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Corner Flow of Power Law Fluids 

P. HENRIKSEN and 0. HASSAGER, Znstituttet for 
Kemiteknik, Danmarks tekniske Iitijskole, 

2800 Lyngby, Denmark 

Synopsis 

A local analysis of the flow of power law fluids near corners is performed. The 
equation for the stream function is shown to allow separated solutions in plane 
polar coordinates. The radial behavior is shown to be algebraic and results are 
given for the exponent for different values of corner angle and power law expo- 
nent. In addition, the critical angle for the onset of an eddy structure is found as 
function of the power law exponent. 

INTRODUCTION 

We consider the local plane creeping two-dimensional flow 
near two plane boundaries meeting at an angle ICY at a sharp 
corner as shown in Figure 1. The velocity vanishes on both 
boundaries. The flow near the corner is induced by some motion 
far from the corner. The equation for the stream function was 
shown by Dean and Montagnon’ to have separated solutions of 
the form 

9 = r”f(tV (1) 

for Newtonian fluids. When the angle 2a is smaller than a criti- 
cal value ~cx,, the exponent h is complex, and the flow near the 
corner was shown by Moffatt to consist of an infinite sequence of 
eddies.’ An asymptotic solution for the steady flow near a sta- 
tionary contact line at a plane boundary for two immiscible in- 
compressible Newtonian liquids was presented recently by 
Proudman and Asadullah.3 

In a related development, Hutchinson analyzed the singular 
behavior at the end of a tensile crack in a hardening material. 
Hutchinson’s result may be adopted5 for the flow of a power law 
fluid around a corner of angle ICY = 2~. The general method was 
further used by Fenner’ to analyze the flow of power law fluids 
near corners of angles 2a 5 n. The behavior of viscoelastic fluids 
near sharp corners is a matter of considerable current interest7-’ 
but remains largely an unresolved problem. 
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(b) 

Fig. 1. Streamlines for three different kinds of flow situations investigated 
in this work: (a) antisymmetrical flow, CI = 15n/20, (b) symmetrical flow, a = 
15~r/20, and (c) symmetrical flow with a free surface a = 30~/20. The stream- 
lines are only shown on a qualitative basis. 

ANALYSIS 

The analysis applies to incompressible generalized Newtonian 
fluids, that is fluids for which the stress tensor 7 is given by 

7 = -7)j (2) 
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surface 

(cl 

(Fig. 1 continued) 

where the rate-of-strain tensor is 

9 = (VI!) + (Vv)’ (3) 

The viscosity function n in Eq. (2) is a function of the scalar in- 
variants of +. It is customary to consider only the magnitude of i, 
which we define as 

It is assumed also that the viscosity function (at least at the con- 
ditions near the corner) is described by a power law 

7) = mj”-’ (5) 

where m and n are the power law parameters. The neglect of 
dependence of n on tr i, is legitimate since tr i/ = 0 for incompress- 
ible flow. Furthermore, the neglect of dependence on det i, is 
legitimate since det Jo = 0 for plane flow. We assume that the flow 
near the corner is locally a plane flow, not only for those flow situ- 
ations that are plane flow globally, but also for those flow situations 
that are axisymmetric globally. We define components of the fluid 
velocity in plane polar coordinates u,(r, 13) and v&r, 13) related to the 
stream function $(r, 0) as follows 

(6) 
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Then we assume that the stream function for the flow near the 
corner may be expanded in a series of the following form 

$(r, 0) = kTl R4AkrAkfk(~)> (8) 

where 

ho < Re{h,} < Re{h,} *. s (9) 

Here A, = A,(n) (= 1 for Newtonian fluids) is determined by the 
following three restrictions: (i) The inertial forces must be negli- 
gible compared with the viscous forces. The order of magnitude of 
the inertial acceleration is O(v . Vv) = (rzAm3), while the order of 
magnitude of the viscous forces is O(V * T) = (rn(h-2i-1). Hence the 
inertial terms become negligible for suftkiently small r provided 

2n - 1 
-<A 
n-2 

(0 < n < 2) (10) 

For n = 1 this gives A > 0 in agreement with the condition of 
Moffatt.’ (ii) In addition, the rate of energy dissipation must be 
finite over a small volume of fluid near the corner. The order of 
the energy dissipation is O(T:VV) = (r’nc11’A-2’). Hence for the in- 
tegral J (7: Vv)r drd0 to exist we must require 

2n 
A>--- 

n+l 
(11) 

in agreement with Hutchinson.* This condition also ensures the 
integrability of the variational integral for the generalized New- 
tonian fluid.” (iii) Finally, we must require that the pressure or 
any other part of the stress imparts a finite force on the corner. 
The order of magnitude of the pressure is O(p) = W’*-2J). Hence 
for the integral Spdrdz to exist we must require 

(12) 

We note that there is a logical distinction between the first 
condition (which insures that the solution is asymptotically cor- 
rect as r + 0) and the two latter conditions (which are postulated 
on physical grounds). Nonetheless the conditions are combined 
to h,(n) in Figure 2. 
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To arrive at a local analysis we introduce the expression for 
the velocity components in Eqs. (6)-(S) into the expression for i/ 
in Eq. (4) formulated in plane polar coordinates. The result of 
the double contraction is a sum of terms with a factor r raised to 
powers @A, - 4),(h, + A, - 4),(2X, - 4),(A, + A, - 4),.... Ac- 
cording to Eq. (9), the terms associated with A, alone will domi- 
nate when r + 0. Therefore, in a local analysis we drop all terms 
except those that arise from A, alone. The result for the magni- 
tude of the rate-of-strain tensor is 

9 = Ar"-'v[2(A - l)f']" + [h(h - 2)f- f"12 (13) 

Here and in the following we let Al = A, A, = A and f,(e) = fi 
The following explicit expressions for the non-zero stress com- 

ponents r,,, 7go, and 7rB are obtained from Eqs. (2) and (3) formu- 
lated in component form in plane polar coordinates 

Trr = 2&A - l)+'f' = --T@@ (14) 

2-M = -A~rAm2[A(A - Z)f - f”] (15) 

Here again, only terms associated with A, are retained in the 
analysis. To arrive at a closed equation for f(0), one formulates 
the r and 0 components of the equation of motion for creeping 
flow. The pressure is eliminated between the two by differentia- 
tion and subtraction. Furthermore, rQ8 may be eliminated with 
the use of the relation rUO = --rrr to arrive at 

(16) 

The closed equation for f(0) is now obtained by substituting Eq. (5) 
and Eqs. (13)-(15) in Eq. (16). In the resulting equation the radial 
part may be factored out completely (together with A and m). The 
result is the following 4th-order ordinary differential equation 
for f: 

4(A - l)[(A - 2)n + l] 
! 

!+l.‘f’ 

_ !+ [A(A _ 2)f _ f”] 

- (n - l)I'I"[A(A - 2)f’ - f”‘] - r'[A(A - 2)f” - f’“] 

+ n(A - 2)[(h - 2)n + 2]r2[A(A - 2)f- f”] = 0 (17) 

where 

r = [2(h - l)f']" + [h(A - 2)f- f”]” (18) 
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We now consider the question of boundary conditions for the 
equation in (17) and (18). First we notice that the equation does 
allow solutions of the form f(-0) = +f(r3), 8 E 10, (w] (corresponding 
to antisymmetric flow) as well as solutions of the form f( -0) = 
-f(O), 0 E [O,al (corresponding to symmetric flow). This means 
that if the disturbance far from the corner is completely anti- 
symmetric we may restrict consideration to the interval [O,a] 
and use the boundary conditions for the antisymmetric flow 
[Fig. l(a)]. 

f’(O) = 0, f”‘(0) = 0 (19) 

f(a) = 0, f’(a) = 0 (20) 

Similarly, if the disturbance far from the corner is completely 
symmetric, we may restrict consideration to the interval [O,(Y] 
and use the conditions for symmetric flow [Fig. l(b, c)]. 

f(O) = 0, f”(0) = 0 (21) 

f(a) = 0, fl(ff) = 0 (221 

The two situations of completely antisymmetric flow and com- 
pletely symmetric flow are analyzed separately in the following. 

For Eqs. (17)-(22) we note the following properties character- 
istic of eigenvalue problems: First f(0) = 0 is a trivial solution. 
Second, if f(0) is a solution, so is any multiple of f(e). That is, for 
a given A there is either no or an infinite number of solutions for 
f(O). To choose one of these solutions we will take the one that 
has a prescribed value at 0 = 0. (f(0) = 1 for antisymmetric flow 
and f ‘(0) = 1 for symmetric flow.) 

We now follow Hutchinson [41 and solve the eigenvalue prob- 
lem by a shooting technique. For this purpose we define 

(xl,xJ = x = (A,f”(O)), Antisymmetric flow 
(x1,x,) = x = (A,f”‘(O)), Symmetric flow I 

(23) 

and 

(~,M,F,(x)) = (f(4,f ‘(4) (24) 

Our problem is now to find a solution to the nonlinear equations 

F,(x) = 0 
F,(x) = 0 I (25) 

for given (Y and n. Equation (25) is solved by Newton iteration 
where F,(x) and the derivatives #‘,/ax,, i,j = 1,2 are determined 
by fourth-order Runge-Kutta integration. (aFi/axj is found ana- 
lytical and integrated together with f, f’, f”, and f”‘.) The first 
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guess on x is obtained by extrapolation with Forsythe polynomi- 
als [ll] from earlier results with different n. (And as a start the 
Moffatt solution’ for n = 1 is used.) 

To find the bifurcation curve, that is, the boundary between 
real and complex eigenvalues, we define 

(y1,y2,y3) = y = (A,f”(O),n) Antisymmetric flow 
(y1,yZ,y3) = y = (A, f”‘(O),n), Symmetric flow I 

(26) 

(G,(Y), G&Y), GUY)) = (f(a), f ‘(a), det(@‘i/axj)) (27) 

At the boundary between real and complex values of A the 
Jacobian determinant G,(y) = det(dF,/a3c,) is 0, so the system of 
nonlinear equations for the bifurcation curve is given by 

G,(Y) = 0 
GAY) = 0 

1 
(28) 

G,(Y) = 0 

Equation (28) is solved in the same way as described for Eq. (25) 
for different values of (Y where the first bifurcation point is taken 
from Moffatt’ for n = 1. To perform the Newton iteration the 
partial derivatives a2F, /axj axk, i, j, k = 1,2 are needed. They are 
found analytically and integrated with f, f ‘, f”, f “I, and aFi/dxj, 
i,j = 1,2. 

FINITE-ELEMENT SOLUTIONS 

To obtain an independent check on the procedure, a number of 
finite-element calculations of the flow near sharp corners were 
performed. The calculations were performed with a program 
based on the known”, l2 variational principle for generalized 
Newtonian fluids. 

Essential boundary conditions may be imposed on some or 
all of the closed boundary conditions around the flow domain. 
Where essential boundary conditions are not imposed, the natu- 
ral boundary conditions are zero traction conditions. The flow 
domain is divided into triangles, and the velocity field is dis- 
cretized with 6-node piecewise quadratic shape functions, and 
the pressure with three-node piecewise linear shape functions.i3 

Let a fixed polar angle 0 define a ‘direction’ away from the 
corner with 8 = 0 along the bisector of the angle. Consider two 
points (rl, 0) and (r2, 0) on the same direction, and let u,(l) and 
v,(2) be the radial velocity components at the two points. It then 
follows that if the velocity field is of the form implied by Eq. (4), 
then A, will be given by 
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Power low exponent n 

3.5 ) 

0.5 I ’ I 7 / 1 
0.0 0.5 1 .o 1.5 2 

Power IWV exponetit ti 

(b) 

Fig. 2. Eigenvalues calculated with the Runge-Kutta integration/Newton it- 
eration method for (a) symmetrical flow, Q = 117r/20 to 16x/20, 137r/20,207r/20, 
3On/20 and (b) antisymmetrical flow, (Y = 11~/20 to 13~r/20, 157r/20, 20a/20. 
There is a pressure singularity at the corner for eigenvalues under the dashed 
line. The missing part of the 3O~r/20 curve, symmetrical flow, indicates that no 
eigenvalues could be computed in this range. 
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A 
1 

= 1 + W5WbU)l 
Wr2lrJ 

(271 

Note that in place of the radial velocity component one could 
use the angular velocity component v0 or any linear combination 
of the two, such as v, or Y,. 

RESULTS FOR EXTERIOR FLOW DOMAINS (a > n/2). 

Figure 2 and Table I show the values of A1 obtained by the cor- 
ner analysis for LY > rr/2. Note that when hi < 2, the velocity 
gradients and stresses are infinite at the corner, and when X1 > 2 
the velocity gradients and stresses are zero at the corner. It fol- 
lows that the stresses are infinite in antisymmetric flow past 
any corner of total opening angle 2a > n, irrespective of the 
value of the power law exponent. For symmetric flow we see that 
the corner stresses are zero when (Y 5 14rr/20 and infinite when 
cx 2 l&7/20. It should be noted also that none of the computed 
eigenvalues violate the lower bound obtained on physical grounds. 
Finally, we note that for a = 7~ we found approximately the 
same eigenvalues for symmetric and antisymmetric flow. 

TABLE I 
The eigenvalues Al calculated with the Runge-Kutta integration/Newton 

iteration method for’s = 13x/20. l&r/20 and 177r/20.” 

n a Symmetrical flow Antisvmmetrical flow 

0.50 13rr/20 2.3431 1.4868 
0.75 - 2.2556 1.57719 
1.00 2.2071 1.63673 
1.25 2.1748 1.67970 
1.50 - 2.1511 1.71251 

0.50 15n/20 1.8984 1.37 
0.75 1.9049 1.473 
1.00 - 1.9085 1.54448 
1.25 - 1.9109 1.59807 
1.50 1.9127 1.63974 

0.50 
0.75 
1.00 
1.25 
1.50 

17~120 1.6050 
1.6626 
1.7012 
1.7296 

- 1.7517 

1.24 
1.44 
1.5088 
1.5649 
1.6094 

Y’he last digits are only approximate. (The precision of the results was found by 
varying the step size (l/10) in the Runge-Kutta integration and then examining 
how many digits in h, were unchanged.) 
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For all OL < 7~ the eigenvalue in antisymmetrical flow is smaller 
than the eigenvalue in symmetrical flow. This means that any 
combination of symmetrical and antisymmetrical boundary con- 
ditions will result in pure antisymmetrical flow near the corner, 
To illustrate this statement we performed a finite-element solu- 
tion of combined symmetrical and antisymmetrical flow past a 
reentrant corner with LY = 15~~/20. The mesh has a total of 2000 
degrees of freedom, and the size of the smallest elements next to 
the corner is 10M3 x 10e3 compared to the overall dimension of 1. 
The finite-element solution does indeed show pure antisymmetri- 
cal flow next to the corner with a Ai value that agrees with that 
determined from the local analysis within 1%. Close to the cor- 
ner the finite-element solution is inaccurate due to the singular- 
ity, while far from the corner there will be a limitation on the 
local analysis. 

The finite-element method may be used to investigate qualita- 
tively the nature of the second eigenfunction as follows. Along 
any fixed direction e away from the corner, the velocity vector 
based on the dominating eigenfunction fi will have a fixed direc- 
tion, a(e) say. Hence, if in the same direction 8, we consider the 
velocity component perpendicular to a(e), we get contributions 
that are dominated not by fi and A, but by f2 and AZ.’ We illus- 
trate this for the combined flow around a corner with (Y = 31~14 
in Table II. Here the contribution from the dominating antisym- 
metric flow to (u, - vY) vanishes along the line (0 = 0). We see 
that for n = 1 we pick up the eigenvalue for symmetric flow in 
the same geometry. This is in agreement with the principle of 
combination of solutions for a linear equation. For the nonlinear 
equation when n # 1 the finite-element solutions clearly point 
at a second eigenfunction with algebraic behavior in the radial 
direction. The eigenvalue for this second eigenfunction, how- 
ever, is not the same one that is found in pure symmetrical flow 
in the same geometry. 

Hutchinson found that A, was determined “within one tenth of 
one percent by the simple formula A, = (2rz + l)/(n + 1)” at cr = 
20~/20. Since we have determined the precision of our results 
(by varying the stepsize in the Runge-Kutta integration routine), 
it was possible to get a validation of the formula. Based on this 
comparison we guess that Hutchinson’s formula is, in fact, exact 
and not approximate, but we have not been able to prove this. 

Figures 3-6 show a number of streamlines for symmetrical 
and antisymmetrical flow. The streamlines in symmetrical flow 
can be shown to be nearly independent of n, while the stream- 
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TABLE II 
The term A2 Calculated with the Finite-Element Method.a 

h/a 
rim 0.001 0.003 0.006 0.010 0.030 

875 

0.060 

0.003 
0.006 

n = 0.50 0.010 
0.030 
0.060 
0.100 

0.003 
0.006 

n = 1.00 0.010 
0.030 
0.060 
0.100 

0.003 
0.006 

n = 1.50 0.010 
0.030 
0.060 
0.100 

1.537 
1.564 
1.580 
1.581 
1.570 
1.565 

1.916 
1.913 
1.914 
1.911 
1.907 
1.904 

2.043 

2.070 
2.059 
2.054 
2.047 
2.045 

1.608 
1.619 1.635 
1.602 1.599 
1.583 1.575 
1.574 1.565 

1.908 
1.912 1.917 
1.908 1.908 
1.904 1.903 
1.900 1.898 

2.034 2.033 

2.041 
2.039 2.036 
2.036 2.035 
2.036 2.035 

1.583 
1.558 1.519 
1.550 1.519 

1.904 
1.899 1.890 
1.894 1.884 

2.034 
2.035 2.036 
2.032 2.030 

1.519 

1.875 

2.022 

“Combined flow, LY = 15~/20. (v, ~ vJJ has been used to calculate A,. (rl and r2 
are the distances from the corner in the Cd = 0) direction.) 

Fig. 3. Streamlines for symmetrical flow, 01 = 15n/20 and n = 1. 
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tn eamlines for symmetrical flow, (Y = 2O?r/20 and n = 1. 
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Fig. 4. Si 

Fig. 5. Streamlines for antisymmetrical flow, a = 15~/20, n = 0.5, 1.0, and 2.0. 

lines for antisymmetrical flow do depend significantly on n. Note 
that the “spreading of the streamlines implied by the retarda- 
tion as the corner is approached’ found by Moffatt’ is not seen. 
Quite to the contrary the point of closest approach is located at 
a = 0. 

We note from Figure 5 that no dividing streamline emanates 
from the corner. Correspondingly we have checked that there is 
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I I 

Fig. 6. Streamlines for antisymmetrical flow, 1y = 20n/20, n = 1.0, 1.5, and 2.0. 

1.8 

1.7 - 

g 1.6- 

Symmetrical flow 

a, 

-p 1.5 - 

0 

b 1.4- 

i 

:I:] 1 .l 

/ 

0.0 
Power law n 

0.5 1.0 exponkn5t 2 

Fig. 7. The critical corner angle a, for onset of an eddy structure as a func- 
tion of the power law exponent n. 

no sign change of f(O) in the range -CY < 0 < CY for the dominat- 
ing eigenfunction. This means that there can be no “lip vortex” 
at reentrant corners for fluids described by a generalized Newto- 
nian fluid with power law behavior at large deformation rates. 
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BifuFation curve 

3.0 

1 
a 

2.5 
0.0 

5.5 

5.0 

x’ 4.5 

: c 3.5 
aJ 
m 

w 3.0 

2.5 

Power law exponent n 

(a) 

2.0 ! I 1 I 
0.0 0.5 1.0 1.5 2 

Power law exponent n 

Fig. 8. Bifurcation and eigenvalue curves where a is the corner angle. (a) Sym- 
metrical flow and (h) antisymmetrical flow. 

RESULTS FOR INTERIOR FLOW DOMAINS (a < m/2) 

For LY < 7r/2 there is the possibility of bifurcation of the solu- 
tion. The critical corner angle for bifurcation is shown in Figure 7 
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for both symmetrical and antisymmetrical flow. The critical cor- 
ner angle for antisymmetrical flow agrees with the result of 
Fenner.’ Also in Figure 8 we show values of A, for selected an- 
gles close to the critical angle together with AI at the critical 
angle. For n = 1, the nature of the solution may be investigated 
also for (\I < (Y, and is known to consist of an infinite sequence 
of eddies. We have not analyzed the structure of the solution 
for (Y < (Y,, however we expect that it will describe an infinite 
sequence of eddies also for n # 1. We see, moreover, from Fig- 
ure 8(b) that the value of AI at the critical angle becomes very 
large for small values of n. A large value of A, means that the 
velocity increases very slowly from zero. We expect, therefore, 
that power law fluids in interior corners will be practically mo- 
tionless for n 6 1. While a corner analysis indicates the exis- 
tence of a sequence of eddies these may be practically impossible 
to pick up in a finite element simulation.‘4 

The work was supported by the Danish Technical Research Council, Grant 
526.1600 (Enhanced oil Recovery) and 164308.K. We wish to thank the refer- 
ees and Professor M. L. Michelsen for several useful comments. 
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