours of normalized abso-
lute velocity, in the case of b ¼ 4;C=D ¼ 1 and P=D ¼ 0.
As can be seen, the mechanism is found well within the lim-
its of the model. The element size used in the current anal-
yses ranged between 0:016D in the tunnel face to 0:3D away
from the tunnel. Smaller elements could bring to a better
(lower) upper bound solutions in case of shear bands devel-
opment, representing discontinuities, but otherwise might
not improve the solution by much.

The results provided in the following section are based
on classical energy calculation, for which the dissipation
of each point in space was calculated based on strain rates
derived from the constant velocity field developed within
FLAC3D using the above approach. Appendix A provides
the details of the energy calculation.

4. Results

Fig. 6 shows the upper bound values calculated using
kinematically admissible velocity fields obtained from the
above procedure for homogeneous soils. Fig. 6a shows
results obtained from velocity fields generated by simula-
tion incorporating the Tresca yield criterion, and energy
calculations using the Tresca yield function as well.
Fig. 6b shows the results obtained by a similar procedure
only with the new asymmetric (TEKJ2J3) yield function
using k ¼ 0:7. Values presented in both figures may be con-
sidered strict upper bound values. As can be seen, for tun-
nel face stability (i.e. P=D ¼ 0) the use of asymmetric yield
function leads to significantly lower stability numbers than
those of Tresca. As P=D increases the difference diminishes.
This is because the mechanism becomes dominated by
plane strain conditions as P=D increases. For P=D ¼ 1,
and only for this case, the difference is exactly as that pre-
scribed by the ratio presented in Fig. 4 between plane strain
and compression shearing modes (3% for k ¼ 0:7).

Tables 1 and 2 show the stability numbers of the Tresca
and TEKJ2J3 collapse analyses, respectively. Since any
zero volumetric strain mechanism is kinematically admissi-
ble for Tresca material, one can ask what is the upper
bound value that is obtained when combining Tresca yield-
ing (or dissipation) with the mechanism from the TEKJ2J3
nnel face stability using asymmetric yielding, Underground Space (2018),
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solution. It would, however, be expected that the resultant
upper bound value would be greater than that based on
Tresca yielding together with the mechanism that was
derived for Tresca material, considering the approach
yields the exact value, or close to the exact value. If the
results are minorly higher, than it may be concluded that
the mechanisms are similar. Table 3 provide these values,
and as can be seen, except for the plane strain case, the val-
ues are significantly greater than those provided in Table 1.
This indicates that the TEKJ2J3 mechanism is different
than the mechanism achieved from the Tresca model for
the 3D collapse. For the 2D case, the mechanisms are
essentially the same.

Fig. 7 shows a comparison between the TEKJ2J3 upper
bound values (i.e. right of Fig. 6) and the commonly used
design curves of Kimura and Mair (1981). As can be seen
the new results agree well with the commonly used design
values, while located significantly below the range for
upper bound values based on Tresca material (seen in
Fig. 1).

Further analyses were performed to include the effect of
gravitation. Fig. 8 shows results for the extreme case of
P=D ¼ 0, for different values of normalized weight,
expressed by b ¼ cD=su. For b ¼ 2 the values of the stabil-
ity numbers are slightly lower than those of b ¼ 0. For
b ¼ 4 the values are also smaller for low C=D, but become
greater than those of b ¼ 0 with increasing C=D. Nonethe-
less, the difference throughout the complete range is smaller
than 8%.
Fig. 7. Comparison between TEKJ2J3 upper bound values (using k ¼ 0:7)
and Kimura and Mair (1981) empirically based design curves.

Fig. 8. Comparison between different b values for P=D ¼ 0.
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5. Summary and conclusions

Significant effort has been invested over recent years in
attempts to produce more accurate upper bound mecha-
nisms that will minimize the gap that exists between analyt-
ically and experimentally based stability numbers for
tunnel face stability, yet the gap persists. This paper sug-
gests that this may well be the outcome of the fact that
upper bound calculations are commonly performed using
Tresca yield criterion which provides equal dissipation
(and strength) in all shearing modes (compression, exten-
sion and plane strain), while the mechanisms of tunnel face
collapse are governed by an extension shearing mode, com-
monly associated with a lower strength. There may well be
other reasons such as anisotropy, but certainly shearing
mode is of importance. It should be noted that resolution
of the matter through incorporation of the ‘extension
undrained shear strength’ for the su value in Tresca yield
criterion is inappropriate, and that the solution cannot be
considered an upper bound (simply because it may under-
estimate strength, and dissipation, for soil elements which
are not in pure symmetric extension). Consequently, this
paper suggested the use of an asymmetric yield function
for the evaluation of tunnel face stability in undrained clay.
The yield function provides lower undrained shear
strength, and dissipation, in extension mode of shearing,
and similar undrained strength values in compression and
plane strain shearing when compared to Tresca. Using a
new technique, that switches between load controlled
BVP to velocity controlled BVP, at the limit state of col-
lapse, kinematically admissible fields were generated
numerically, and used for conventional upper bound anal-
yses, both with Tresca yield criterion and with TEKJ2J3.
For tunnel face stability (P=D ¼ 0) the obtained upper
bound values are significantly smaller than those obtained
with Tresca material while for plane strain mechanisms
(P=D ¼ 1) are essentially similar. The new upper bound
values agree well with the empirically based design curves
of Kimura and Mair (1981) (commonly used for design).

Appendix A. Energy calculation

Let us consider two orthogonal axes within the p-plane
shown in Fig. A.9, one vertical (appearing to coincide with
rI ) and one horizontal, denoted by F and E. The plastic
strain corresponding to these axes are:

_�E ¼ _�max þ 2_�minffiffiffi
2

p ðA:1Þ

_�F ¼
ffiffiffi
3

2

r
_�max ðA:2Þ

where _�min is the minimal principal strain rate, and _�max is
the maximal principal strain rate. Note that the strain nor-
mal to the p-plane is zero. The yield function can be repre-
sented by stresses plotted in the p-plane, using rF and rE:
nnel face stability using asymmetric yielding, Underground Space (2018),
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Fig. A.9. Geometrical relationship a and tanðhÞ in the p-plane.
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rF ¼ susNp ðhÞ cos h ðA:3Þ
rE ¼ �susNp ðhÞ sin h ðA:4Þ

sNp ðhÞ ¼
ffiffiffi
8

3

r
1� 3

2
ð1� kÞ 1� cosð3hÞ

2� cosð3hÞ
� �

ðA:5Þ

where h is angle between the resultant stress in p plane and
rF and sNp is a normalized distance on the p-plane. Under
associative plastic flow,

_�E
_�F

¼ a ¼ � @rF

@rE
¼ � @rF =@h � dh

@rE=@h � dh ¼ � @rF =@h
@rE=@h

ðA:6Þ

where a is a ratio between the strain rate ratios. a is equal
to the tangent of the plastic flow direction. For a given k

value, a is only a function of h. Fig. A.10 shows the relation
between a and tanðhÞ for various k values. Clearly for k ¼ 1
an identity exists between a and -tanðhÞ as the yield func-
tion becomes that of von Mises. It is convenient to present
the relation as h ¼ f hðaÞ, for energy calculations.
Fig. A.10. Relationship between a and tanðhÞ.
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The density of internal dissipation is therefore:

_I ¼
ffiffiffi
3

2

r
_�maxsusNp f hðaÞð Þ cosðf hðaÞÞ � a sinðf hðaÞÞ½ �

a ¼ _�max þ 2_�minffiffiffi
3

p
_�max

ðA:7Þ

If an upper bound value is evaluated for rS � rT then
the stability value from the energy calculation is:

N ¼
R
V
_IdV � b

D

R
V vvdVR

s vvdS
þ b

C þ D=2
D

ðA:8Þ

where vv is the vertical velocity, and s is the surface. The
above surface and volumetric integral were calculated
numerically, using the domain subdivision of FLAC3D into
constant strain tetrahedral elements. Results based on the
direct energy calculations using only strain rates from the
velocity field were in excellent agreement with energy calcu-
lations using the internal plastic strains and stresses
(derived from the elastic-perfectly plastic law written for
FLAC3D), with a difference smaller than 2%.
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