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Abstract

The parameters of thermodynamic models, such as the cubic plus association

(CPA) equation of state, are subject to uncertainties due to measurement errors

in the experimental data that the models are correlated to. More importantly as

the number of adjustable parameters increase, the parameter estimation prob-

lem becomes more complicated due to parameter identifiability issues. In this

work the uncertainties in the pure compound parameters of CO2 are investigated

using several different CPA approaches, including a new quadrupolar CPA. The

uncertainties are estimated using both least squares estimation and the boot-

strap method for parameter estimation. The uncertainties in the parameters

estimated from the bootstrap method are propagated to physical property and

vapor liquid equilibrium predictions using Monte Carlo simulations.

The results indicate that both the pure compound parameter uncertainty

and the propagated uncertainty is negligible for the modeling approaches which

employ three adjustable parameters. For modeling approaches with more than

three adjustable parameters, however, there may be significant uncertainties

in the pure compound parameters, as well as a high degree of correlation be-

tween the adjustable parameters. This results in significant propagated errors
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for certain output properties. To reduce the uncertainty in the adjustable model

parameters the heat of vaporization was included as additional correlation data.

This resulted in parameter distributions which followed a normal distribution

more closely, however, the correlation between the adjustable parameters re-

mained high. Overall the results indicate, that it is important to report pa-

rameter uncertainties together with their correlation matrix when a model is

developed, so that better informed decisions can be made, for instance about

which model extension, or association scheme should be employed.

Keywords: equation of state, CPA, quadrupole, CO2, Parameter Estimation,

Propagation of uncertainty

1. Introduction

The pure compound parameters of advanced thermodynamic models such as

the cubic plus association (CPA) equation of state (EoS) [1] and the Statistical

Association Fluid Theory (SAFT) [2] are typically correlated to the saturated

vapor pressure and saturated liquid densities using a least squares (LSQ) min-5

imization approach in which, presumably, unique parameters are estimated.

Even the most accurate experiments, however, are subject to measurement er-

rors. Moreover the parameters may be correlated, so that a change in one

parameter can be compensated by a change in another. Consequently the pure

compound parameters will be associated with some degree of uncertainty, which10

is typically assumed insignificant in the majority of studies thus far. Even small

errors in the parameters, however, may significantly affect the result of a sim-

ulation [3, 4]. While several researchers have drawn attention to this problem

[4–10] surprisingly little work has been done on analysing and quantifying the

uncertainty of parameters in thermodynamic models and their effect on physical15

property and equilibrium calculations.

The work of Whiting and co-workers [3, 11–16] is perhaps one of the most

notable contributions to uncertainty estimates of thermodynamic models. Using

a Monte Carlo approach the authors analysed the effect of uncertainties in ther-
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modynamic data and their effect on process design. More recently Mathias and20

co-workers [17–19] also investigated the importance of uncertainty propagation

for processes such as CO2 capture. Hajipour and co-workers [20–22] estimated

the critical properties for a large number of hydrocarbons. The authors took

both the experimental uncertainty in the data as well as the correlation between

thermodynamic model parameters into account. Subsequently the uncertainties25

of the binary interaction parameters for 87 binary mixtures were estimated by

use of the pure compound uncertainties.

Most research has focused on the propagated error from a thermodynamic

model to various unit operations such as distillation columns (e.g. [5, 6, 17, 23]).

Uncertainty analysis, however, can also be used for model development and30

comparison; by comparing the uncertainties of selected physical properties and

equilibria for different models, we can compare the models more objectively. For

instance when models such as CPA and SAFT are compared, they often perform

almost identically and what differences are present may, in many cases, be due

to statistical uncertainties in the pure compound parameters of the models,35

rather than due to one model being superior to the other.

In an effort to improve the performance of models such as SAFT and to

obtain a physically more correct model, additional terms are often added to

the base EoS. The addition of an extra term typically leads to an increase in

the number of adjustable parameters. This may make it difficult to estimate40

unique pure compound parameters due to high correlations between parameters

as well as the possible presence of multiple local minima. One reason for this

is that the data used for parameter estimation is too limited in relation to the

model complexity, which must be able to predict a wide range of properties

besides those its parameters are fitted to. This may be particularly relevant for45

a molecule such as CO2, for which the vapor pressure curve is very short. Both

SAFT and CPA can for instance correlate the saturated vapor pressure and

liquid density of CO2 almost within experimental error, using only the three

pure compound parameters commonly employed for non-associating molecules.

Unfortunately neither EoS can predict (i.e. kij = 0) the unusual phase be-50
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havior of mixtures containing CO2 very well. The reason for this is believed

to be, that CO2 has a large quadrupole moment, which the traditional ap-

proaches do not account for. The large quadrupole moment is, for instance,

believed to be the reason for the liquid-liquid equilibrium between CO2 and

heavy hydrocarbons. During the past decade several quadrupolar terms have55

been added to the SAFT framework [24–27]. Unfortunately the new terms are

often parametrized by using an additional pure compound parameter (such as

an ’effective’ quadrupolar moment). Other more pragmatic approaches tend to

treat CO2 as a self-associating or solvating molecule. Tsivintzelis et al. [28],

for instance, demonstrated that such an approach often works quite well, at60

the cost of two additional pure compound parameters. If the uncertainties in

parameters are significant, however, it may be difficult to compare the perfor-

mance of various modeling approaches, as their differences may be due to the

parametrization, rather than the superiority of one model over the other.

In this work, the uncertainties in the pure compound parameters of CO265

are systematically evaluated, when different modeling approaches are employed

with CPA as the base model. The uncertainty estimates are obtained from either

a linear approximation of the covariance matrix of estimated parameters from

nonlinear regression (LSQ) or using the Bootstrap method [29]. A Monte Carlo

procedure (with latin hypercube sampling (LHS) and Iman-Conover correlation70

control) is employed to quantify the effect of parameter uncertainty by propa-

gating the uncertainties to various derivative properties and binary equilibrium

calculations.

2. Methods

2.1. Parameter estimation - uncertainty and correlation75

The pure compound parameters in CPA are typically fitted to saturated pres-

sures and saturated liquid densities using a weighted LSQ objective function.

Ideally experimental data should be used for such correlations, however, more

often than not, pure compound correlations, such as that of Span and Wag-
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ner [30], as implemented in the Reference Fluid Thermodynamic and Trans-80

port Properties (REFPROP) program [31] and as disseminated through the

National Institute of Standards and Technology (NIST) Chemistry Webbook

[32] are employed as pseudo-experimental data, since their correlations are ac-

curate to within experimental error for many compounds. While such pseudo-

experimental data are a convenient way of quickly obtaining quite accurate85

data for many compounds, the measurement errors present in the experimental

data is lost. Moreover as the number of model parameters is increased and the

closeness of fit improves, there is a clear risk of over-fitting.

In this work we investigate and compare the uncertainty when CO2 is treated

as either an inert (non-associating, non-quadrupolar) molecule, an associating90

molecule, and as a quadrupolar molecule. In the first two cases regular CPA

is employed with and without association (with focus primarily on scheme 4C).

In the latter case we employ the quadrupolar CPA (qCPA) which is a recent

extension of CPA to quadrupolar fluids suggested by Bjørner and Kontogeorgis

[33]. Equations for CPA and qCPA can be found in appendix Appendix A or95

in the literature [1, 33–36]. Two cases are evaluated when CO2 is considered

to be a quadrupolar molecule, one where no additional adjustable parameter is

employed and one where an additional volumetric parameter is employed. Table

1 summarizes the various approaches and the adjustable parameters involved in

each approach.100

Table 1: Modeling approaches with CPA, including the number of adjustable pure compound

parameters, investigated for CO2.

Designation Modeling approach sites on each molecule no. Adj Adjustable parameters

A inert no sites 3 Γa, b0, c1

B 2Bb one positive, one negative 5 Γ, b0, c1, ε, β

C 3B one positive, two negative 5 Γ, b0, c1, ε, β

D 4C two postive, two negative 5 Γ, b0, c1, ε, β

E Quadrupolar point quadrupole 3 Γ, b0, c1

F Quadrupolar point quadrupole 4 Γ, b0, c1, b
Q
0

a Γ = a0/Rb0

b Terminology from Huang and Radosz [37] .
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2.1.1. The least squares method

The LSQ method is a frequentist approach, in which the underlying model

parameters are assumed to have true fixed values. However, since experimental

data are subject to measurement errors these values can only be estimated by

probability distributions of the measurement errors with the aid of statistical

estimators [38, 39]. That is, the model parameters are not random but the

estimators are, since they depend on the measurements. If is is assumed that

the experimental error can be described by a normal distribution with mean

equal to the experimental measurement, then the LSQ method is equivalent to

minimizing the weighted sum of squares of the difference between measurements

(exp) and mathematical model (m):

min χ2(θ) =

N∑
i=1

(
yexpi − ymi (θ;Ti)

σexpi

)2

(1)

where N is the number of experiments, yexpi is the ith experimental value of an

output property, such as the saturated density or saturated pressure, ymi (θ;Ti)

represent the results from the model at temperature, Ti, where θ is a vector of

adjustable parameters which depends on the modeling approach. The weight of105

the ith term is given as the inverse variance of the ith measurement, (σ2
exp,i).

In principle σ is the total standard deviation including both the uncertainty

in dependent and independent variables. In this work, however, we assume

that the uncertainty in the independent variables is insignificant, which greatly

simplifies the data fitting problem.110

Under a linear approximation the covariance matrix of parameter estimators

can be calculated from [40, 41]

Cov(θ̂) ≈ χ2

N − p

((
∂y

∂θ

)T
V−1

(
∂y

∂θ

))−1

(2)

where p is the number of estimators, y is a vector of outputs, and V is the diag-

onal variance matrix of measurement errors. The correlation matrix, a normal-

ized symmetric matrix which approximates the correlation between parameters,
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is calculated from the covariance matrix (Eq. (2)) as

cor(θi, θk) =
Cov(θ̂)√

diag(Cov(θ̂))diag(Cov(θ̂))
(3)

For large N the 100(1 − α)% confidence interval of the parameters can be ap-

proximated by

θ̂ ± tα/2N−p

√
diag(Cov(θ̂)) (4)

where t
α/2
N−p is the student’s t-distribution corresponding to the α/2 percentile

and with N−p degrees of freedom. In Eq. (4) it is implicitly assumed that the

various parameters are independent of each other. In reality the parameters are

correlated resulting in confidence ellipsoids, or hyper-ellipsoids.

2.1.2. Bootstrap technique for uncertainty of parameter estimators115

The LSQ method is by far the most well-known approach for parameter esti-

mation. There are, however, several alternative parameter estimation methods.

One of these is a method called bootstrap [29]. The basic idea of the bootstrap

method is that it relies on random sampling with replacement of the residuals,

to generate a number of synthetic pseudo-experimental data sets. Since the120

development of the method by Efron [29] several bootstrapping schemes have

been suggested. In this work we employ one of the variants used for regression

problems, namely re-sampling of residuals. This scheme consists of four main

steps;

Step 1 Input parameters are correlated to the experimental data using Eq. (1)125

as the objective function.

Step 2 Residuals from the correlation are randomly sampled (with replace-

ment) and added to the previously correlated output values.

Step 3 The parameters are refitted to the new synthetic data. Step 2 and 3 is

repeated a large number of times to simulate repeated experimental runs.130

Step 4 The distribution of regressed mean estimators are evaluated to obtain

confidence regions and parameter correlations.
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If the underlying distribution of errors is close to the normal distribution, boot-

strapping usually gives results similar to the LSQ approach. An advantage of

bootstrapping, however, is that it does not make any assumption with respect135

to the underlying distribution of errors [42].

2.2. Propagation of Parameter Uncertainty to Model Predictions

Uncertainty associated with the predictions from thermodynamic models can

generally be classified as; (a) input uncertainty and (b) structural uncertainty

(or model error). The structural uncertainty deals with the mathematical form140

of the EoS, since all models, no matter their complexity, are only an approxi-

mation of the real physical system. The input uncertainty, on the other hand,

represents the uncertainty in adjustable parameters mainly due to uncertainty

in the experimental data, and the method employed to find these parameters

[13, 43]. The uncertainty in adjustable parameters will propagate through the145

model and will affect the accuracy of model outputs.

One popular method used for error propagation is Monte Carlo analysis.

The Monte Carlo analysis is based on multiple model evaluations using inputs

sampled from their corresponding uncertainty which is usually described by a

certain distribution function (uniform, normal, etc.). The main advantage of150

the Monte Carlo procedure is that uncertainty results can be obtained directly

from the model in question without the need for calculation of the Jacobian

matrix which is required by linear error propagation. It is thus conceptually

easy to implement and, perhaps most importantly for this work, it can be used

to propagate uncertainties through a sequence of models without the need for155

modifications to the original model.

2.2.1. A Monte Carlo uncertainty analysis

For notational convenience assume that the desired output property from any

of the equations of state under investigation can be represented by a function

of the form

y = f(θ,n, P, T ) (5)
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where y is a vector of output model predictions, θ is a vector of model inputs and

n, P and T are the composition vector, pressure and temperature respectively.

The expression in Eq. (5) may represent not only the equation of state but a160

sequence of linked models or expressions needed to calculate a desired output

property. For instance f may represent a dew or bubble point calculation.

Monte Carlo uncertainty analysis is based on performing multiple model

evaluations of a function of the form in Eq. (5) with inputs sampled from a

probabilistic distribution. The Monte Carlo uncertainty analysis involves four165

steps [43]:

Step 1 Specification of the range and underlying probability distribution of the

input variables.

Step 2 Sampling from the input range and distribution specified in the first

step, to simulate parameters obtained from repeated experimental runs.170

Step 3 Evaluation of Eq. (5) for each input sample.

Step 4 Representation and interpretation of results.

In this work we employ the (kernel) probability density functions of the input

variables as estimated from the bootstrapped subsamples. Commonly used

methods to take samples from the input space in step 2 are; random sampling,175

shifted Hammersley sampling [44], equal probability sampling [13] and LHS

[45]. In this work the samples are chosen using LHS sampling. Input parameter

correlation is induced by applying the Iman-Conover correlation control method

[46]. Additional introductions to Monte Carlo analysis are available elsewhere

e.g. [47–50] and references herein.180

3. Results and Discussion

3.1. Parameter estimation - uncertainty and correlation

The pure compound parameters of approaches A-F were correlated to the ex-

perimental saturated liquid density and saturated vapor pressures using Eq. (1)
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as the objective function. The very accurate data from Duschek et al. [51] are185

used for the saturated liquid density (below 295 K the experimental uncertainty

is estimated to less than ±0.015%). For the saturated vapor pressure we em-

ploy data from [51–53] (experimental uncertainty estimated to ±0.016−0.012%,

±100 Pa and ±0.1% respectively). It is assumed that the standard deviation,

σexpi , of each experimental point can be approximated by the experimental un-190

certainties given in the references.

3.1.1. Least Squares estimation

Table 2 summarizes the estimated parameters for each modeling approach.

We note that, as expected from the work of Tsivintzelis et al. [28] and Bjørner

and Kontogeorgis [33], excellent agreement to saturated vapor pressures and195

saturated liquid densities are obtained for all approaches. With the exception

of association scheme 2B the parameters for approach A-D are similar to those

presented by Tsivintzelis et al. [28]. The small difference in parameters can

probably be explained by the slightly different objective function and the use

of experimental data for the correlation, rather than pseudo-experimental data.200

The deviations generally decrease when CO2 is treated as either an associating

or a quadrupolar compound. For approaches with four or five parameters the

excellent correlations, however, may simply be due to the added flexibility of ad-

ditional model terms and parameters. The good correlations which are already

obtained for the approaches using only three adjustable parameters (A and E)205

suggest that models with more parameters are over-parameterized, which in

turn reduces the reliability of the obtained parameters (see tables 4 and 5).

Tables 3-6 show the estimated parameter uncertainty, the correlation matrix

between the parameters and the mean estimate for modeling approaches B, D,

E and F. The confidence intervals are presented as a percentage of its mean210

estimator. Only the lower triangular part of the symmetric correlation matrix

is shown.

It can be seen from table 3 that small confidence intervals are obtained

as well as low correlations between b0 and both Γ and c1 for approach E. A
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Table 2: Correlated pure compound parameters and %AADs in saturated liquid density and

saturated pressure for CO2 with the CPA EoS (Approaches A-D) and the qCPA (Approaches

E-F). The parameters are correlated in the temperature range Tr = 0.7 − 0.9.

Designation Approach
b0 Γ(a0/(Rb0) c1 β · 1000 ε/R bQ0 %AADa

mL/mol K - - K mL/mol in P sat in ρliq

A n.a. 27.3 1550 0.77 - - - 0.18 0.95

B 2B 26.9 1145 0.43 42.3 1089 - 0.07 0.11

C 3B 28.1 1310 0.64 34.7 671 - 0.06 0.10

D 4C 28.4 1329 0.66 25.7 513 - 0.07 0.10

E Quad 27.9 1284 0.68 - - - 0.13 0.46

F Quad 28.5 1027 0.60 - - 20.2 0.12 0.07

a%AAD =
100

Nexp

∑Nexp

i

∣∣∣∣xcalci − xexpi

xexpi

∣∣∣∣ where x stands for P sat or ρliq and Nexp is the number of experimental data.

Table 3: Estimated CO2 parameters, uncertainty as a 95% confidence interval (CI) in percent

of the parameter estimate, and parameter correlation matrix when modeling approach E is

employed.

θ Estimator 95% CI (%)
Correlation matrix

b0 Γ c1

b0 27.9 0.08 1

Γ 1284 0.13 0.29 1

c1 0.68 0.77 -0.01 -0.95 1
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higher correlation is observed between Γ and c1. This is probably the reason215

for the slightly larger confidence interval of the c1 parameter. The correlation

is unsurprising considering that these two parameters are closely related in the

attractive Soave-Redlich-Kwong (SRK) term (see Eq. (A.5) in Appendix A).

Similar results are obtained when CO2 is modelled as an inert (approach A).

Table 4: Estimated CO2 parameters, uncertainty as a 95% confidence interval (CI) in percent

of the parameter estimate, and parameter correlation matrix when modeling approach F is

employed.

θ Mean estimator 95% CI (%)
Correlation matrix

b0 Γ c1 bQ0

b0 28.5 0.09 1

Γ 1027 1.19 -0.98 1

c1 0.60 0.63 -0.91 0.91 1

bQ0 20.2 1.15 -0.98 0.99 0.92 1

The results for approach F, shown in table 4, indicate that when one ad-220

ditional adjustable parameter is added to the model, all model parameters be-

come highly correlated. That is, a small change in one parameter can be com-

pensated by a change in another parameter. This suggests that the model is

over-parametrized making it difficult, if not impossible, to uniquely identify its

parameters. The large correlations, however, have not increased the estimated225

confidence intervals significantly, which may suggest that the parameters are

also highly sensitive. This may indicate that such model extensions are unde-

sirable, at least when it comes to parameter estimation, even if they have the

potential to improve model predictions.

When CO2 is modelled as an associating species (approaches B-D) there230

are even more adjustable parameters. Due to the added flexibility from the

parameters, we would also expect the approaches with association to be highly

correlated. It turns out, however, that the degree of correlation depends very

much on the chosen association scheme. Tables 5 and 6 show the confidence
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Table 5: Estimated CO2 parameters, uncertainty as a 95% confidence interval (CI) in percent

of the parameter estimate, and parameter correlation matrix when modeling approach D is

employed.

θ Mean estimator 95% CI (%)
Correlation matrix

b0 Γ c1 β ε

b0 28.4 0.06 1

Γ 1329 0.79 -0.47 1

c1 0.66 4.96 -0.24 -0.69 1

β 25.7 22.65 -0.10 -0.80 0.97 1

ε 512.7 9.63 0.26 0.68 -0.99 0.98 1

intervals and correlation matrices for the 4C and 2B association scheme respec-235

tively. When the 2B scheme is employed high correlations are obtained between

all parameters. On the other hand, when the 4C scheme is employed only the as-

sociation parameters (β and ε) and the c1 parameter are highly correlated with

each other. It is suspected that the correlation between these three parameters

are due to the fact, that they all incorporate part of the models temperature240

dependence (see Eq. (A.5) and (A.8) in appendix Appendix A). As a conse-

quence of the high correlations, relatively high confidence intervals are obtained

for these parameters.

The high parameter correlations indicate that it is not possible to uniquely

determine all the adjustable parameters with approaches B-D and F. That is, the245

parameters are not unique but depend on each other, this means that one should

be careful about attaching too much physical meaning to the actual parameter

values. Essentially the obtained mean estimators merely constitute a set of

values, amongst many possible sets, which provide a good fit to the saturation

data. This may be due to the model structure or because the data is too250

limited in relation to the model complexity [38, 41]. Since excellent correlations

are obtained with only three adjustable parameters, we suspect that the latter

possibility is predominant. However, the model structure clearly matters a
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great deal, as the identifiability problems are much more significant when the

2B association scheme is employed rather than the 4C or 3B association schemes.255

This indicates that the 2B scheme is less suited to model CO2 than the 4C and

3B scheme. It is interesting to note that Tsivintzelis et al. [28] arrived at the

same conclusion by evaluating the phase equilibria of a large number of binary

mixtures.

Table 6: Estimated CO2 parameters, uncertainty as a 95% confidence interval (CI) in percent

of the parameter estimate, and parameter correlation matrix when modeling approach B is

employed.

θ Mean estimator 95% CI (%)
Correlation matrix

b0 Γ c1 β ε

b0 26.9 3.33 1

Γ 1145 10.53 0.99 1

c1 0.43 38.27 0.99 0.99 1

β 42.3 16.82 0.97 0.97 0.99 1

ε 1089 19.53 -0.99 -0.99 0.99 0.99 1

3.1.2. Parameters from the Bootstrap method260

The bootstrap method for parameter estimation gives a distribution of pa-

rameter sets generated by the, slightly, different synthetic data sets. Figure 1

shows the obtained distribution of input parameters for approach E as a his-

togram, with the number of occurences on the left y-axis, and as the estimated

probability density function (right y-axis). From figure 1 we see that the dis-265

tributions of all input parameters follow a normal distribution quite accurately,

and we would expect the mean value of the input parameters to be similar to

those obtained from LSQ. Indeed by comparing figure 1 with table 3 we see that

the mean input parameters are almost identical to those obtained from the LSQ

estimation. The main difference is, that distributions from bootstrapping are270

somewhat wider than the confidence intervals obtained from LSQ estimation.
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Figure 1: Histograms approximating the distribution of each parameter (left y-axis), obtained

from 500 re-sampled bootstraps, using modeling approach E for CO2. The full red lines show

the estimated probability density function (right y-axis).
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Figure 2: 95% confidence ellipsoids for the bootstrapped parameters of CO2 when modeling

approach E is employed. Each dot represents a realized parameter combination and each

subfigures represents the dependency (if any) of one parameter on another.

Figure 2 visualizes the correlation between certain parameters by plotting

each input parameter as a function of another input parameter. The ellipsoids in

figure 2 represent 95% confidence intervals. The closer an ellipsoid is to a circle

the more random is the parameter pair, and thus the weaker the correlation275

between the two. It is clear from the figure that there is almost no correlation

between Γ and b0 and c1 and b0, while the value of Γ and c1 depend on each

other. This is consistent with the results in table 3 for LSQ estimation. Almost

exactly the same conclusion can be made when approach A is employed. Both

modeling approaches employ only three adjustable parameters.280

Figures 3 and 4 show the bootstrapping results with approach F It is clear

from figure 3 that the input parameter distributions are no longer normal, rather

it looks like the distribution of all input parameters are bimodal. That is, there
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are two distinct peaks, or modes, in the distributions. This may suggest that

there are two different major minima in the objective function depending on285

the generated synthetic data. Given the highly non-linear nature of equations of

state, and the fact that problems of multiple minima are not uncommon [54, 55],

it does not seem unlikely that multiple modes exist. If we compare these results

with table 4 it is obvious that the parameter set obtained with the LSQ method

does not correspond with any of the modes in figure 3. Moreover, the confidence290

regions for the parameters are clearly much wider for the bootstrap than for

the LSQ method. That is, we are in a situation where both the parameters

and confidence regions are different between the two estimation methods. As

bootstrapping uses information in the data, rather than an assumption about

normality of the errors, we might expect this estimate to be more correct.295

Figure 4 shows, unsurprisingly, that bQ0 and b0 are highly correlated. It is

more surprising that the energetic parameter, Γ, is highly correlated with b0 as

well as bQ0 . We suspect that this is due to the fact that the quadrupolar term is

an attractive energetic term, and since bQ0 is the only adjustable parameter in

the quadrupolar term, Γ scales with this parameter as well, so as to balance the300

two attractive terms. This in turn means that b0 and Γ becomes intercorrelated.

Figure 5 shows the bootstrapping results with approach D. It is obvious from

the figure that the distribution of b0 and Γ appears to follow a normal distribu-

tion, with relatively narrow parameter ranges. Both parameters and confidence

intervals are similar to the confidence intervals calculated with LSQ estimation.305

The remaining parameter distributions, however, appear to follow bimodal dis-

tributions. Although not shown both LSQ estimation and bootstrapping tend

to agree about the degree of correlation between parameters.
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Figure 3: Histograms approximating the distribution of each parameter (left y-axis), obtained

from 500 re-sampled bootstraps, using modeling approach F for CO2. The full red lines show

the estimated probability density function (right y-axis).

18



28.2 28.4 28.6
950

1000

1050

1100

1150

1200

1250

b
0
 [mL/mol]

Γ 
[K

]

28.2 28.4 28.6
0.58

0.6

0.62

0.64

0.66

b
0
 [mL/mol]

c 1

28.2 28.4 28.6
19

20

21

22

23

24

25

b
0
 [mL/mol]

b
0Q

 [
m

L
/m

o
l]

1000 1100 1200
0.58

0.6

0.62

0.64

0.66

Γ [K]

c 1

1000 1100 1200
19

20

21

22

23

24

25

Γ [K]

b
0Q

 [
m

L
/m

o
l]

0.6 0.65
18

20

22

24

26

c
1

b
0Q

 [
m

L
/m

o
l]

Figure 4: 95% confidence ellipsoids for the bootstrapped parameters of CO2 when modeling

approach F is employed. Each dot represents a realized parameter combination and each

subfigures represents the dependency (if any) of one parameter on another.
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3.2. Propagation of parameter estimation errors to property prediction

To estimate the effect of the input parameter uncertainty on output prop-310

erties for the various modelling approaches, 500 Monte Carlo input parameter

samples are generated using the LHS and Iman-Conover correlation control

method [43]. Each subsample is subsequently used to calculate output prop-

erties of interest. It is assumed that the error distribution of the input pa-

rameters follow the kernel distribution obtained from bootstrapping, although315

a normal distribution with mean and standard deviation from the bootstrapped

results would have been sufficient for approach A and E. All pure compound

pseudo-experimental data is obtained from the Span and Wagner EoS [30] as

implemented in REFPROP [31].

Figure 6 shows the propagated uncertainty of the saturated liquid density320

(one of the fitted properties) for approaches A, D, E and F. Very low propagated

uncertainties are predicted especially by approaches D, E and F. In fact, the

largest uncertainty is observed when CO2 is treated as an inert (Figure 6a). It

may initially seem counter intuitive that the model with the largest uncertainty

in the saturated density, is in fact the simplest of the approaches. The reason325

for this is, that when CPA is considered an inert the correlation is not quite

as good, resulting in a range of realizations which favour either the high or

low density region. This effect is reflected in the propagated uncertainty. That

almost no uncertainty is observed for the output properties which the model

parameters are correlated to, however, does not mean that the range of input330

parameter sets does not incur uncertainty in other outputs, which may depend

on the inputs in a different way.

It is well-known that the isochoric heat capacity is a challenging property

to predict even with modern equations of state [33, 56]. It is believed that this

is primarily due to structural issues with the temperature dependence of the335

equations of state. It is possible, however, that at least part of the problem

can be explained by uncertainties in the parameters. Figures 7 and 8 map the

input uncertainty onto the residual isochoric and isobaric heat capacity at sat-

uration respectively. From both plots we see that the uncertainty is significant
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Figure 6: Propagated uncertainty in the model predictions for the liquid density at saturation.

Approach A (a), D (b), E (c) and F (d) is employed. Grey lines represent the simulations,

red dashed lines are the 5th and 95th percentile of the simulations and black full lines are the

mean of the simulations. As the simulations, and their mean are almost identical the lines are

difficult to see. Blue circles are pseudo-experimental data from Span and Wagner [30].
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for approach D, smaller, but still present, for approaches E and F and almost340

non-existent for approach A. This illustrates how larger uncertainty in input

parameters, e.g. for the approaches using more adjustable parameters, result in

higher uncertainties in the non-fitted derivative properties. The large uncertain-

ties for the isochoric heat capacity in figure 7b suggest that the uncertainty in

pure compound parameters lead to significant uncertainties in the temperature345

derivatives of the equation of state. This should be non-surprising as the three

most uncertain parameters in approach D are parameters responsible for the

temperature dependence (c1, ε, β) (Eq. (A.5) and (A.8)). This may, in part,

explain why CresV is such a difficult property to calculate for many equations

of state [33, 56]. However, the deviation from the pseudo-experimental data is350

so large, that at least part of the deviation is expected to be due to structural

uncertainty rather than input uncertainty. It is somewhat surprising that CPA

with CO2 as an inert molecule, models CresV so well, while none of the more

sophisticated equations of state yield particularly good results.

Due to the relation between CresV and CresP (see Appendix B) uncertainties in355

CresV should lead to, at least, similar sized uncertainties in CresP . The uncertainty

in figure 8 is of the same magnitude as that in figure 7, which suggests that the

input uncertainty does not lead to significant additional uncertainties in the

ratio between the (∂P/∂T )2 and ∂P/∂V derivatives. As opposed to the results

for CresV we see that the more advanced approaches all estimate CresP rather well360

within the input uncertainty, while the calculations when CO2 is treated as an

inert compound fail to follow the trend of the pseudo-experimental data. We

may note, however, that while approaches D, E and F capture the right trend of

CresP as a function of temperature, the only reason that the predictions represent

the experimental data so well, is the off-set cause by the poor representation365

of CresV , thus some cancellation of error must occur between CresV and the ratio

(∂P/∂T )2/∂P/∂V .

One of the primary objectives of most equations of state is the accurate

description of phase equilibria [56, 57]. It is therefore of particular interest

to investigate how the input uncertainty affects the prediction of vapour liq-370
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(c) Approach E.
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Figure 7: Propagated uncertainty in the model predictions for the residual isochoric heat

capacity of CO2 at saturation, employing approach A (a), D (b), E (c) and F (d). Grey lines

represent the simulations, red dashed lines are the 5th and 95th percentile of the simulations

and black full lines are the mean of the simulations. Pseudo-experimental data from Span

and Wagner [30].
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(c) Approach E.
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Figure 8: Propagated uncertainty in the model predictions for the residual isobaric heat

capacity of CO2 at saturation, employing approach A (a), D (b), E (c) and F (d). Grey lines

represent the simulations, red dashed lines are the 5th and 95th percentile of the simulations

and black full lines are the mean of the simulations. Pseudo-experimental data from Span

and Wagner [30].

25



uid equilibrium (VLE). In this work we only take the input uncertainty in the

CO2 parameters into account, and ignore the input uncertainty of the other

component. The mixtures investigated are two CO2+hydrocarbon mixtures.

Hydrocarbons are modelled with only three parameters (approach A) and the

predictions of binary hydrocarbon+hydrocarbon mixtures, are generally quite375

accurate. It is thus expected, that the error in their parameters are negligible,

and that almost all sources of error in mixtures of CO2 and hydrocarbons are

due to the quadrupolar CO2 molecule.

Figures 9-10 show the propagated input uncertainty on the CO2+ethane and

CO2+propane VLEs at 250K and 230K respectively. The small quadrupolar380

moment of ethane is ignored. All VLE plots are predictions (kij = 0). The un-

certainty with approaches A and E, both of which have three input parameters,

is negligible. The model error with approach A, however, is significant, illus-

trating the need for improved modeling approaches. All other model approaches

qualitatively predict the azeotrope in figure 9 and improve the representation385

of the CO2+propane VLE.

The output uncertainty with approach D for the VLE is quite small, which

is in contrast to the uncertainties in the pure compound heat capacities. On

the other hand, while uncertainties in the pure compound derivative properties

were small to moderate for approach F, they are clearly significant for the liquid390

phase of the VLE systems. The uncertainty depends on the mole fraction of

CO2, with the largest uncertainty in model output being around xCO2
= 0.5.

It is noteworthy that while the uncertainties in the VLE systems are significant

for approach F, it is the only model which could accurately predict the data

within its 95% percentile.395

In any case, the results show that for models such as the qCPA and CPA

with association a simple LSQ estimation may not give the optimal parameters

in terms of phase equilibrium predictions, as the input uncertainty results in

significant output uncertainties. It is worth noting that it is the same parameter

set which generate the best (closest to the the experimental data) prediction400

in figures 9-10. It is thus possible to find a parameter set, which generates
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excellent predictions for the VLE of CO2+alkanes, based only on uncertainties

in the input parameters.
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(c) Approach E.
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Figure 9: Propagated uncertainty in the model predictions for the CO2+ethane VLE at

T=250K. Employing approach A (a), D (b), E (c) and F (d). Grey lines represent the

simulations, red dashed lines are the 5th and 95th percentile of the simulations and black full

lines are the mean of the simulations. Experimental data from [58].
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(a) Approach A.
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(b) Approach D.
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(c) Approach E.
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Figure 10: Propagated uncertainty in the model predictions for the CO2+propane VLE at

T=230K. Employing approach A (a), D (b), E (c) and F (d). Grey lines represent the Monte

Carlo simulations, red dashed lines are the 5th and 95th percentile of the simulations and

black full lines are the mean of the simulations. Experimental data from [59].
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3.3. The effect of adding additional output properties

The high degree of correlation, and the complex distributions obtained from405

bootstrapping may suggest that the data used for parameter estimation is too

limited in relation to the model complexity.

One way to address this problem is to add more pure compound or binary

data to the LSQ regression. Several authors have proposed extended fitting

procedures [56, 60–62], where for instance properties such as the heat of vapor-410

ization or the speed of sound has been used in the objective function.

In order to investigate how the addition of another property in the objective

function affects the parameter distribution, we re-estimate the input parameters

of CO2 to the heat of vaporization, in addition to the saturated vapor pressures

and liquid densities. Here we investigate approaches D and F only, as the415

parameters with approaches A and E were well-defined, and any change in these

parameters will probably be at the cost of the density and/or vapor pressure

description.

It is clear from figure 11 that the distribution of the new input parameters

is nearly normal, which is in clear contrast to the parameter distribution in420

figure 3 which showed evidence of bimodiality. Clearly the addition of the heat

of vaporization has moved the parameters towards what was the minor mode

in figure 3, although the center of the old mode is not quite the same as the

new. From figure 12 it can be seen the distribution of parameter estimates also

looks much smoother for approach D, especially considering the very complex425

distributions previously observed for especially c1, β, and ε. Unfortunately

the parameter distribution is quite wide (i.e. large standard deviation), and,

although not shown here, the parameters are still rather correlated.

Figure 13b shows the uncertainty in the new input parameters propagated to

the CO2+ethane VLE, it can be seen from the figure that although the param-430

eter distributions are close to the expected normal distribution, the uncertainty

in the VLE estimation is still high for approach F. It is furthermore noteworthy

that approach F is, again, the only model which can predict the data within its

95th percentile. The uncertainty range has, however, changed so that the vari-
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Figure 11: Histograms approximating the distribution of each parameter (left y-axis), obtained

from 500 re-sampled bootstraps, using modeling approach F for CO2. The parameters have

been fitted to ∆Hvap in addition to ρliqsat and P sat. The full red line shows the estimated

probability density function (right y-axis).
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Figure 12: Histograms approximating the distribution of each parameter (left y-axis), obtained

from 500 re-sampled bootstraps, using modeling approach D for CO2. The parameters have

been fitted to ∆Hvap in addition to ρliqsat and P sat. The full red line shows the estimated

probability density function (right y-axis).
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(a) Approach F.
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Figure 13: Propagated uncertainty in the model predictions for the CO2+ethane VLE at

T=250 K. Approach F (a) and D (b) fitted to ∆Hvap in addition to ρliqsat and P sat. Grey lines

represent the simulations, red dashed lines are the 5th and 95th percentile of the simulations

and black full lines are the mean of the simulations. Blue circles are experimental data from

[58].

ous realizations generally under-predict the VLE data, whereas they previously435

over-predicted the data. This suggests a quite large total area of uncertainty,

and a very flexible model. For approach D we see from figure 13b that the

uncertainty in the VLE is larger now, than it was with the bimodal distribu-

tion, however, the VLE predictions are almost identical to those in figure 9b.

The reason for the wide parameter distributions may be because the obtained440

parameter sets constitute a compromise between correlating either of the fitted

properties better than the other. Figure 13b, for instance, suggests that the

pure compound vapour pressure is not captured very well for some parameter

sets.

4. Concluding remarks445

In this work the uncertainty in the pure compound parameters of CO2 was

investigated for various modeling approaches. The models employ between three

and five adjustable pure compound parameters. The uncertainties are estimated
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using either LSQ estimation or the bootstrap method. The pure compound

uncertainty from the bootstrap method is propagated to selected derivative450

properties and CO2+hydrocarbon VLE systems using a Monte Carlo approach.

The results indicate that modeling approaches which use only three ad-

justable parameters have relatively low parameter uncertainties. However, when

the models contained four or five parameters the uncertainties and parameter

correlations were significant. The association volume, β, for instance is highly455

correlated with the association strength, ε, and its value may vary about 100%

from its mean value, without loss of accuracy in the properties the parameters

are correlated to (saturated pressure and liquid density). The main reason for

the large parameters uncertainties appears to be the high correlation between

parameters.460

It was shown that when CO2 is treated as an associating species with five

parameters, the propagated uncertainty appear to be significant for highly tem-

perature dependent properties such as the heat capacities. On the other hand

the uncertainty is relatively small for the VLE systems. When qCPA was em-

ployed with four adjustable parameters, however, the uncertainties were rela-465

tively small in the temperature dependent properties, whereas the uncertainty

in VLE was significant. Of the evaluated models qCPA (with approach F) is

the only model which can predict the VLEs within the propagated uncertainty.

That is partly due to the larger uncertainty range, but also better model predic-

tions. This suggests that one or more parameter sets can be found, within the470

uncertainty of the adjustable parameters, which accurately predicts the VLE.

Alternatively qCPA with three parameters gives excellent qualitative results

with low uncertainties.

Although similar parameter correlations are typically obtained, the param-

eter uncertainties from LSQ estimation are generally significantly smaller than475

those obtained from the bootstrap method. This may be because the bootstrap

method accounts for the high degree of correlation between parameters, by using

the experimental data itself rather than indirectly using the linear approxima-

tion of the covariance matrix for estimators. It is thus clear that one might not
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obtain the ’best’ parameter set, e.g for modeling VLE systems, by a standard480

LSQ estimation procedure. In any case, one should be aware that an obtained

parameter set may be quite uncertain, which may incur significant uncertainties

in physical property predictions.

The effect of adding the heat of vaporization to the parameter estimation

was investigated. This resulted in parameter distributions, which were signifi-485

cantly closer to a normal distribution. Unfortunately the standard deviations

for the parameters were still high and the propagated error is significant. qCPA

with four parameters is still the only model which can, within the propagated

uncertainty, predict the VLEs. The propagated uncertainty, however, differs

from the previously estimated one, so that the model tend to under-predict,490

rather than over-predict, the VLE data.

The uncertainty results for qCPA are strictly valid only for CO2 and the

quadrupolar term which we have employed in this work. However, most other

quadrupolar and polar terms are structurally similar, and we suspect that these

terms may have similar uncertainty properties. Indicating that published pa-495

rameters should be treated with caution. On the other hand, it is clear from

the VLE examples that the quadrupolar models may offer significantly improved

predictions, even if the cost of this may be a higher uncertainty in the param-

eters. In either case the results indicate that it is important that researchers

report the parameter uncertainties when a new model is developed or parame-500

ters are estimated for a new compound. In this way better informed decisions

and comparisons can be made.

Finally we note that while we have assumed good data coverage in our analy-

sis, it would be very informative to also analyze the effect of especially sparse or

limited data on the CPA type models as well as which types of data/properties505

are employed to correlate the parameters.
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Appendix A. The CPA and qCPA Equations of State

This appendix summarizes the necessary equations for the CPA and qCPA

equations of state, as presented by Kontogeorgis et al. [1] and Bjørner and

Kontogeorgis [33].510

In terms of the reduced residual Helmholtz free energy qCPA can be ex-

pressed as:

ArCPA(T, V,n)

RT
=
ArSRK(T, V,n)

RT
+
ArAssoc(T, V,n)

RT
+
ArQuad(T, V,n)

RT
(A.1)

where T is the temperature, V is the volume, n the molar composition vector

and R the ideal gas constant.

The SRK term. The reduced residual Helmholtz energy of the SRK EoS for n

moles of a mixture is expressed as [63]:

ArSRK(T, V,n)

RT
= −n ln

(
1− B

V

)
− D(T )

RTB
ln

(
1 +

B

V

)
(A.2)

where, using the van der Waals one-fluid mixing rules

D(T ) =
∑
i

ni
∑
j

njaij(T ) (A.3a)

B =
∑
i

nibii (A.3b)

bii or b0 is the pure compound co-volume parameter for component i. The cross

energetic parameter, aij, is calculated as

aij =
√
aii(T )ajj(T )(1− kij) (A.4)

where kij is a binary interaction parameter, typically correlated to experimental

data. In this work the kij is always equal to zero. The temperature dependent

energetic parameter, aii(T ), is given as

aii(T ) = a0

(
1 + c1

(
1−

√
Tr

))2
(A.5)

where a0 and c1 are pure compound parameters and Tr is the reduced temper-

ature (= T/Tc). To avoid ambiguity it is common practice to tabulate the a0

parameter as Γ = a0/(Rb0).515
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Association contribution. The reduced residual Helmholtz energy of the associ-

ation term is given by [63–65]:

ArAssoc(T, V,n)

RT
=
∑
i

ni
∑
Ai

(
lnXAi

− 1
2XAi

+ 1
2

)
(A.6)

where Ai indicates bonding sites on molecule i and XAi denotes the fraction of

A-sites on molecule i not bonded to another association site. XAi is given by

XAi
=

1

1 + 1
V

∑
j nj

∑
Bj
XBj

∆AiBj
(A.7)

where the association strength, DeltaAB, is calculated as

∆AiBj = g(n, V )

(
exp

(
εAiBj

RT

)
− 1

)
bijβ

AiBj (A.8)

where epsAB and betaAB are the association energy and volume between site

A of molecule i and site B of molecule j respectively. bij is the cross-covolume

calculated from as bij = (bii + bjj)/2, and grad is the RDF. In CPA the RDF is

approximated as

g(n, V ) =
1

1− 1.9η
(A.9)

where eta(= B/4V ) is the reduced fluid density.

If more than one associating compound is present the CR-1 combining rule

is employed for epsAB and betaAB.

εAiBj =
1

2

(
εAiBi + εAjBj

)
(A.10a)

βAiBj =
√
βAiBiβAjBj (A.10b)

The association term is dependent on the association scheme (see Eq. (A.7)).

To denote the different association schemes the notation of Huang and Radosz

[37] is adopted.

Quadrupole contribution. The reduced residual Helmholtz energy for the quadrupo-

lar term is based on a Padé approximation for a perturbation series

ArQuad(T, V,n)

RT
=

Ar2,Quad(T, V,n)/RT

1−Ar3,Quad(T, V,n)/Ar2,Quad(T, V,n)
(A.11)
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The third-order term is the sum of both a two-body and a three-body contri-

bution, so that

Ar3,Quad(T, V,n)

RT
=
Ar3,2,Quad(T, V,n)

RT
+
Ar3,3,Quad(T, V,n)

RT
(A.12)

The expressions for the second- and third-order pure compound terms developed

by Larsen et al. [66] were extended to mixtures by Bjørner and Kontogeorgis

[33]. The expressions are

Ar2,Quad
RT

= − 7

10

NA

V (kbT )
2

nc∑
i

ni

nc∑
j

nj
Q4
ij

σ7
ij

IHS10 (A.13)

Ar3,2,Quad
RT

=
36

245

NA
V k2bT

3

nc∑
i

ni

nc∑
j

nj
Q6
ij

σ12
ij

IHS15 (A.14)

Ar3,3,Quad
RT

= − 1

6400

N2
A

V 2 (kbT )
3

nc∑
i

ni

nc∑
j

nj

nc∑
k

nk
Q6
ijk

σ3
ijσ

3
ikσ

3
jk

IHSTQ (A.15)

whereNA is the Avogadro constant, kb is Boltzmann’s constant, Q the quadrupo-520

lar moment, σ the hard sphere diameter and In and ITQ are correlation integrals.

It is presumed that the correlation integrals can be truncated at the zeroth

order term of the density expansion in [66]. The coefficients are given as:

IHSn ≈ J0,n =
4π

n− 3
(A.16a)

IHStripple ≈ J0,TQ = 54π2 (A.16b)

For mixtures, the two- and three body cross-quadrupolar moments are calcu-

lated using from

Qij =
√
QiiQjj (A.17)

Qijk = 3
√
QiiQjjQkk (A.18)

The co-volume parameter in CPA is approximated based on the molecular

diameter of a hard-sphere molecule as

bQ0 = NAπσ
3/3 (A.19)

where bQ0 is the co-volume parameter in the quadrupolar term. Note that the

original definition of the co-volume is twice that shown in Eq. (A.19).
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Two variations of qCPA are considered in this work; one where the quadrupo-

lar co-volume in Eq. (A.19) is considered identical to the regular co-volume,525

i.e. b0 = bQ0 , and one where bQ0 was used as an adjustable parameter.

Appendix B. Equations for the employed derivative properties

This appendix list expressions for the employed derivative properties; resid-

ual isochoric- and isobaric heat capacities and the residual enthalpy. The prop-

erties are given in terms of the reduced residual Helmholz energy (F = Ar/RT ).530

Residual isochoric heat capacity.

CresV (T, V,n) = −RT 2

(
∂2F

∂T 2

)
V,n

− 2RT

(
∂F

∂T

)
V,n

(B.1)

Residual isobaric heat capacity.

CresP (T, V,n) = CresV − T

(
∂P

∂T

)2

V,n(
∂P

∂V

)
T,n

− nR (B.2)

Residual enthalpy.

Hres

nRT
= Z − T

n

(
∂F

∂T

)
V,n

− 1 (B.3)

where (
∂P

∂V

)
T,n

= −RT
(
∂2F

∂V 2

)
T,n

− nRT

V 2
(B.4)(

∂P

∂T

)
V,n

= −RT
(
∂2F

∂V ∂T

)
n

− P

T
(B.5)
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