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Abstract

A complete first-principles thermodynamic model was developed and applied to

hexagonal close-packed structure ε-Fe3N. The electronic structure was calcu-

lated using density functional theory and the quasiharmornic phonon approxi-

mation to determine macroscopic thermodynamic properties at finite tempera-

tures was generalized in terms of the partition function for any lattice of interest.

Specially, thermal expansion of the hexagonal close-packed ε phase with two in-

dependent lattice parameters was studied by means of the present model and

first-principles phonon calculations. The present predictions of thermal expan-

sion of ε-Fe3N are in good agreement with experimental data.

Keywords: First-principles, Thermodynamics, Equation of state,

Quasi-harmonic phonon, Fe3N

1. Introduction

Thermodynamics of Fe-N phases is of crucial importance in understanding

material behavior observed in the practice of nitriding of iron and steels, i.e.,

a thermochemical surface engineering process applied to enhance wear and cor-

rosion performance of steels. One phase of major importance is the iron-based

nitride ε-Fe2N1− z developing on steel surfaces during nitriding. ε-Fe2N1− z can
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Figure 1: The hexagonal unit cell with the iron host lattice and six interstitial sites highlighted.

The dashed lines connect the interstitial sites of the hexagonal unit cell of which two are

occupied by nitrogen atoms. The lattice parameter a defines the distance between iron atoms

in the horizontal close-packed planes.

be conceived as a hexagonal close-packed sublattice of iron atoms, where the ni-

trogen atoms reside in an ordered way on a sublattice formed by the octahedral

interstices [1].

Fe2N1− z has been studied experimentally [2, 3, 4, 5, 6] and thermodynamic

models accounting for long-range order of the nitrogen atoms were developed

and fitted to experimental data [1, 7, 8]. The ground state stability at 0 K

was also investigated from first-principles calculations using density functional

theory [9, 10]. However, currently no first-principles thermodynamic model of

the Fe2N1− z structure incorporating vibrational degrees of freedom is available

in the literature. Previously, it has been discussed whether ε-Fe2N1− z for the

composition range of interest, i.e., 0 ≤ z ≤ 1
3 , is an equilibrium of distinct Fe3N

and Fe2N phases. In this respect, a proper thermodynamic model of Fe2N1− z

is of interest as a building block in developing a complete model for the Fe-N

system from first-principles.

The occupations of interstitial sites of the Fe3N structure by nitrogen atoms

are given in Fig. 1; the space group is P6322 (No. 182) and Wyckoff positions

are listed in Table 1. This is the ground state configuration as determined

experimentally [8] and confirmed from earlier first-principles calculations [9].

First-principles phonon calculations adopting the quasiharmonic approach

provide a practical pathway to predict the thermodynamic properties [11]; in this
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Table 1: Wyckoff positions of atoms in the iron sublattice (6g) and occupied interstitial sites

(2c). The space group is P6322 (No. 182).

6g (x, 0, 0), (0, x, 0), (−x,−x, 0), (−x, 0, 1
2 ),

(0,−x, 1
2 ), (x, x, 1

2 ); x = 0.32621

2c ( 1
3 ,

2
3 ,

1
4 ), ( 2

3 ,
1
3 ,

3
4 )

a Calculation from [9].

approach vibrational states are determined by the second-order perturbation of

ions. However, the direct determination of thermal expansion of a structure

with two lattice parameters is challenging.

In the present work, a generalized approach based on the quasiharmonic

approximation was developed and used to determine the thermal expansion

of the lattice parameters of the hexagonal close-packed ε phase with atomic

numbers and atomic crystal structure as the only input parameters. Here, the

phonon dispersion relation was assumed to be a function of the two lattice

parameters, rather than the unit cell volume, and was calculated for a range of

lattice parameters to determine equilibrium properties. Numerical prerequisites

were developed by providing a tractable two-dimensional equation of state for

the hexagonal system, in terms of an extension to one of the commonly used

equations of state [12], so that the vibrational and electronic Helmholtz free

energy of the system is smoothly defined as a function of lattice parameters.

The first part of this paper presents the framework of first-principles thermo-

dynamics and the generalization of the quasiharmonic phonon approximation.

The second part develops a smooth functional expression of the thermodynamic

potentials to allow determining equilibrium properties. In the third part of this

paper, the predicted lattice parameters and thermal expansion coefficient are

given as a function of temperature and compared to experimental data [1, 3].

3



2. First-principles thermodynamics

The Hamiltonian of the system is decomposed as

(1) Ĥ = Ĥ0 + Ĥel + Ĥph + Ĥel-ph,

with static ionic repulsion Ĥ0, an electronic part Ĥel, and a vibrational part

Ĥph. The electron-phonon interaction Ĥel-ph is neglected throughout this work.

In some abstract basis |εω; r〉, combining vibrational ω and electronic ε eigen-

states, as well as elastic displacement r, the partition function Z, which is de-

fined as the trace of the density operator ρ̂ = e−βĤ , is given by

(2) Z = tr ρ̂ =
∑
ω

∑
ε

e−βEωε;r ,

where Eωε;r is the energy eigenvalue of |εω; r〉, β = (kBT )−1 is the reciprocal

temperature, kB is the Boltzmann constant, and T is the absolute temperature.

2.1. Thermodynamic potentials

Thermodynamic potentials defined in terms of macroscopic variables are

obtained from the partition function Eq. (2). For a given elastic displacement

r, the Helmholtz free energy is

(3) Fr = −β−1 logZ.

Decomposing r into lattice parameters (a, c) as shown in Fig. 1 and ionic posi-

tions r′, it follows

(4) Fac = min
r′

Fr=(a,c,r′),

with ions at equilibrium positions. Then, taking Vac as the volume of the unit

cell,

(5) F (T, V ) = min
Vac=V

Fac

is the Helmholtz free energy, which depends on temperature and volume.
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Figure 2: Calculated force constants as a function of bond length. Stretching force constants

(black) and the weaker bending force constants (brown, secondary axis) for the Fe-N, Fe-Fe,

and N-N bonds. Calculated for equilibrium lattice parameters. Notice that stretching one

particular bond can implicitly bend another bond; hence some stretching force constants are

calculated negative and some bending force constants are calculated positive.

2.2. Vibrational contribution

Phonons are quantized collective oscillations of the ions in the crystal de-

scribed by

(6) Ĥph =
∑
qλ

~ωqλ

(
b̂†qλb̂qλ +

1

2

)
,

where q is the wave vector, λ is the branch index, b̂†qλ is the phonon creation

operator, and b̂qλ is its adjoint annihilation operator. The dispersion relation

εqλ = ~ωqλ depends implicitly on the elastic displacement r to allow quasihar-

monic oscillations, i.e., ωqλ is determined independently for each pair of lattice

parameters (a, c). Introducing this dependence is crucial in the generalization

of the quasiharmonic phonon model.

The free energy is expressed in terms of the density of states d(ω) =
∑

qλ δ(ω−

ωqλ),

(7) F ph =

∫
dω d(ω)

[
β−1 log

(
1− e−β~ω

)
+

1

2
~ω
]
.

The force constant matrix is determined for each pair of lattice parameters

(a, c) as the Hessian of the elastic energy E(r′) = E0;r=(a,c,r′) in the remaining
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Figure 3: Phonon dispersion curve calculated for equilibrium lattice parameters.

elastic variables r′, i.e., the ionic positions,

(8) Φ(jj′, nn′) =
∂2E

∂ujn∂uj′n′
′ ,

defined for pairs of ions jn and j′n′, where ujn is the position of the ion j in

unit cell n.

The density of states d(ω), and hence the vibrational free energy, is obtained

from the force constants through the dynamic matrix [13].

2.3. Electronic contribution

The electronic free energy is determined through the spin-polarized elec-

tronic density of states dσ(ε) [11],

(9) F el = −β−1
∑
σ

∫
dε dσ(ε) log

(
1 + e−β(ε−µ)

)
,

where µ is the electronic chemical potential required to maintain charge neu-

trality.

3. Energy–volume equation of state

Helmholtz free energy Eq. (5) at some fixed temperature T ,

(10) E(V ) = F (T, V ),
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can be determined from first-principles for any given unit cell volume V , thereby,

in principle, defining a smooth function. It is infeasible to calculate this for more

than a small number of points; therefore, a smooth energy–volume relationship

is established by one of the many equations of state (EOS) presented in the

literature [11]. In the present work, the Birch–Murnaghan equation (BM) [12],

(11) E(V ) = E0 +

m−1∑
i=2

Ei

[(
V

V0

)−2/3

− 1

]i
,

is chosen with parameters E0, V0, E2, . . . , Em−1, and defined so that E0 and V0

are the equilibrium energy and volume, respectively, and the other parameters

are higher-order non-equilibrium corrections.

Since the expansion Eq. (11) can be performed for any temperature T , and

since the vibrational and electronic contributions, Eq. (7) and Eq. (9), respec-

tively, are both smoothly defined in temperature, we can assume a smoothly

defined function (T, V ) 7→ E(V )|T in both temperature and volume.

3.1. Extension to hexagonal systems

A full description of thermodynamic equilibrium properties of the system

necessitates a two-dimensional hexagonal extension of the equation of state, ide-

ally containing the original volume-only equation in its formulation as a special

case, making V and the ratio of lattice parameters r = c/a natural independent

variables,

(12) E(V, r) = Fac,

determined uniquely by Eq. (4) from the inverse of the mapping (a, c) 7→

(Vac, c/a).

Having established such a relation, the lowest energy value of (V, r), or equiv-

alently the corresponding lattice parameters (a, c), may be calculated as these

change with vibrational excitations as a function of temperature.

The energy is expanded in the following steps. Firstly, the equilibrium value

of r0(V ) = arg minr E(V, r) is expanded as

(13) r0(V ) =

mr−1∑
i=0

ρi

[(
V

V0

)−2/3

− 1

]i
,

7



Table 2: Equilibrium lattice parameters (a0, c0), equilibrium bulk modulus B0, bulk modu-

lus pressure derivative B′0, and volumetric thermal expansion coefficient α as a function of

temperature T . Equation of state parameters are given in Table 3.

T , K a0, Å c0, Å B0, GPa B′0 α, 10−5 K−1

295 2.6957 4.3379 197.2 5.5 2.85

2.7100b 4.3748b 172.4d 5.7d 2.92c

300 2.6958 4.3383 197.0 5.5 2.86

2.7108a 4.3783a

468 2.6990 4.3508 189.2 6.1 3.31

2.7132b 4.3892b 3.47c

508 2.6997 4.3543 187.1 6.3 3.40

2.7137b 4.3937b 3.60c

546 2.7004 4.3577 185.0 6.5 3.48

2.7143b 4.3985b 3.72c

588 2.7011 4.3618 182.6 6.6 3.57

2.7148b 4.4035b 3.85c

618 2.7017 4.3649 180.9 6.8 3.64

2.7162b 4.4065b 3.95c

a Experimental data from [1].

b Experimental data from [3].

c As determined from fit to experimental data from [3].

d Experimental data from [5] (ambient temperature as-

sumed).
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with parameters ρ0, . . . , ρmr−1. Secondly, a correction to E0(V ) from Eq. (11)

is introduced to second order in r, noting that ∂E
∂r (V, r0(V )) vanishes,

(14) E(V, r) = E0(V )

[
1 +

1

2
γ(V )

(
r − r0(V )

)2]
.

The curvature itself is expanded as

(15) γ(V ) =

mc−1∑
i=0

γi

[(
V

V0

)−2/3

− 1

]i
,

with parameters γ0, . . . , γmc−1.

The minimum energy curve V 7→ (V, r0(V )) is easily calculated, and by

Eq. (14) equals the original volume-only equation of state, so that derived ther-

modynamic properties such as pressure p, bulk modulus B, and its derivative

B′ can be calculated directly from Eq. (11) [11]. The thermal expansion coeffi-

cient can also be calculated by introducing temperature dependence as explained

above.

However, the tractability of the proposed extended equation of state makes

the fitting procedures somewhat more complicated, and non-linear optimization

is required; details are given in Sec. 4.

4. Computational details

First-principles calculations were performed using density functional the-

ory (DFT) as implemented in the Vienna Ab initio Simulation Package (VASP)

[14, 15]. The electron-ion interactions were described by the full potential frozen-

core PAW method [16, 17], and the exchange-correlation was treated within the

GGA of Perdew–Burke–Ernzerhof (PBE) [18]. Monkhorst–Pack sampling [19]

of basis set wave vectors in the Brillouin zone was performed with 11× 11× 11

mesh k-points centered on the Γ point to avoid breaking the hexagonal symme-

try. Methfessel–Paxton of first order was used with smearing width 0.2 eV [20].

The plane wave basis set was truncated at 520 eV and the energy convergence

criterion for electronic self-consistency was 10−5 eV per atom.
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First-principles energies were obtained in two steps. Firstly, ionic posi-

tions relative to the fixed unit cell were relaxed in 45 relaxation steps using

the conjugate-gradient algorithm [21]. Secondly, accurate energies were calcu-

lated with the Vosko–Wilk–Nusair interpolation of the correlation part of the

exchange correlation functional [22]. First-principles energies were calculated

for 130 distinct pairs lattice parameters spanning a fine mesh around minimum

energy values (cf. Fig. 4).

Phonon calculations were carried out by the supercell method [23] in a unit

cell of 48 iron host atoms obtained by repeating the original unit cell 2× 2× 2

times. Force constants were calculated with exact second-order energy deriva-

tives using density functional perturbation theory (DFPT) [24], also as imple-

mented in VASP. A Γ centered mesh of 4× 4× 4 k-points was used. To obtain

accurate force constants, the energy convergence criterion for electronic self-

consistency was lowered to 10−8 eV per atom. A slightly lower plane wave basis

set truncation at 500 eV was used for the phonon calculation to make the mem-

ory requirements of larger supercell problem manageable. Accurate relaxation

of ionic positions relative to the supercell were performed before force con-

stants were obtained by DFPT. As calculation of force constants is significantly

more expensive computationally, this was only performed for 62 distinct pairs

of lattice parameters, excluding points far away from equilibrium and chosen in

anticipation of preference for larger lattice parameters for higher temperatures.

The phonon density of states integration was performed with Yphon [25].

Ipopt [26] and the author’s FuncLib library was used for non-linear optimization.

5. Results and discussion

5.1. Force constants and vibrational contributions

Second-order changes in energy corresponding to perturbation of one pair of

ionic positions were determined by Eq. (8), as calculated by the supercell linear

response method. By choosing a basis with one basis vector in the direction of

the separation, diagonal entries in the matrix of force constants correspond to

10



stretching and bending, respectively. Independent force constant matrices were

determined for each pair of lattice parameters in the quasiharmonic phonon

approximation.

Fig. 2 shows the calculated force constants for the equilibrium lattice pa-

rameters; similar results for other pairs of lattice parameters were obtained.

Perturbing an ion in stretching direction of one bond may result in a perturba-

tion of the same ion in one of the bending directions of another bond, and vice

versa. This explains the positive bending Fe-N force constant and negative N-N

stretching force constant despite each ions are at equilibrium positions where

first-order derivatives vanishes. In this case, the stretching directing of the Fe-N

bond is almost in the plane of the bending directions of the N-N bond.

The phonon density of states d(ω) was obtained from the force constants as

described in Sec. 2.2. This allows the vibrational contribution to the Helmholtz

free energy to be calculated by Eq. (7). The phonon dispersion relation along

important symmetry of the hexagonal unit cell directions is given in Fig. 3

for the equilibrium lattice parameters. Similar dispersion relation curves were

obtained for other pairs of lattice parameters.

5.2. Fitting the equation of state

A five-parameter Birch–Murnaghan equation of state was chosen, augmented

with three additional parameters (mr = 2,mc = 1) to fit the entire energy–

lattice parameter surface. Parameters were obtained by minimizing the squared

deviations,

(16) η =

√√√√ k∑
i=1

(
Efit(Vi, ri)− E(Vi, ri)

)2
k

,

of Helmholtz free energies at (Vi, ri). The fitting was repeated for any temper-

ature of interest, resulting in a smooth temperature dependence.

Table 2 lists predicted equilibrium lattice parameters, bulk modulus, pres-

sure derivative of bulk modulus, and thermal expansion evaluated for selected

temperatures. Comparison to experimental data available in the literature is

11
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Figure 4: First-principles ground state energies per atom for various lattice parameters (a, c)

(circle) and the fitted extended equation of state (a, c) 7→ E(Vac, c/a) visualized as a function

of lattice parameters (dotted mesh). Projection V 7→ E(V, r0(V )) through equilibrium lattice

parameters as a function of imposed volume (thick blue line) and projection r 7→ E(V, r) for

some fixed volume V = 10.3 Å3 (thin brown line). The quasiharmonic phonon model allows

phonon free energies to be calculated for each of these points and the extended equation of

state to be refitted for any T > 0.

Table 3: Equation of state parameters as described by Eq. (11), Eq. (13), and Eq. (15) cor-

responding to predicted values listed in Table 2. Notice that the first-order energy expansion

term as a function of volume vanishes by construction. The ratio of lattice parameters at

equilibrium volume satisfies r0 = c0/a0 = ρ0. The root-mean-squared fitting error per atom

η of the equation of state is also given.

T , K V0, Å3 E0, eV E2/E0 E3/E0 E4/E0 ρ0 ρ1 γ0 η, meV

295 10.238 −8.3137 −1.7050 −1.2473 27.784 1.6092 0.0060788 −0.30256 0.0840

300 10.239 −8.3150 −1.7032 −1.2605 27.794 1.6093 0.0041618 −0.30203 0.0843

468 10.293 −8.3674 −1.6340 −1.7322 27.516 1.6120 −0.068319 −0.28293 0.109

508 10.307 −8.3824 −1.6153 −1.8487 27.313 1.6129 −0.087758 −0.27811 0.118

546 10.320 −8.3973 −1.5966 −1.9598 27.085 1.6137 −0.10699 −0.27344 0.128

588 10.335 −8.4147 −1.5752 −2.0827 26.796 1.6148 −0.12914 −0.26820 0.140

618 10.346 −8.4276 −1.5592 −2.1704 26.571 1.6156 −0.14555 −0.26440 0.148
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The view corresponds to the surface plot of Fig. 4 seen from the side along the equilibrium

curve V 7→ E(V, r0(V )) (blue line). The equilibrium curve of the fitted extended equation of

state accurately fits through the lowest energy points for each V . (Lower) Same calculation

repeated for the Helmholtz free energy Fac including electronic and vibrational contributions
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Figure 6: First-principles energies for volume V = 10.3 Å3. The view corresponds to the

surface plot of Fig. 4 seen along the constant-volume curve r 7→ E(V, r) (brown line). Excellent

fit also in this direction. Similar fits are obtained for other values of V and for T > 0.

Equilibrium ratio r = c/a is correctly reproduced by the fitted equations of state.
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with Eq. (19) fitted to the values (dashed blue line), and from [1] (diamond). Normalized to
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provided [1, 3, 5]. The complete set of equation of state parameters and fitting

errors are given in Table 3 for reference.

Fig. 4 shows the calculated first-principles energies and energy–lattice pa-

rameter surface obtained from the fitted extended equation of states. Fig. 5

shows a projection of the calculated energy surface at the equilibrium value of

r = c/a, V 7→ E(V, r0(V )), for given imposed unit cell volumes V . Projections

are given for T = 0 and T = 600 K, clearly showing the expected thermal expan-

sion predicted by the quasiharmonic phonon model. Fig. 6 shows a projection

for fixed volume and varying values of r = c/a.

The fitting errors in Table 3 show that it is possible to fit the entire energy

surface with three additional parameters while obtaining a small fitting error η '

0.1 meV. Also, the fitting errors obtained here are almost the same as that of a

pure five-parameter Birch–Murnaghan equation through points near equilibrium

values r0(V ) only, with very similar equilibrium curves V 7→ E(V, r0(V )).

5.3. Lattice parameters and thermal expansion

The equation of state extended to hexagonal systems, as described in Sec. 3,

makes it possible to calculate equilibrium values of (V, r) or, equivalently, the

14
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corresponding lattice parameters (a, c), as a function of temperature, corre-

sponding to the minimum of the two-variable function in Fig. 4. Equilibrium

lattice parameters are listed in Table 2 for various temperatures.

The equilibrium volume function,

(17) V (T ) = arg min
V ′

F (T, V ′),

is shown in Fig. 7 and compared with experimental data published in the liter-

ature [1, 3]. The volumetric thermal expansion coefficient is given by

(18) α(T ) =
1

V (T )

dV

dT
(T ),

and the predicted expansion coefficient is given in Fig. 8 as a function of tem-

perature. A functional form

(19) V (T ) = V (T0)e
∫ T
T0

(α0+α1T
′)dT ′

has been suggested [27] to obtain an estimate of the expansion coefficient from

experimental data of lattice parameters, i.e., a polynomial expansion of α(T )

in T . Fig. 7 and Fig. 8 show the resulting fit to experimental data and the

corresponding expansion coefficient Eq. (18), respectively.

The lattice parameter pair (a, c) that minimizes Eq. (4) is given in Fig. 9.

The relative deviation in the present work compared to experimental lattice

parameters at ambient temperature is (−0.53%,−0.84%). This compares to

(−0.81%,−1.30%) obtained in [9] and (+0.50%,−0.89%) obtained in [10] with

the optimal choice of the empirical parameter in the GGA+U exchange-correlation

functional.

The better agreement of the present model with experimental data as com-

pared to earlier work was obtained, because expansion of the unit cell due to

vibrational excitations was accounted for. The difference between predicted

equilibrium values at T = 0 in the present work and those in [9] is due to the

quantum effect of zero-point vibrations originating from the last term in Eq. (6).

The predicted unit cell volume given in Fig. 7, the thermal expansion co-

efficient given in Fig. 8, and the lattice parameters given in Fig. 9, obtained

16



Table 4: Predicted energy per atom E, volume per atoms V , and equilibrium ratio c/a as a

function of temperature T and pressure p.

T , K p, GPa E, eV V , Å3 c/a

295 0.0 −8.314 10.24 1.6092

10.47a 1.6125a

10.43b 1.6143b

295 4.7 −8.310 10.01 1.6093

10.19a 1.6141a

295 10.4 −8.299 9.76 1.6094

9.92a 1.6154a

295 15.6 −8.281 9.54 1.6095

9.79a 1.6164a

295 18.5 −8.268 9.42 1.6095

9.68a 1.6184a

a Experimental data from [5] (ambient tem-

perature assumed).

b Experimental data from [3].

from the generalized quasiharmonic phonon approximation show good agree-

ment with predicted thermal expansion compared to experimental data in the

literature [1, 3].

5.4. Volume–pressure relationship

The tractability of the model also allows prediction of equilibrium properties

for imposed positive pressure p > 0 for any given temperature. In Table 4 unit

cell volume and lattice parameter ratio c/a are listed and compared to high-

pressure experimental data [5]. The sample is prepared at high-temperature and

quenched to ambient temperature. Other experimental data in the literature

suggest configurational disordering of interstitial site occupations at elevated

temperatures [4], which would be locked in the quenching process. The present

model does not account for such configurational disordering. Also notice that the
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Figure 10: Predicted unit cell volume (solid line) as a function of pressure. Experimental data

from [5] (square). Normalized to volume at reference temperature T0 = 295 K.

volume–pressure experimental data are obtained from a sample with a slightly

higher nitrogen concentration with the composition Fe3N1.05O0.017.

Fig. 10 shows the predicted change in volume as a function of pressure in

good agreement with the experimental data. The model does not predict sig-

nificant change in the ratio of lattice parameter c/a as the imposed pressure is

increased. Moreover, the predicted bulk modulus and its derivative with respect

to pressure listed in Table 2 are in good agreement with experimental data and

provide improvements compared to previous first-principles calculations [5].

6. Conclusions

A thermodynamic model was developed for the hexagonal close-packed ε-

Fe3N structure, and lattice parameters and thermal expansion coefficient were

calculated using the proposed two-dimensional equation of state. The expansion

coefficient predicted by the quasiharmonic phonon approximation is in good

agreement with experimental data. Also predicted volume–pressure relationship

is in good agreement with high-pressure experimental data.
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