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Abstract We consider organisms which use a renewal strategy such as run-

tumble when moving in space, for example to perform chemotaxis in chemical

gradients. We derive a diffusion approximation for the motion, applying a cen-

tral limit theorem due to Anscombe for renewal-reward processes; this theorem

has not previously been applied in this context. Our results extend previous

work, which has established the mean drift but not the diffusivity. For a clas-

sical model of tumble rates applied to chemotaxis, we find that the resulting

chemotactic drift saturates to the swimming velocity of the organism when the

chemical gradients grow increasingly steep. The dispersal becomes anisotropic

in steep gradients, with larger dispersal across the gradient than along the

gradient. In contrast to one-dimensional settings, strong bias increases disper-

sal. We next include Brownian rotation in the model and find that, in limit

of high chemotactic sensitivity, the chemotactic drift is 64 % of the swimming
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velocity, independent of the magnitude of the Brownian rotation. We finally

derive characteristic time scales of the motion that can be used to assess if

the diffusion limit is justified in a given situation. The proposed technique for

obtaining diffusion approximations is conceptually and computationally sim-

ple, and applicable also when statistics of the motion is obtained empirically

or through Monte Carlo simulation of the motion.

Keywords Movement models, Diffusion approximation, Run-tumble

strategy, Renewal process, Chemotaxis

1 Introduction

Chemotaxis, the ability of organisms to climb the gradient of a given chemi-

cal and thus reach regions with elevated concentrations of that chemical, has

been investigated empirically and theoretically for more than a century (Adler,

1966; Keller and Segel, 1971; Alt, 1980; Okubo and Levin, 2001; Colin et al,

2014; Xue, 2015). Chemotaxis is ubiquitous in biology (Kay et al, 2008), occur-

ring for example in bacterial infections and their immune response, formation

of biofilms, spread of cancer, and bacterial colonization of marine snow. In a

heterogeneous environment, chemotactic abilities determine the nutrient up-

take of the organism, and a quantitative understanding of the phenomenon is

necessary for assessing ecological rates and aggregations of organisms.

For bacteria, the run-tumble model (Brown and Berg, 1974; Berg, 1993)

is particularly well studied. In this model, bacteria swim with constant ve-

locity until they tumble and reorient. The tumble rate is increased when the
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bacterium experiences decreasing concentrations, and the net effect is a chemo-

tactic drift in the direction of the gradient (see details in section 3). At the

same time, the randomness in the behavior implies a dispersal of individuals.

This model leads directly to stochastic simulation model of the individual bac-

terium, e.g. (Jackson, 1989), which can assess the performance of the chemo-

tactic strategy. Even if this model does not capture all important dynamics of

specific bacteria such as E. coli (Cluzel et al, 2000; Xue, 2015), the run-tumble

model of chemotaxis is an archetypal example of a search strategy employed

by organisms to identify favorable regions in space. Here, we examine the an-

alytical properties of this model, in particular in the situation of strong bias

which corresponds to a bacterium experiencing steep gradients.

When studying run-tumble motion and other search strategies, the issue

of scales often arises because the single run can be considered short relative to

the scales of environmental heterogeneity, e.g. a chemical gradient. Such ques-

tions of scale are ubiquitous in mathematical biology (Hastings et al, 2011;

Benhamou, 2014), with different models being appropriate to describe a given

phenomenon at different scales. From a mathematical point of view, this raises

the question of consistency across scales: Are two different models, each con-

ceived to represent movement at a particular scale, consistent in the sense

that they give identical predictions at some scale or in some limit? In many

cases, movement may be represented on large scales by an advection-diffusion

equation (Okubo and Levin, 2001), corresponding to the organism perform-

ing a biased random walk. In this coarse-grained model, the details of the
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individual run, and possibly other internal dynamics (Grünbaum, 2000; Xue,

2015), is summarized in a drift term giving the mean velocity, and a diffusivity

parametrizing the dispersal.

The now classical approach to obtaining such diffusion approaches (Alt,

1980) builds on the seminal work by Patlak (1953). This analysis applies sin-

gular perturbation analysis to the evolution equation, or Master equation,

governing the probability distribution of the state of the bacteria. A quite

general result was obtained by Othmer and Hillen (2002). Studies applying

this approach include Grünbaum (1999), who considered foragers searching

for discrete patches and emphasized the connection between observable statis-

tics of motion and the diffusion approximation, Bearon and Pedley (2000) who

included the rotation due to shear flow, aiming to describe the performance of

the bacteria in a turbulent environment, and Xue (2015) who emphasized the

intracellular biochemistry.

In the interest of technical simplicity, many applications follow Keller and

Segel (1971) and consider only the first term in the expansion which is a

linear relationship between chemical gradient and the resulting chemotactic

drift. Similarly, to first order, the diffusivity is independent of the gradient.

This, however, does not always lead to useful results, since it predicts that

the chemotactic drift may exceed the actual swimming speed of the organism,

if the chemical gradient is steep enough. This situation arises, for example,

for bacteria attracted to marine snow, where thin boundary layers may form

which feature steep chemical gradients (Kiørboe et al, 2001). In general, strong
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patchiness is a common condition in aquatic ecology and in biology in general,

and therefore the response to strong cues is important for the fitness of organ-

isms and the emergent ecosystem properties. This justifies not only empirical

studies of behavior in strong gradients, but also a detailed analysis of models

of behavior in strong gradients.

In a one-dimensional setting, the model can be cast as the telegraph equa-

tion, for which a sigmoid relation was found (Rivero et al, 1989) between the

gradient of the chemoattractant and the resulting chemotactic drift. For the

diffusivity, this study concluded that strong gradients reduced the diffusivity:

In the limit of infinitely strong gradients, cells would all move up gradient

with constant velocity, ultimately yielding a diffusivity of 0. Bearon (2003)

used the framework of generalized Taylor dispersion (Frankel and Brenner,

1989) and considered non-linear effects in a three dimensional setting. In this

study, the first terms in an expansion of the diffusivity also showed that that

strong gradients reduced the diffusivity in the direction of the gradients.

The technical challenges of singular perturbation analysis make it useful

to consider alternative ways to derive diffusion limits, of which one is the

theory of stochastic processes. One approach is to derive the diffusivity from

mean-square considerations (Sandoval et al, 2014), essentially integrating the

autocorrelation function of the velocity process. Another approach is to divide

the motion into independent segments. This was pursued by Bearon and Pedley

(2000) who showed that chemotactic drift could be determined equally well

with a perturbation expansion and with the law of large numbers. In this paper
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we continue in this direction, and assume that the motion can be divided

into stochastically independent segments, i.e. runs. This allows us to apply

the machinery of stochastic processes of renewal-reward type, in particular a

central limit theorem due to Anscombe (1952) which appears to be practically

unused in mathematical biology in general and in particular in the study of

random motion of organisms. A similar approach was taken by Bearon (2001);

the end result relates statistics of the single run to coarse-grained statistics of

the motion, i.e. the drift and diffusivity.

When making use of diffusion approximations, it is necessary to assess if

the separation of scales is justified. To this end, we investigate the time scale

of velocity fluctuations, and compare two measures: The average time since

last tumble, and the decorrelation time of the velocity, i.e. the Lagrangian

time scale. As we shall see, these two measures both indicate that velocity

fluctuations are more persistent in steeper gradients. This also opens for the

possibility that processes which may be ignored in weak gradients can be

decisive in strong gradients. As an example of this, we examine the effect of

Brownian rotation with strong chemotactic sensitivity.

The main advantage of our approach, compared for example to singular

perturbation analysis, is technical simplicity. While the derivation of limit the-

orems for renewal processes and other stochastic processes may be considered

a specialized discipline, the application of such theorems requires only straight-

forward analysis to yield the necessary statistics of the microscale model. In

the examples in the following, we employ simple mathematical analysis, Monte
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Carlo simulation, and standard numerical analysis of diffusion equations, to

this end. Once such microscale statistics have been obtained, elementary cal-

culations yield the coarse-grained statistics. The technical simplicity of this

analysis provides an opportunity to address non-trivial questions, e.g. if strong

bias reduces or increases diffusivity, and how large spatial scales are required

for a diffusion approximation to be justified.

The paper is organized as follows: In section 2 we establish the framework

of using renewal processes to describe run-tumble motion such as chemotaxis,

and apply Anscombe’s theorem to obtain a diffusion limit of such motion. In

section 3 we go through the detailed calculations when applying the result

to the classical run-tumble model. In section 4 we consider timescales which

characterize the motion and which can be used to assess if a diffusion approxi-

mation is reasonable. In section 5 we consider the effect of Brownian rotation.

Finally section 6 offers a discussion and some conclusions.

2 Diffusion approximations based on renewal-type velocity

processes

In this section we consider movement patterns which can be divided into

stochastically independent steps. This is a natural first description of the run-

tumble motion of bacteria and other organisms, in that the runs are assumed

to be independent.

First some notation: We use ti to denote the duration of the ith run, and

xi the displacement during the same run. Our focus is the three-dimensional
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case xi ∈ R3, but the results in this section apply regardless of the number of

dimensions. Ti is the time when the ith runs starts; we refer to this as the ith

tumble. Xi is the position at time Ti. Hence

ti = Ti+1 − Ti

and

xi = Xi+1 −Xi .

We do not consider positions or velocities during the runs themselves, only

at tumbles. We therefore introduce the position at last tumble

X̄t = XN(t)

where N(t) = max{n ≥ 0 : Tn ≤ t} is the counting process, giving the

number of tumbles before time t ≥ 0. Notice that the process X̄t is a position

jump process or what is termed a kangaroo process by Othmer et al (1988).

The objective of the following is to approximate the distribution of X̄t with

a Gaussian when t is large, and thus reach a diffusion approximation of the

motion.

We now make the crucial assumption that runs i and j are stochastically

independent for i 6= j, and that the duration and displacement of run i have

a known distribution which is independent of i and has finite first and second

order statistics:

E

 ti

xi

 =

 τ

µ

 , V

 ti

xi

 =

σ2
t ρ′

ρ Σx

 .
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To analyse the long-term behaviour of the process X̄t, we may apply the law

of large numbers. The mean velocity during the first n steps is v̄n = Xn/Tn

which approaches µ/τ as n → ∞, almost surely. This follows directly from

the independence of runs, using that n−1
∑n
i=1 xi → µ and n−1

∑n
i=1 ti → τ

almost surely, as n → ∞. In the context of bacterial chemotaxis, this result

for the mean velocity is used by Bearon and Pedley (2000); Locsei (2007).

To study the behavior after a long time, i.e. as t → ∞, rather than af-

ter many runs, i.e. as n → ∞, it is useful to note that the tumble process

{Ti} is a point process on R of renewal type (Grimmett and Stirzaker, 1992);

the defining property being exactly that times {ti} between tumbles are inde-

pendent and identically distributed. The combined process (Ti, xi) is thus a

renewal-reward process, where the displacement xi during a run is a reward

associated with the renewal point Ti. With this terminology, the position Xn

after a run is the cumulated reward. Asymptotic properties of renewal pro-

cesses is a well-studied subject in stochastic processes. The renewal-reward

theorem states that X̄t/t→ µ/τ as t→∞, almost surely; i.e. the “long time

limit” agrees with the “many jumps limit”. The elementary renewal theorem

for renewal-reward processes states that also t−1EX̄t → µ/τ as t → ∞, i.e.

the ensemble mean (corresponding to averaging over many bacteria moving

independently) agrees with the long-time average for a single arbitrarily cho-

sen bacterium. To obtain a similar expression for the variance, we employ the

following central limit theorem due to Anscombe (1952), see also Grimmett

and Stirzaker (1992):
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Theorem 1 (Anscombe) Let zi be independent identically distributed scalar

random variables with mean 0 and variance σ2. Let Sn =
∑n
i=1 zi, and let Nt

be an integer-valued process such that t−1N(t) → 1/τ > 0 in probability as

t→∞. Then

SN(t)√
t/τ
→ N(0, σ2)

in distribution as t→∞.

Background information, such as definitions of convergence in probability

and in distribution, can be found in Grimmett and Stirzaker (1992). With this

theorem, we obtain the following result for the asymptotic mean and variance

of the position in the run-tumble motion:

Proposition 1 In the renewal-reward model of the run-tumble motion, the

displacement X̄t is asymptotically normal distributed:

1√
t
(X̄t − t

µ

τ
)→ N(0, Σ/τ)

in distribution as t→∞, where

Σ = Σx +
µµ′

τ2
σ2
t −

1

τ
(µρ′ + ρµ′) .

The proof is given in appendix A. A similar result is derived by Bearon

(2001, section 3.3) for the “many steps limit” without using Anscombe’s the-

orem; see in particular equations (3.30), (3.34) and (3.37) therein.

Notice that asymptotically, both the mean displacement EX̄t ≈ tµ/τ and

the variance VX̄t ≈ tΣ/τ scale linearly with time, as expected and in agree-

ment with standard diffusion theory. Notice also that in the unbiased case
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µ = 0, we recover the standard expression Σ = Σx which can be obtained

with elementary arguments. The correction Σ − Σx is of second order in the

bias µ - assuming that the covariance ρ is of first order which will typically be

the case. As a trivial example where the correction term matters, consider the

case where the velocity is fixed and common to all runs, i.e. xi = v · ti for fixed

velocity vector v ∈ Rn, while the run lengths ti have an arbitrary distribution

with mean τ and variance σ2
t . For this example we find µ = v ·τ , Σx = vv′ ·σ2

t ,

and ρ = v · σ2
t , yielding the obvious result Σ = 0.

The theorem allows to approximate the motion, when the time t is large,

with a Wiener process (Brownian motion) with drift; i.e. a biased random

walk in continuous time and space. Here, the drift is µ/τ and the diffusivity

is Σ/2τ .

3 Diffusion limit of a standard model of run-tumble chemotaxis

While the preceding section was for a general model of motion which can

be divided into independent runs, we now turn to the standard run-tumble

model (Brown and Berg, 1974; Jackson, 1989) of bacterial chemotaxis, aiming

to obtain explicit expressions for chemotactic drift and dispersal. We consider

a bacterium in still water which experiences a time-invariant concentration

of the chemoattractant. The bacterium has position Xt ∈ R3 and velocity

Vt = dXt/dt ∈ R3. Runs, i.e. periods of constant velocity, are separated by

instantaneous tumbles at which point a new velocity is sampled uniformly

from the sphere {v : |v| = U}. We assume that tumbles arrive randomly at
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a rate λ(Xt, Vt) so that (Xt, Vt) together form a Markov process. We note

that this assumption implies that we ignore intracellular state dynamics, an

assumption that will not always be justified.

The classical model (Brown and Berg, 1974) is as follows: The bacterium

measures the concentration of the chemoattractant by monitoring the fraction

of bound chemoreceptors at its surface. This fraction, P (Xt), depends on the

local concentration C of the chemical attractant:

P (x) =
C(x)

K + C(x)

where x ∈ R3 and K is a constant parameter, the half-saturation concen-

tration. Here we have assumed steady-state in the receptor dynamics, see also

Jackson (1987, 1989); Kiørboe and Jackson (2001); Locsei (2007), an assump-

tion that may not be valid, in particular when the cell experiences rapidly

changing chemical concentrations Xue (2015).

Tumbles are stimulated when the fraction P (Xt) decreases with time, and

suppressed when P (Xt) increases. Specifically, the tumble rate λ can be com-

puted from the rate of change in P (Xt) according to the formula

log λ(Xt, Vt) = log λ0 − α
d

dt
P (Xt)

where λ0 and α are constant parameters. In summary

λ(x, v) = λ0 · exp

(
−α K

(K + C)2
v · ∇C

)

where C and ∇C are evaluated at x ∈ R3.
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The customary approach is at this point to summarize the model in terms

of a Master equation, which governs the temporal evolution of the probability

distribution of the state (position and velocity). Next, to assume a separation

of scales which allows a singular perturbation analysis of this equation, result-

ing in a diffusion limit. In contrast, the approach in the following is to assume

a separation of scales which allows us to consider the run statistics constant

over several subsequent runs, and thus apply the central limit theorem of the

previous section. We therefore introduce the dimensionless quantity β

β(x) = α
K

(K + C(x))2
|∇C(x)| U. (1)

β combines chemotactive sensitivity and strength of the chemical gradient,

so that the absolute value of β indicates the strength of the chemotaxis and

thus the bias in the resulting motion. For the homogeneous case where β(x)

is a constant function of x ∈ R3, it is convenient to introduce a coordinate

system such that the z-axis points in the direction of the chemical gradient.

With this, we obtain the following:

Theorem 2 Assume that the tumble rate λ(x, v) is independent of x ∈ R3

and has the form

λ(x, v) = λ0 exp(−β v · ez
U

) (2)

where ez is the unit vector in the direction of the z-axis. Then the diffusion

limit of the run-tumble process is given by

1√
t

(Xt −X0 − vt)→ N(0, 2D) in distribution as t→∞
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where the drift is v = U · (0, 0, vz) with

vz = (cothβ − 1

β
)

while the diffusivity is D = diag(Dx, Dy, Dz) · U2/λ0 with

Dx = Dy =
2β cosh 2β − sinh 2β

8β2 sinhβ
and Dz =

1

4

sinh 2β − 2β

β2 sinhβ
.

The theorem applies when the tumble rate β is constant, but in many

applications β will depend on space, as for example in the model (1). We

return to this issue in the following section.

The proof of the theorem consists of computing the statistics of a single

run of the motion and apply proposition 1. These statistics are obtained with

fairly elementary integrals over space of possible velocities, i.e. the surface of

the sphere. The details are found in appendix B. We note that the same results

could have been found inserting the specific form (2) of the tumble rate into

the general formulas of Bearon (2001, section 4.1); the actual computations

being parallel despite differences in the framing.

The results of the theorem are shown graphically in figure 1. The figure

also includes results from a Monte Carlo simulation which was performed

to verify the results; see details in appendix C. When β → 0, the following

approximations are useful

vz =
1

3
β − 1

45
β3 + o(β4)

Dx = Dy =
1

3
+

7

90
β2 + o(β3)
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Fig. 1 The dimensionless chemotactic velocity and diffusivity, obtained with the central

limit theorem, as function of the dimensionless steepness parameter β. Positive β corresponds

to an attractant while negative β corresponds to a repellent. Circles show estimates obtained

with a Monte Carlo simulation of the run-tumble model (see details in appendix C) while

vertical bars display the associated 95 % confidence intervals; this simulation verifies the

theoretical results.

Dz =
1

3
+

1

90
β2 + o(β3)

Note that the diffusivity D contains anisotropic terms of second order in β,

In turn, in steep gradients β →∞ an elementary analysis yields the following

approximations:

vz = 1− 1

β
+O(e−β)

Dx =
eβ

4β
(1 +O(1/β))

Dz =
eβ

4β2
(1 +O(βe−2β))
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Note that the diffusivity is enhanced both in the direction of the chemical

gradient (here, the z-axis) and in the directions perpendicular to this gradient,

but mostly so in the directions perpendicular to the gradient.

4 Time scales and the validity of the diffusion approximation

The validity of the diffusion approximation relies on a separation of scales, in

that the environment must be nearly constant during a sequence of runs, so

that β(x) can be considered locally constant and asymptotic statistics based

on constant β apply. To assess the validity of this approximation, it is useful to

examine time scales which characterize the fluctuations in the velocity process

and the individual run. We compute this time scale for the model with frozen

parameters, i.e. as in theorem 2, and assuming stochastic steady state.

A first candidate time scale is the mean duration of a run, i.e. τ . However,

this will underestimate the correlation in the velocity process in the case of

steep gradients: There will be many short runs going in the wrong direction

which will affect the mean duration of a run, but not cause the velocity process

to decorrelate. A more useful statistic is the mean duration of the run contain-

ing a given point of time, i.e. EtN(t). The fact that this differs from the mean

run duration is known as the bus stop paradox (or the inspection paradox) in

the literature of stochastic processes (Grimmett and Stirzaker, 1992).

By symmetry, the duration of the run containing a typical point is related

to the time since last tumble, At = t − TN(t), which is known as the age in

renewal theory. Specifically,
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lim
t→∞

EtN(t) = lim
t→∞

2EAt ,

To pursue this time constant, we once again use the framework of renewal

processes (Grimmett and Stirzaker, 1992). Let G denote the complementary

cumulative distribution function of the run duration ti, i.e. G(s) = P(ti >

s). Let f be the probability density function of the run durations, f(s) =

−G′(s). In stationarity, the probability density of the age At is (Grimmett

and Stirzaker, 1992)

fA(s) =
1

τ
G(s)

where, as before, τ = Eti is the mean run duration. It follows that the

expected age is

EAt =
1

τ

∫ ∞
0

sG(s) ds =
1

τ

∫ ∞
0

1

2
s2f(s) ds =

1

2

Et2i
Eti

=
1

2

σ2
t

τ
+

1

2
τ (3)

where, as before, σ2
t = Vti is the variance of the run duration. Here we

have used integration by parts. For the run-tumble motion, we get

EAt =
1

2λ0

sinh 2β

sinhβ
.

Since EAt = 1/λ0 in the unbiased case, it is convenient to use this time

scale rather than the duration EtN(t), which, as we saw, differs with a factor

of two.

A final way to measure the time constant is the Lagrangian time scale TL

which is obtained by integrating the autocorrelation function of the velocity.
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Fig. 2 Dimensionless time constants of the run-tumble model, as function of the dimension-

less parameter β describing chemotactic strength. Note logarithmic scale on the ordinate.

Equivalently (Taylor, 1921) the Lagrangian time scale is the ratio between the

diffusivity and the variance of velocity fluctuations. A discussion relating to

the differences between these time scales can be found in Bearon (2001, section

4.1). When the velocity process is anisotropic, as in our situation, we average

over the three dimensions and obtain:

TL =
Dx +Dy +Dz

E|Vt|2 − |EVt|2
=

1

λ0

2β sinh3(β)

2β sinh(2β)− cosh(2β) + 1− 2β2

The three time constants τ , EAt, and TL are seen in figure 2 as function of

β when λ0 = 1. Note that they all agree in the unbiased case β = 0 where the

time constant is 1/λ0, and that the time constants increase with the gradient,

as is to be expected. When β →∞ we have

EAt =
eβ

2λ0
(1 + o(1)), TL =

eβ

4λ0
(1 + o(1)), τ =

eβ

2β
(1 + o(1)) .
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Note that the mean run duration τ is the smallest of the three time con-

stants, and that EAt and TL differ with a factor 2 when β →∞.

These time scales can be used to assess the validity of the diffusion ap-

proximation in the following way: The time scales EAt and TL translates to

characteristic length scales; e.g. U · EAt is the typical distance traveled since

last tumble. For the diffusion approximation to be valid, the tumble rate β

must be constant over many subsequent runs, so that spatial fluctuations in

β over the length scale U ·EAt must be negligible.

5 Brownian rotation and strong chemotactic sensitivity

The conclusion from the previous is that as gradient steepness tends to infinity,

or the chemotactic sensitivity tends to infinity, the chemotactic velocity in the

direction of the gradient approaches the swimming speed while the diffusivity

tends to infinity. However, since also the time constants of the motion tend to

infinity, these conclusions are not robust towards modifications or additions to

the model. To illustrate this, we here examine the effect of Brownian rotation

(Berg, 1993), i.e. during runs we let the velocity vector perform Brownian

motion on the sphere. This will impair the organism’s ability to align with the

gradient and thus decrease the chemotactic velocity. At the same time, it will

decrease the decorrelation time of the velocity process and therefore decrease

the diffusivity.

We consider the limiting case of an infinitely steep gradient, or equivalently,

infinitely high chemotactic sensitivity, i.e. we let β → ∞ in (2). In this limit,
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the tumble rate is infinite when the direction is down-gradient (Vt · ez < 0),

and 0 when the direction is up-gradient Vt ·ez > 0. In words, the bacterium will

tumble instantaneously when it is swimming down-gradient, and tumble again

as needed until it is headed up-gradient. It will never tumble while swimming

up-gradient.

Thus, the velocity Vt is a Markov process on the half-sphere B+ = {v :

|v| = U, ezv ≥ 0} as follows: The times of tumbles {Ti : i ∈ N} is a renewal

process, i.e. the durations of the runs {Ti+1 − Ti : i ∈ N} are independent.

After a tumble at time t = Ti, a new velocity Vt is chosen uniformly from

the half-sphere with respect to solid angle. Between tumbles, the velocity un-

dergoes Brownian motion on the half-sphere with rotational diffusivity κ, i.e.

E( 6 (Vt, Vt+h))2 = 2κh + o(h). The next tumble occurs when the velocity

process hits the plane ezv = 0 so that the direction is perpendicular to the

gradient, i.e. limt↑Ti+1
ezVt = 0.

The parameters in this model are the swimming speed U [Length/Time]

and the rotational diffusivity κ [1/Time]. A simple dimensional analysis yields

that the resulting chemotactic drift must scale with the swimming speed U

and be independent of the rotation κ, whereas the chemotactic dispersal scales

with U2/κ. The following result yields the coefficients in the scaling relations.

Theorem 3 For the model above we have the central limit theorem

1√
t
(Xt − vt)→ N(0, 2D) in distribution as t→∞

where v = U · (0, 0, vz) with
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vz →
1

8 log 2− 4
≈ 0.64

while D = U2κ−1 · diag(Dx, Dy, Dz) with

Dz ≈ 1.00 · 10−2 , Dx = Dy ≈ 8.54 · 10−2 .

In stationarity, the expected time since last tumble is

lim
t→∞

EAt = κ−1
(

3− 4 log 2

2 log 2− 1
+ 2 log 2− 1

)
≈ 0.975κ−1

The proof is found in appendix D. Note, as predicted by the dimension

analysis, that the chemotactic velocity is independent of the magnitude of the

Brownian rotation. In particular, any non-zero Brownian rotation will decrease

the maximum chemotactic velocity from the swimming speed U to 0.64 U .

The diffusivities can be compared with that of the same bacterium in

absence of tumbling: There, the velocity decorrelates exponentially with a time

constant of 1/κ; hence the diffusivity is isotropic and has magnitude U2/(3κ).

We see that the tumbles decrease the diffusivity by a factor of 4, roughly, in

the direction perpendicular to the gradient, and a factor of 33, roughly, in the

direction of the gradient. The factor 4 is due to reduction of the decorrelation

time, while the factor 33 is mostly due to reduction of the variance.

It is possible to generalize the preceding analysis to the case of finite chemo-

tactic sensitivity β, although most of the resulting partial differential equations

must be solved numerically.

Our original motivation for examining the model in this section was that

it is the limit of the run-tumble model of section 3 when the parameter β in
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(4) goes to infinity. Nevertheless, the model may have a relevance which does

not rely on the functional form (4), since it simply states that the organism

reorients itself when and only when it experiences a degrading environment.

Even if this assumes a high fidelity sensory system and a crude behavioral

strategy, it is a reasonable first model of tumbling search behavior.

6 Discussion

The contribution of this paper is, first, to demonstrate that Anscombe’s the-

orem, a central limit theorem for renewal-reward processes, is useful for de-

riving diffusion limits of stochastic motion. Second, we followed this approach

for the specific example of run-tumble motion with the standard exponential

relationship between run direction and mean run length, including Brownian

rotation. The main advantage of this approach, and consequently the value

of Anscombe’s theorem in this context, stems from conceptual and computa-

tional simplicity: Statistics of the single run may be obtained with well known

and mathematically straightforward methods, after which the coarse-grained

statistics of the motion may be obtained with elementary calculations using

Anscombe’s theorem. As an example of this, since no scale separation is used

when analyzing the statistics of a single run, the nonlinearity and anisotropy

of the response to chemical cues is preserved directly in the diffusion approxi-

mation.

The result, proposition 1, applies not only when the run statistics are

obtained analytically as in section 3, but also when they are determined by
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Monte Carlo as in the second part of theorem 3. In that case it suffices to

simulate one single step repeatedly in order to estimate the run statistics.

Even if run statistics are obtained with numerical analysis of partial differential

equations, as also done in the second part of theorem 3, these equations are

standard and can be analyzed with well-known methods.

Similarly, the run statistics may be obtained empirically by observing mo-

tion of single individuals. If we have obtained maximum likelihood estimates

of these statistics, we may insert these estimates in the formulas in the propo-

sition to obtain maximum likelihood estimates of the chemotactic velocity and

dispersal. In this situation, a problem with observed trajectories is that the

division into runs may be partially subjective, e.g. through a threshold in local

accelerations. In that case the threshold should be chosen so as to eliminate

correlations between subsequent runs.

For the run-tumble motion, the dispersal turns out to be anisotropic, which

is not surprising given that the motion is biased (Bearon, 2003; Codling et al,

2010). The diffusivity increases quite rapidly with the steepness of the gradient.

This should be contrasted to the findings of Rivero et al (1989), who consid-

ered a similar one-dimensional model and showed that the dispersal is a de-

creasing function of gradient steepness. Our results demonstrate a fundamen-

tal difference between motion in one and three dimensions; results from one-

dimensional studies should not be extrapolated to three dimensions without

scrutiny. Also, using different methods Bearon (2003) examined the diffusive

limit from a tumble rate which depends on the angle between the swimming di-
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rection and the concentration gradient in a slightly different way than the one

presented in this paper, and found that along-gradient diffusivity decreased

with chemotactic strength. This demonstrates that differences in higher order

term has qualitative implications for the along-gradient diffusivity. Since the

diffusivity is the product of the variance on the velocity process and decorrela-

tion time of the velocity process, and since chemotaxis decreases the variance

but increases the decorrelation time, subtle differences can determine if the

net effect of chemotaxis is increased or reduced diffusivity.

Related to this is an interesting observation, which may appear paradox-

ical: With the run/tumble model and exponential form of the tumbling rate,

as studied in this paper, increasingly strong bias will cause the chemotactic

drift to approach the swimming speed so that in the limit the bacterium is

swimming straight up the gradient, but at the same time the diffusivities tend

to infinity. The resolution of this seeming paradox is that the decorrelation

time of the velocity process increases faster than the variance of the velocity

decreases.

The results for the run-tumble model of chemotaxis rely on the specific

functional relationship between the tumble rate and the experienced change

in concentration, i.e. the standard model (2). Although this relationship is

common in the literature, its validity in the strongly biased case, i.e. steep

gradients or high chemotactic sensitivity, does not have overwhelming empir-

ical support. It can therefore be argued that a detailed analysis of the model

in the strongly biased case is less fertile, but nevertheless it is important to
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know the analytical behavior of standard model components. A related ob-

jection is that the model (2) ignores intracellular state dynamics (Xue, 2015)

and in particular that these dynamics will not be at steady-state when the

animal experiences steep gradients. This implies that our results address non-

linearities in the chemotactic response to steep gradients but not the delays

and transients. This objection is valid and implies that our conclusions will

have a smaller range of applicability than those resulting from a detailed study

such as Xue (2015). Regardless, the simplicity and generality of the result in

theorem 1 speaks for the applicability of the result, and combined with the

standard model (2) our results, specifically theorem 2, provides a reference

that more elaborate and detailed models can be compared against.

A technical limitation of the renewal approach is that subsequent runs

must be stochastically independent for the central limit theorem to apply. In

the context of bacterial chemotaxis, it is a common empirical observation that

subsequent runs are not independent, but that the direction before and after a

tumble are positively correlated (Berg, 1993). It should be possible to relax the

requirement of independence in the current framework and allow dependent

but exponentially mixing runs, for example using the methods in Nielsen et al

(2007), which rely on Markov renewal processes. One would expect that the

chemotactic drift can be computed from run statistics as in proposition 1,

i.e. as µ/τ , under very weak assumptions on correlation between runs, even

if the statistics µ, τ may themselves depend on interrun dependency (Locsei,
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2007). Meanwhile, positive correlation between run displacements is expected

to enhance dispersal (Berg, 1993).

Comparing techniques for obtaining diffusion approximations, an advan-

tage of the singular perturbation expansion is that it is systematic in the sense

that it yields a series expansion where in principle arbitrary many terms can

be computed, although with rapidly increasing effort. In contrast, the cen-

tral limit theorem yields an approximation but offers no simple remedies if

the accuracy is insufficient. Neither method of obtaining diffusion approxima-

tions provide simple methods for quantifying the approximation error, except

through numerical simulation of the microscopic model.

The accuracy of diffusion approximations is, in general, a difficult topic.

Techniques which are based on the autocorrelation of the velocity may yield

not only the asymptotically dominating term which is linear in time, but also

dominated terms which typically decay exponentially (Sandoval et al, 2014);

this addresses the issue of finite time, but not the issue of processes being

not completely stationary in a heterogeneous environment. It is to be consid-

ered good practice to compare decorrelation scales, in time and space, with

other characteristic scales of the problem and scales of interest in the study,

as e.g. is done by Bearon (2007). For this purpose, the characteristic scales

obtained in section 4 are useful. In the standard model of chemotaxis (1), (2),

for the parameter β to display sufficiently small variability over many runs

the concentration must remain far below saturation and the gradient must

be relatively constant; assumptions that may be violated in steep gradients.
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Furthermore, even if a diffusion process may approximate the run-tumble pro-

cess, the standard run-tumble model may be an inadequate representation of

the actual organism, for example because transients in intracellular dynamics

become important (Xue, 2015). Detailed simulation studies are required to

examine the range of applicability of each of these approximations.

Ultimately, whether a diffusion approximation is justified depends also on

the question being asked. For example, for the case of bacteria with run/tumble

behavior and infinite sensitivity as in section 5, diffusion approximations may

provide accurate statistics for the displacement of a bacterium over a given

time interval. However, regarding the density of bacteria, a fundamental dif-

ference is that the microscopic model in this limiting case always predicts a

flux up the gradient of the chemoattractant, whereas the flux in the diffusion

approximation depends also on the gradient of the bacterial density, and there-

fore may go against the gradient of the chemoattractant in certain situations.

To conclude, we have provided a technique for deriving diffusion approxi-

mations, which assumes independent segments (runs) of the trajectories, and

relates the drift and dispersal from the statistics of these runs. The usefulness

of this technique stems from the simplicity of the relationship between run

statistics and the resulting chemotactic drift and dispersal, which facilitates

determining diffusion approximations either through mathematical analysis,

Monte Carlo simulation, or statistical analysis of observed motion. Due to this

simplicity, the technique is a valuable supplement to other existing methods

for deriving diffusion approximations.
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A Proof of proposition 1

Define the scalar stochastic process

zi = c′xi −
c′µ

τ
ti

where c is an arbitrary column vector and c′ denotes transpose. zi is a scalar auxillary

process which has been constructed so as to have mean Ezi = 0, thus enabling us to apply

Anscombe’s theorem. Its variance is

Vzi = σ2 = c′
(
Σx −

1

τ
(µρ′ + ρµ′) +

µµ′

τ2
σ2
t

)
c = c′Σc .

Define

Sn =

n∑
i=1

zi

and note that by the law of large numbers, t−1N(t) → τ−1 almost surely. We may thus

apply Anscombe’s theorem to conclude that SN(t) is asymptotically normally distributed.

Now, Sn is closely related to the cumulated reward X̄T which is our object of investigation:

SN(t) = c′X̄t −
c′µ

τ
TN(t) = c′X̄t −

c′µ

τ
t+

c′µ

τ
At

where

At = t− TN(t)

is the age, i.e. the time that has passed since since last tumble. The process At is

bounded in probability, and hence

At√
t
→ 0 in probability as t→∞ .

Thus, the asymptotic distribution of the sum SN(t) implies a similar property of X̄t:

c′
X̄t − µ

τ
t√

t/τ
=
SN(t)√
t/τ
−

µ
√
τ

At√
t
→ N(0, σ) in distribution.

Since this holds for any c, X̄t itself must be asymptotically normally distributed:

1
√
t
(X̄t −

µ

τ
t)→ N(0, Σ/τ) in distribution.

ut
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B Proof of theorem 2

We aim to apply proposition 1 and therefore pursue the statistics of a single run. For

simplicity we rescale time and length so that the swimming speed is 1 and the base tumble

rate is 1, and express the tumble rate as a function of the angle θ between v and ez . Then,

the tumble rate is

λ(θ) = e−β cos θ (4)

At each tumble a new run direction is chosen, uniformally with respect to solid angle.

I.e., the angle θi between the z-axis and the velocity during run i is distributed between 0

and π with density:

φ(θ) =
1

2
sin θ for 0 ≤ θ ≤ π.

The duration ti of a run is, when conditioning on the angle θi, exponentially distributed

with mean 1/λ(θi). We then obtain the unconditional mean:

τ = Eti = E(E{ti|θi}) = E
1

λ(θi)
=

∫ π

0

φ(θ)

λ(θ)
dθ =

1

2β
(eβ − e−β) =

sinhβ

β
.

This mean duration is a time scale which characterizes the process. It is examined in

section 4 and compared to other time scales, and graphed in figure 2.

Likewise, conditional on the angle θi, the second moment of the run duration is E{t2i |θi} =

2/λ2(θi). We thus find the unconditional second moment:

Et2i = E(E{t2i |θi}) = E
2

λ2(θi)
=

∫ π

0

2φ(θ)

λ2(θ)
dθ =

1

2β
(e2β − e−2β) =

sinh 2β

β

from which we obtain the variance of the run duration:

σ2
t = Vti = Et2i − (Eti)

2 =
sinh 2β

β
−

sinh2 β

β2

We now turn to the statistics of the displacement during a run, which we - with a slight

abuse of notation - represent with coordinates (xi, yi, zi). We have the geometric relationship

zi = ti · cos θi which yields the mean displacement in the z-direction:
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µz = Ezi = E(E{zi|θi}) = E
cos θi

λ(θi)
=

∫ π

0

φ(θ)

λ(θ)
cos θ dθ =

coshβ

β
−

sinhβ

β2

Rotational symmetry yields µx = µy = 0. Proposition 1 now gives the drift in the

diffusion approximation:

vx = vy = 0, vz =
µz

τ
= cothβ −

1

β

as shown in figure 1.

Next, we need the second order properties of the displacement during a run. Rotational

symmetry and Pythagoras’ theorem yields

Ex2i = Ey2i and x2i + y2i = t2i sin2 θi .

Combining these two, we obtain the variance of displacement in the direction of the

x-axis (or the y-axis):

Ex2i =
1

2
E(E{(t2i sin2 θi)|θi})

= E
sin2 θi

λ2(θi)

=

∫ π

0

φ(θ) sin2 θ

λ2(θ)
dθ

=
cosh 2β

2β2
−

sinh 2β

4β3

Correspondingly, for the z-direction:

Ez2i = E(E{t2i cos2 θi|θi})

= E
2 cos2 θi

λ2(θi)

=

∫ π

0

2φ(θ) cos2 θ

λ2(θ)
dθ

=
2β2 + 1

2β3
sinh 2β −

cosh 2β

β2

which yields the variance
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Vzi = Ez2i − (Ezi)
2 =

(4β3 + 6β) sinh 2β − (6β2 + 2) cosh 2β + 2− 2β2

4β4
.

Rotational symmetry dictates that the run displacement (xi, yi, zi) has diagonal covari-

ance matrix Σx = diag(Vxi,Vyi,Vzi) and that the covariance between run duration and

displacement is 0 in the two directions ex and ey , so

ρ = (0, 0,Cov(zi, ti))
′ .

Here, the covariance between run duration ti and displacent zi in z-direction is obtained

with similar calculations:

Etizi = E(E{tizi|θi})

= E(E{t2i cos θi|θi})

= E
2 cos θi

λ2(θi)

=

∫ π

0

2φ(θ) cos θ

λ2(θ)
dθ

=
coshβ

β
−

sinh 2β

2β2

yielding

Cov(ti, zi) = Etizi − τµz =
(2β2 + 1) cosh 2β − 2β sinh 2β − 1

2β3
.

We now have the statistics which are required to apply proposition 1. In the x and y

direction we get

Dx = Dy =
Ex2i
2τ

=
2β cosh 2β − sinh 2β

8β2 sinhβ

while in the z direction we get

Dz =
Vzi +

(Ezi)
2

τ2
Vti − 2Ezi

τ
Cov(ti, zi)

2τ
=

1

4

sinh 2β − 2β

β2 sinhβ
.

Proposition 1 now establishes the limiting Gaussian distribution of the position at tum-

bles, and it remains only to show that the same limiting distribution applies during a run:
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The displacement during a run from the position at last tumble will be bounded in prob-

ability. Therefore (X̄t − Xt)/
√
t converges to 0 in probability, so that (Xt − vt)/

√
t and

(X̄t − vt)/
√
t has the same limiting distribution, i.e. the limiting Gaussian distribution

applies also to the position at any point in time, whether at a tumble or during a run. ut

C Monte Carlo simulation

Here we describe the Monte Carlo simulation performed to verify the results of theorem 2;

i.e. the estimates and associated confidence intervals displayed in figure 1. The run-tumble

model with constant speed U = 1, base tumble rate λ0 = 1 and different values of the

parameter β, is simulated stochastically. The initial distribution for the velocity is the sta-

tionary distribution which scales with 1/λ(v); this is a truncated exponential distribution

for vz = v · ez and conditional on this, a uniform distribution of the two other components

on the circle {(vx, vy) : v2x + v2y = 1 − v2z}. The motion is simulated one tumble at a time

until the time of last tumble exceeds the simulation time T = 10000; after this the position

at time T is obtained by interpolation in the last run and reported. This simulation time

is orders of magnitude larger than the decorrelation time of the velocity process (compare

figure 2) which ensures that the diffusion approximation is reasonable. N = 1000 indepen-

dent replicates of the motion are simulated for each value of β. Estimates of the drift and

diffusivity are obtained as sample means computed from mean displacement and its vari-

ance, respectively. 95 % confidence intervals for the mean are obtained using ±1.96 times

the standard error between replicates; these intervals are smaller than the plotting symbols

so practically invisible in the plot. 95 % confidence intervals for the diffusivity are obtained

from percentiles in M = 1, 000 bootstrap replicates.

D Proof of theorem 3

We first non-dimensionalize the model; this amounts to taking U = 1 and κ = 1. We aim

to apply proposition 1 and therefore examine the statistics of time and displacement during
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a single run. A run starts at time 0 with a random velocity V0 sampled uniformly on the

half-sphere B+ with respect to solid angle and ends when the Brownian motion on the

half-sphere hits the plane {v : ezv = 0}.

We first transform the problem to a one-dimensional one by focusing on the velocity

in the z-direction. During a run, the instantaneous velocity vector Vt is Brownian motion

on the surface of the unit sphere, which can be written as the solution to an Itô stochastic

differential equation (Øksendal, 2010)

dVt = −Vt dt+
(
I − VtV ′t

)
dBt (5)

where Bt is three-dimensional Brownian motion. Let Ut = ezVt denote the velocity in

the direction of the gradient. Using Itô’s lemma we obtain

dUt = −Ut dt+
√

1− |Ut|2 dWt

Here

dWt =
1√

1− |Ut|2
ez(I − VtV ′t ) dBt

and, noting that ∣∣∣∣∣ 1√
1− |Ut|2

ez(I − VtV ′t )

∣∣∣∣∣
2

= 1

we recognize Wt as standard Brownian motion (compare Øksendal (2010)). Thus the

process is Ut is itself a Markov process with generator L given by

(Lf)(u) = −u
∂f

∂u
+

1

2
(1− u2)

∂2f

∂u2
=

∂

∂u

(
1

2
(1− u2)

∂f

∂u

)
Up to the factor 1/2, this is Legendre’s operator of order 0.

From the point of view of the individual run, the boundary u = 0 is absorbing in that

the run terminates when Ut reaches this boundary. Let T = inf{t : Ut ≤ 0} denote this

stopping time. We seek the statistics of T and ZT . During the run, the time t and up-

gradient displacement Zt are additive processes, studied in an oceanographic context by

Thygesen et al (2007). Define the moment functions
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ψij(u) = EuT iZjT

then it follows that these functions ψij for i, j ∈ N0, (i, j) 6= (0, 0) are governed by

boundary value problems

Lψ10 + 1 = 0

Lψ01 + u = 0

Lψij + iψ(i−1)j + juψi(j−1) = 0 for i, j ∈ N

on the domain u ∈ (0, 1). The boundary condition at u = 0 is ψij(0) = 0 while the

boundary condition at u = 1 is that the limit limu→1 ψij(u) exists, since the operator L is

singular at that point (recall that u = 1 does not correspond to a boundary point for the

original Brownian motion on the half-sphere B+).

For the low-order moments we find the solutions:

ψ10(u) = EuT = 2 log(1 + u)

ψ01(u) = EuZT = u

ψ20(u) = EuT 2 = 8(log 2− 1) log(u+ 1)− 4(log(2))2 − 8dilog(
u

2
+

1

2
) + 2

π2

3

ψ11(u) = EuTZT = (4 + 2z) log(u+ 1)− 2u

ψ02(u) = EuZ2
T =

2

3
u2 +

4

3
log(u+ 1)

Here the dilog function is dilog(x) =
∫ x
1

(1− t)−1 log t dt.

These statistics are conditional on the up-gradient velocity u = U0 at the beginning

of the run. To find the unconditional statistics, we take expectation with respect to the

distribution of U0. Since V0 is uniformly distributed on the half-sphere B+ with respect to

solid angle, U0 is uniformly distributed on [0, 1]. Hence

ET iZjT =

∫ 1

0

ψij(u) du
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We find:

ET = 4 log 2− 2 ≈ 0.77

EZT =
1

2

ET 2 = 16(1− log 2)2 ≈ 1.51

ETZT = −9/2 + 8 log 2 ≈ 1.05

EZ2
T = −

10

9
+

8

3
log 2 ≈ 0.74

According to proposition 1, we can now compute the advective velocity as

EZT

ET
=

1

8 log 2− 4
≈ 0.64

To determine the diffusivity, we need the variance of the run duration

VT = ET 2 − (ET )2 = 12− 16 log 2 ≈ 0.91 ,

the variance of the up-gradient displacement during a run

VZT = EZ2
T − (EZT )2 = −

49

36
+

8

3
log 2 ≈ 0.49 ,

and the covariance

Cov(T, ZT ) = ETZT − (EZT )(ET ) = −7/2 + 6 log 2 ≈ 0.66 .

With this we can employ proposition 1 to obtain the diffusivity in the z-direction:

Dz =
1

2

VZT +
(EZT )2

(ET )2
VT − 2EZT

ρ
ET

ET

=
1

144

−85 + 490 ln (2)− 796 (ln (2))2 + 384 (ln (2))3

(−1 + 2 ln (2))3

≈ 1.00 · 10−2

By rotational symmetry, the chemotactic drift in the x (or y) direction is zero, and the

diffusivity matrix is diagonal. It remains to find the diffusivity Dx in the x-direction, and
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to this end we must find VXT . Conditional on V0, this is governed by the two boundary

value problems on the half-sphere B+:

∇2γ1 + x = 0, ∇2γ2 + 2xγ1 = 0

with Dirichlet boundary condition on the boundary {(x, y, z) : z = 0, x2+y2 = 1}. These

equations do not appear to admit analytical solution in closed form. In stead, two numerical

approaches were used: First, numerical solution of the two equations using the finite element

software Comsol. Next, a Monte Carlo method where the stochastic differential equation (5)

is simulated using a modified Euler method until absorption. The two numerical methods

both estimate

EX2
T = 0.131± 0.001

With this, we find

Dx =
EX2

T

2ET
≈ 8.54 · 10−2 .

Finally, according to the general result (3), the expected age in stationarity is

EAt =
1

2

VT

ET
+

1

2
ET =

3− 4 log 2

2 log 2− 1
+ 2 log 2− 1 ≈ 0.975 .

ut
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